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1 Introduction
The beta function is given by [1,12,17]
! I'(P)I'(P,)
B(P,, P =J Pirl(1-Feldi=————==(1
(P, P2) . ¢ (1-9 ¢ TP +F(P2)( )
where W(P,), W (P,) > 0, Wis the real part of the function. The Gauss hypergeometric
andconfluent hypergeometric functions are defined as

[o¢]

P);(Py);V!
ot (P3); i!
where |v| < 1,P,P,,P; € C; P # 0,-1,-2,...and
- (PZ)iVi
61 (P,; Ps; = —(3
1( 2,13 V) -~ (P3)i 1'( )

The integral representations of hypergeometric and confluent hypergeometric function
are [9,10,16]

r(p;)

1
2H; (Py; Py P3;v) = (P (P; — Pz)fo 2Tt =PRI (1 - i) TMdT (4)

where W(Py) > W(P,) > 0, | arg (1 - )| < T,
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81(Py; P3;v) = k) flzpz_l (1 —QPs~F27lelt dg (5)
F(P)Or(P; —Py) Jg
where ¥(P;) > ¥Y(P,) > 0
Goswami et al. [2,11,16,18] defined an extension of beta function as follows:
H1H2 ' Pi—1 Py—1 M A
By, (PP2) = f ¢ (-9 2H, <|J-1' Mo~ Z> d¢ (6)
0

where min{¥(1,), ¥ (1)}, min{¥(P,), ¥(P,)}, iy € Candp, # 0 —1,-2, ...

The Appell’s double hypergeometric functions are defined as follows [19,20]:

© (61)i4i(62)i(g3); 'V
H1(61,62,63, 64, K, 1) = 2 e )

i,j=0 (§4)i+j irj!
Convergence conditions for the Appell series are as follows:

1) H, converges for |k| + || <1;

2) Hj and H;3 converge when |k| <1l and|i|<1;

3) H, converges when [VK| + [Vt ]| < 1.

The classical Riemann—Liouville fractional integral of order 0 € Cwith W¥(0) > 0 of a function g
is given by [13,19]

1 w
220 = 755 fo h(D) (w — 9°'dg ®)

The classical Riemann—Liouville fractional integral of order 0 € Cwith ¥ (0) < 0 of a function g
is given by [3,8,9]

1
r(=0)

w
ESRIW) =55 [ M@ =007 @)
0
2extended beta functionality
Several authors have studied generalizations of beta function and Hypergeometric functions (see,
for example, [4,5,12,15]). In this part, we will define an extension of the beta function using the
Lauricella function.

Definition 2.2 The extensions of beta function by using Lauricella series [6,7,14] respectively, are
defined as follows:

o
B7\1)\2,...,,7\n (PL Pz)

1P—1 Po—1pym (1 1 1..2 2 2?‘1 Az Ay
=j ¢ (1 -0 Hg (cl.cZ,---.cn:cl,cZ,---,cn:Z—v,Z—V,---.Z—V>d< (8)
0
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where  W(5), ¥(s), ¥(62), ., W(6n); W(s1), W(s3), .., W(6E) > 0, ¥ (A1), ¥ (), ..., W(Ay) =
0, W(P), ¥(P,) > 0.

H{M
AAZsehn (P1, PZ)

- | P

A A A
— QP2 IHY )<§1:§2:- 603 61 62 - 'gnrg1'<V v --,c—ﬂ)di 9

where W(s1), ¥(52), -, W(5n); W(1), W(s3), ., W(6h), W(s1) = 0,v = 0,%(P,), ¥(P,) > 0.

B

H 1 M A A

Bxsz,...,,xn (P, P) = J;) P11 —Pe- 1H(n) <§1,§1» L) e Cn»z—v [ 'Z—‘I,l> dg (10)
where  W(g;),; P(s1), W(sD), ..., P(cZ) = 0, ¥ (A1), ¥ (Ap), .., ¥(Ay) = 0,, ¥(P), ¥(P,) = 0,v >
0,¥(P),¥(P,) > 0.

o) o A A Ay

By sty (P P2) —f g1t (1 — Pl Hg )(cl,cl,%- ST T ""Z_V>d< (11)
where  W(s1),; W(s1), ¥(s3), ., W(6); W(s) = 0, ¥ (A1), ¥(A2), ., W(Ay) 2 0,, W(P), W(Py) =
0,v=0,%{P),¥{P,) >0.

