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1 Introduction:

The idea of fractional differential equations (FDEs) is majorly very important because of its
nonlocal property. This is the main reason that FDEs have always been looked to be the most
reasonable ones to survey different facts and figures in applications of numerous emerging research
fields such as biological sciences, economics, polarization, physics, engineering, and traffic
modeling. As a result, we can call the recent decade the age of fractional calculus (FC) as this
theory is drawing more and more notice from well-renowned mathematicians, for more details, you
can see the series of books and research papers [1-8]. Nevertheless, FDEs of fractional order have
extensively been deliberated by many investigators. Very briefly, interesting subjects in this scope
are the investigation of some qualitative properties of solutions e.g., uniqueness, existence, and
stability, through fixed point techniques and many single kinds and numerical solutions for different
types of FDEs using diverse classes of FDs have been established (see [9-15]). In the last decades,
some investigators presented definitions of FC, involving definitions of Riemann-Liouville (RL),
Caputo, Erdelyi-Kober and Hadamard.

We will concentrate our attention on the more general problem so-called here the Hilfer FD (HFD)
of order o1 and a type o€ [0, 1], (see [16]), where applications of the aforesaid area have been
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presented (see [17, 18]). Sousa and de Oliveira in [19] introduce a new type of the HFD with
respect to another function v .

Bashir.et al. [20], they studied the following boundary value problem (BVP) for a nonlinear
fractional integrodifferential equation with integral boundary conditions

( ¢po2 )S(V) =o(v,3(v),39(v),0<v<ll<o, <2,
' ! (1.1)
(18(0) +628’ (O) = J. ql(S(S))dS, , (19(1) +523,(1) - I qz(g(s))ds’

where °D°2 is the Caputo FD a multivalued map, @: [0,1] X R X R — Rfor x:[0,1]x[0,1] — [0,), and

39(v) = J‘Tk(r, $)(9(s))ds,

q1, 9> : R = Randa> 0, 0, > 0, are real numbers.

Newly, the study of various specific properties of solutions to different FDEs including generalized
FDs has become the basic theme of applied mathematics surveys. Many studies in connection with
the existence and stability of solutions through different kinds of FPTs were formulated, we refer
the researcher to some studied work [21-23]. Also, in [24, 25], the authors study some problems of
Nonlocal fractional BVPs with ¢-HFDs.

In the present manuscript, We will consider the class of BVPs for a generalized Hilfer-type
integrodifferential equation:

{ "D oeG(v) = w(v, 9(v), IH8(v)),v e I =[a,b].0< oy <1, L.2)

AS(a)+B9(b)=C, AB,Cel],0<05,<1,
where #peoz< is the ¢-HFD of order 1 and type a,, and 3% is ¢-RL fractional integral of order o.

The Study here in this manuscript is new and adds to the literature, especially in the field of ¢-Hilfer
kind with nonlinear problems.

In generic, our newly results keep useful for different values of the function ¢ and a lot of
corresponding problems, for example (For ¢(v) =logv, we get Hilfer-Hadamard type problem ), ( for
c(v) =V 1> 0, we get Hilfer-Katugampola type problem), (for ¢(v) = v, and o, = 1, we get Caputo-
type problem), and (for ¢(v) = v, and o, = 0, we get RL-type problem ).

This manuscript is marshaled as follows: Sect. 2, is devoted to some needful definitions and results
which are related to our study. The main results related to linear problems correspond to the
proposed problems (1.2) are addressed in Sect. 3 and 4. this work is strengthened by providing
examples and a short conclusion

2 Preliminaries
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In this segment, some necessary definitions, lemmas, properties, and important estimations needed
onward for our analysis are given bellow.

Let L(J,0) and c(J,0) are the Lebesgueintegrable functions and Banach space from J into 0 with
the norms

HSHW = Sup{]S‘ iveld},

and
b
ol = [ Jocjav,

respectively.
Definition 2.1 [4] Let 61> 0and 9 € L'(J,0)). Theg —RL fractional integral of order o; defined by

1
['(c1)

38 = _LV S (D)((v) —¢()™* H9(r)d.

Definition 2.2 [19] Let n — 1 <o1<n, 0 < 0, < 1. The ¢ “HFD of order o1 and type o is given by

HDGsz;gS(V) _ Scz(n—m);;( ,l i)n S(l-cz)(n—cl):gs(v),
2 g (v) dv
wherev>a.

Lemma 2.1 [4, 19] Let o1, , and 6> 0. Then

(1) 301;@:;11:@9(\,) — SG”T];QS(V).

(2) 3™ (e(v)~c@)* = F(Ei)&(g(v) @)

We also note that ,,D>*(¢(v)-¢(a))"* =0.

Lemma 2.2 [19] Let SeL(a,b), 1€ (n—1,n] (neD), 02€ [0, 1], and A = a1 + o2(1 — 01) then

~O01; 61,02; n (g(v)_g(a))k_k [n-k]~(1-02)(n-o1)i¢
e 102,6 — _
(\Sl D2 9)(v)_9(v) kE_O 0 —k+D gz 9(a),

where 94— (1 9 ynuagqy)
c(v)dv
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Lemma 2.3 Let A = g1 + 02(1 — 1), Where 0 <61< 1, 0 <0, <1, and 9<C(J,0). Then, the following ¢
—Hilfer type of BVP

{HD?’Gz;QS(\/)=F(V),V€J, 2.1)
A9(a)+B9(b)=C, A B,C ],
has a solution given by
() —s(@)y™™ o ~ouis
9@)4—7667—{c B S7EF()) |+ SR (v), (2.2)
where
@ (s(b)—g(a)™ (2.3)

Proof. Set 9 be a solution of the problem (2.1). Applying 3% on the first equation (2.1) with
Lemma 2.2, and setting 3**<9(a) = ¢, , We obtain

8(v) = +3F(v). (24)

r(x)

For determining co, we use the boundary value condition A3(a) + B3(b) = C, and from (2.4) we have

CzAmﬂB{(M 3R ())
F (%) ——~(5(b) —¢(a))" + B3I °F(b).
Hence,

1 ~O°1;
Co = X[c -B \saﬁF(b)J.
Therefore,

(c(v)—g(@)"™ e ~oue
9(v) = ATOY [c B : F(b)] 57F(v). (2.5)

End the proof. o

In this following section, we pay attention to proving the uniqueness and existence of solutions to
problem (1.2) via Banach’s fixed point theorem (FPT) [26] and Schauder’s FPT [27].
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According to Lemma 2.3, Now, we introduce T:C(J,0]) — C(J,[]) as operator define by

_(Q(V)_Q(a)))ﬁl _ R =016 ~Ot1i6
(TY)(v) = ATO) [C-B 37 w(b, 9(b), 33°9(b)) | 26

+3%m(v, 9(v), 3EY(V)).

It should be observed that the Integrodifferential-type problem (1.2 ) has a solution § if and only if
T has fixed points. Hence, for suitability purpose, we are setting the constant:

MRCOREC) B( (<(b) —g(a»“}{ (5(b) ~g(a)” } 2.7
(o +1) AT (L) I(oy+1)

3 Integrodifferential-type problem (1.2)
Some essential assumptions are presented as follows:
(H1): There exists € (0, 1) such that

w(v, 91, 97) ~w(v, 9, 95) 9 -9

< C(‘Sl_SZ‘""

forany 9,,91,9,,9; €0 and {€J.
(H2): Let weC@x,0) be a function such that (,9(),3%98()) e C(Ix*) and ©eC(J,")
such that

‘w(v, 9, 8*)‘ <O®), V(v,9,9%) e Ix[?

Theorem 3.1 Suppose that (H;) holds. If

LY <1, (3.1)

where Y is defined by (2.7) and ¢, :1+W, then the integrodifferential-type problem (1.2)
O1

has a unique solution on J.

Proof. We convert (1.2) into a FPT, i.e., $=T9 such that T:C(J,0) — C(J,[)) defined by (2.6).

observe that the fixed points of T are solutions of (1.2 ). By applying the Banach theorem [26], we
will proof that T has a unique fixed point. Indeed, we put sup|w(t,0,0)|=M <« and choose
1ed

MY + (c(b)—g(a)** c|
AT (L)

1-YC&

K>
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First, we prove that TS, S, where
S, ={9eC(3,0): ]9 <. (3.2)
By using (H1), we obtain
(v, 9(v), 3HY()) < [m(v, 8(v), ITY(v)) - ©(v,0,0) + [w(v,0,0)
<C[9(v)|+¢ s;&@sw)h M
<¢| S(H (o(b) —c(a)™ ]+ "
I'(c;+1)
Forany $es,, we get
A1
(T9)(v)|< sup {(Q(j\lf((:)))[c +B 3% m(t, 9(1), S‘a‘i;%}(t))‘ (b))}
+3%5 (5, 8(2), 3259(0)| (V)
LM -s@) |, g - sou| ¢ 1+ (O =<@)™ |\ | )
AT (0) [(op+1)
Jgore (c(b) —g(a)™
2o G-t ]+Mj<v>
<6 -s@) | -, g (sb)—g(a)* c[s|| 1+ (cB) —s@N™ |,
AT (L) (o1 +1) (o1 +1)
L[ V) —g(@)™ 9|1+ (c(d)—c(@)™ |, s
I'(c1+1) ['(c1+1)
LM -c@) I gl (M —g(@)™ |f (s(b) - (@)™
T ArQ) AT (L) I'(c,+1)
{ COREQ) J}( (l S(H ((b) (@)™ j+ M]
I'(c1+1) I'(c;+1)
< v(ca+my+ SO ;((;;) “c
<K
This means that TS, eS,.1.e TS, cS,.
Next, For each 9,9 €C(J,0) and veJ, we have
4644
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(THW) - (TI)(V)

<B (Q(Vi\‘rg((;))) 3oL (\w(r, 8(1), 3°8(0)) - (, 8° (r),S;’i‘Sé(t))‘)(b)

+3%5 (o (z, 9(2), 32°0(2)| | (5, 9* (2), 325°9* (4) ) (v)

<B (Q(V)_g(a)))ﬁl S:i;g CHS'Sa

; [1+ (g(b)-g(a))“l}
AT

I'(cy+1)

+301 QHS— 9¢

(H (s(b) (@)™ j
F(Gl +1)

<|Bec (e —c@)** | (s(b)-(a))™ HS_Sa
ST AT I'(6,+1)

(c(v)—c(@)™
I'(oy+1)

<celB (sv)—s@)"™ | (s(b)-c@)™ |, (s(b)-s@)™ |4
AT () I'(c1+1) [(c1+1)

9-9*

+C&

_gi

<CLY|9-9°

which leads us to HTS—TS“i . By (3.1), T is a contraction. Then, a unique solution

exists on J for (1.2) due of the Banach’s FPT [26]. Hence, end the proof. o

<CLy|9-9°

The following theorem relies to Schauder’s fixed point technique [27].

Theorem 3.2 Suppose that (H2) holds. Then the ¢-Hilfer problem (1.2) has at least one solution in
C(J3,0).

Proof. We will complete the proof in three stages.
Stagel: We prove that TS, = S,, where S, is defined in (3.2), which proved in Theorem 3.1.

Stage 2: We have to prove the continuity of T. Assume that {9,} is a sequence such that 9,

—9iInS, as n—w . Then, for each veJ, we have
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(T)(V) = (THV)

< (G(V)_g(a))k_l B Syous

< )
S

ATOY @(1, 90 (1), 37180 (1)) (0) — w (1, (1), Sg’i‘S(T))(b)‘

432 (1,94 (1), 3259, (D)(v) - w(z, 9(x), IV

< (6(v) —g(an*™ g (s(b) —c(a)™
T AT(V) (o, +1)

L (s(v) =g(a))™
F(Gl + 1)

(. 80(), 32580 ()) (., 8(0), 3256())|

(.90 (), 37590 ()) @, 80), I°9()|

L (6B -c@)"" 5 (s(b)-¢(a)™

C AT (o1 +1) @ 90(), 580 () ~ (., 9(), 376())|

L (s(B) —¢(a)™

(6, +1) w(-.Sn(-),ﬁji;gsn(.))—m(.,S(.),sg:Qs(_))H_

| [ ) —5(@)" ™ |( (s(b) —¢(a))™ g . (6(B) —g(a))™
- AT (M) I'(c, +1) I'(c, +1)

x| @, 94(), 3758,()) ~ w(, 9(), 3759()|.

By continuity of function @ , we achieve that
|(T9,)—(T9)|—>0at n—0,

which means that, T is continuous on S..

Stage 3: We have to show the relatively compact of 7. From stage 1, we have TS, cS,, which
gives that TS, is uniformly bounded.

To prove the equicontinuous of Tin S, , let 89S, and vy, v,
€J with vi<v,. Then,
(T9)(v2)— (T9)(v)|

<

[ <@ -~ -c)™ ) o, 8(:). 38 0ar

1
['(c1)

GG RO ECEORE O

< Il

" T(c1+1) (stva)—g(@)™ = (s(v) —c(@))™

]
]

[2<(g(v2) )™+

< O]
F(Gl + 1)

(s(v2)=¢(@)™ = (c(v) —c(@))”

[2<(g(v2> v+
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As v, —v; — 0, we obtain
(T9)(v2) —(T9)(v1) =0, forany 9 eS,. (3.3)

Note that the right-hand side of the inequality (3.3) lead to zero as v, —v,and independent of § .
Consequently, in view of the previous stages, so, by Arzela-Ascoli theorem, T is relatively
compact, and hence it is completely continuous. As a result of Schauder’s FPT [26], we deduce that
our problem (1.2) has at least one solution 9 e C(J,00%). The proof is completed. O

4 UH Stability Analysis:

In the following part, we will discuss two kinds of stability results of the problem (1.2), namely
Ulam-Hyers (UH) and generalized Ulam-Hyers (GUH) stability.

Definition 4.1 The problem (1.2) is UH stable if there exists a constant K,> 0 such that for each &>
0 and every solution 9ec(J,0) of the inequalities

\ "D G(v) ~ w(v, §(v), 3‘;&@@(\/))\ <g, forallved, (4.1)
there exists a unique solution 9 e C(J,0) of the problem (1.2), which satisfies
\S(V) - §(V)\ <Kee. (4.2)

Definition 4.2 The problem (1.2) is GUH stable if there exists ¥ ([0, x),[0,)), ¥(0) = 0, such that
for every solution 9 ec(J,0) of the inequality

\ "D B(v) ~ w(v, (), 3;1:€§(v))\ <e veld,  (4.3)
there exists a unique solution 9 e c(J,0) for the problem (1.2), such that
\@(v) —S(V)‘ <), veld

Remark 4.1 9eC(J,0) satisfies the inequality (4.1) if and only if there exists a function he C(J,0)
with

(1) |hv) <e veEJ,
(2) For all ved,
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"D o2 9(v) = (v, 9(v), I 9(v)) +|h(v)|.

Lemma 4.1 If 9eC(J,0) is a solution to inequality (4.1), then 9 satisfies the following inequality
‘S(V) —®9‘ <egA,
where

05 = 37 °w(t, 8(1), I7°8(1)(v)

+W[C ~B 3%%a(r, 9(x), 39D (b)) |

and

A () @)™ | (sv)—c(@)! {C ENCORC) k|
I'(oy) AT'(A) € I'(oy)

Proof. According to Remark 4.1, we get

D79 (v) = w(v, 9(v), TEG(v)) + (V)|
AS(a)+B9(b)=C, AB,Ccl],0<c,<1

Then, by Lemma 2.3, we get
05 = 37 w(1, 8(1), I°8(1)(V)

. @()A—Fg((;;» [C-B 37(x,9(x), 3259(x)(0)) |

S(V) = @9

~O1;G (Q(V) _Q(a))}ﬁl ~01;6
+37h(v) +T(X)[C -B 3% h(b)]

which implies
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9(v) - @] < S =@ (s() —c(@)™

(o) AT())
{2 B(s(b)g(»}
€ I'(c1)
s e P o
I'(e1) AT (%) € (o)
<eA.
O

Theorem 4.1 Suppose that (H;)-(H2) hold. Under the Lemma 4.1 , the following equation

HD‘a’i'Gz;gS(v) =w(v, 9(v), I7°8(V)), ve J, (4.49)

is UH as well as GUH stable provided that (1Y < 1.

Proof. 3 e C(J,00) be a function satisfies (4.1), let 9 C(J,[7) be a unique solution to the next problem

H D278(v) = @ (v, 8(v), I71°8(v)) vel,

A3(a) + BS(b) = AS(a) + BI(b),
where A,B,C e[],0< 0, <1

Then, by Lemma 2.3, we get

9(v) = @.

Now, by Theorem 3.1, we have

H8—§H = S\/lig)‘S(v) -09;)< Sv'lf‘g(\/) — O+ syp\@S -0

v el

<eA+CGY Hs - §H.
Thus,
HS - §H < K,e,

where

= A >0,
1-CGY

(o}

Vol. 71 No. 4 (2022) 4649

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

which main that the problem (4.4) is UH stability. Now, by choosing ¥(&) = Kye such that ¥(0) = 0,
then the problem (4.4) is GUH stability. O

5 Examples

Example 5.1 Forve [0, 1], we consider the following problem of BVP for a generalized Hilfer-type
integrodifferentialequation:

1.1
2+[9(v)|+/3229(v)
111 1 W
"DZ229(v) = 3¢ * . 1 ’Ve[o‘l]’. (5.1)
86" | 1+[9(v) + 3228(v)
9(0)+9(1) =0,
Set:
1 ﬁ+1 2+91+92 +

== _ LTYTY 1 0
(v %1, 92) {36\ +8e“(1+81+82)}’ve[0' b 9o €,
Withq:%,cz:% A=B=1C =0, and g:%. Clearly, the function we<C([0,1]).For each

91,9,,91,9; 0" and ve [0, 1]

2+9,+9, 24+97+9; ‘

8’ (1+9,+9,) 8e* (1+ 95 + SZ)‘

(v, 91, 9,) -~ w(v, 9], 83) =

sge%(sl—SIMSz—SZ\)

sé(\sl—szh\sz—az\).

Hence, the condition (H,) is satisfied with ¢ :é. It is easy to verify that (1Y = 0.13193 < 1, where

G =1.7979, A = 0.970 45, kz% and Y = 1.5958. Since all the hypotheses of Theorem 3.1 are

satisfied, therefore problem (5.1) has a unique solution.

Example 5.2 Forve [0, 1], we consider the following problem of BVP for a generalized Hilfer-type
integrodifferential equation:
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3

‘S(V)‘-FCOS 32 S(V)

(5.2)

1
o

.2 28(v) =

W=

"D

o

30(v+2)(L+[9(V)))
9(0)+9(1) =0,

whereA=B=1,C=0.

Set:
91 +c0s 9, .
!818 = T A O 0!11818 ]l
o882 = 3 oy gy v SO B2 e
with Glzé,csz:% and g:% Now, for each 9,,9,,91,9; 0" and ve [0, 1]

\ 9, +c0s 9, 97 +cos9; \
130t +2)+91)  30(t+2)(L+97)|

‘UJ(V 8‘1 82) m(V 9‘1

—(191 - 91|+ 19, -9
< gol[95-85 +[9: - 95)

Hence, the condition (H,) is satisfied with ¢ = %. It is easy to check that {(1Y = 0.07835 < 1, where
(1=1.8611, A =1.3820, A= % Y =1.2631. It follows from Theorem 3.1 that problem (5.2 ) has a
unique solution.

We can observe that all the required conditions of Theorem 4.1 are satisfied. Hence, the proposed
problem (5.1) is UH and GUH stable.

In view of Theorem 4.1, for &> 0, any solution § e C([0,1],0)) satisfies the inequality

11
2+ \é(v)\ +13229(v)

OI\J\H
NM—\

1
22 9(v) = 3 1y <g,vel0,1],

8e2 V[l+9(v) §%§(v)

|

there exists a solution 9 C([0,1],0) for the problem (5.1) such that
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\?}(v) —9(\;)\ <Kge vel01],

A 15958
1-¢C,Y 1-0.13193

where K, = =1.8383>1. Moreover, if we set K¢ = ¥(¢), and ¥(0) = 0, then

\@(V) - S(V)‘ <¥(e),ve[0,1].

6 Conclusions:

¢-HFD a general fractional operator, is of large use because of its broad freedom to cover a lot of
classic fractional operators. In this study, we considered the frame of ¢-Hilfer for the problem (1.2).
First, the uniqueness and existence of solutions for the proposed problem were examined. Next, the
stability of the ¢-Hilfer type BVP (1.2) has been obtained by applying some mathematical methods.
Moreover, Schauder’s and Banach’s FPTs have been applied. Finally, we have presented some
examples. Applying these examinations, other qualitative analyses of the solution like stability
results can be discussed, and this is what we desire to think about in future studies.
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