3 Some properties of the extended beta function

In this section, we will derive iteration relationships and integral representations of the new
extended beta function. We start this section by this proposition .

Proposition 3.1 The extension of beta function involving Lauricella function series H,(f)(. )check as
follows:

H(n) S ( 2)1+1
)\ Az (P,2-P) = G+ 1) }\ 7\2 (Pl +1,2) (12)
i=0
Proof : LHS =
H(n) 1 @
)\ Ay (P1,2 PZ) _f Zpl_l (1 - Z)Pz_lH}(

M oA A
(b bk 65, or i T 00 20 00

_ . ci+1
Let(1—-Q) Pz = i=0 G111 (P)i+1
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So we implies
g 1 b1 wo 01 AL A An
B, S, (P2 —P) = [/ {7 1Zi:0_(i+1)! (P HM (g%,f;%, o GEi 6,65, ,qrz,,(vl ,Zf, . ’c_V) dg
H(“) c (Pit1 [op i , M A
}\ A (P1' Pz) (1+11)|f <P1+1 1HI((n) (g%, g%,;g%;g%: G2y ot :Cn; ZV ’Zvllll’z_n) d(

1_
o (P2 1B

= Yico (1+1J)r' (P1 +1,2)= RHS.
(n)

o (P2)i
Therefore B, i y,(PL2—Py) = Zi:()ﬁ Al./\2(P1+1 2).

Proposition 3.2 The extension of beta function involving Lauricella function seriesHI(;’)(. )check as
follows:

(n) (n)
BIK (P,By) = ZB“ (P +i+1,P,+2) (13)
Proof
1 _ _ A1 A An
LHS B (PlJ PZ) - f Zpl 1 (1 - Z)Pz 1H[((n) (g%l g%l ey grlll g%' g%l ey C%, (3 ) (5 ) ‘Z_V) d(

Let (1—Q)F2" = (1 - QP2+ g2, ¢+

So we implies
By X (PLPy) = [ P (1= 0P 32,042 (ol by 6k 62, 3 ST 'Zf'---'g—v) dg
I_{(n) }\1 }\2 A
x . (P,P,) = j <P1+1+1(1 Z)Pz+2 H(n) (§1.§2'- ,gn,gl,gz,. ,gn,cv ,ZV,...,Z—H) d¢
H(n)
0By, (PL+i+1LP+2) =RHS.
g@® H(n)
Therefore B, i 2, PLP2) = %, (P Hi+ 1P +2).

Proposition 3.3 The extension of beta function involving Lauricella function seriesH,(f)(.) check as
follows:

o) _ )

B,S (p+1Lp—i+1) = > CBX (p+1+1Lp—1+1) (14)
i=0

where C! =

Proof:

Il
i1—i)!

i) ( (n)
Since B, T 5, (P P2) —B P+ 1p— 1)+B Lpp—it+1)

LetPp =p+1,P, =p—i+ 1then
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ey H® H
Al}\2(p+1p—1+1)—B (p+2p—1+1)+B ,(pp—i+2)

So by substitutingn =1, 2, . .. in above equation we get

(n)
xlx

(n) (H)
}\lk(p+1p—1+2)—B}\M(p+3p+3)+B (p+2p+2)

(n) (H)
(p+1p—1+1)—B (p+2p+2)+B (p+1p+2)

e H
}L(p+1p—1+3)—B (p+4p+3)+B (p+3p+4)

and we continue the process until we get the result.

4 Statistical distribution involving extended beta function

In this section, In this section, we get some statistics properties in extension of beta function in .\We
derive the results formean, variance, moment generating function.

Definition 4.1 We construct a distribution of a new extended beta function involving Lauricella
function series by:

h(Q =
2 A1+1) (A2+1) An+1)

1 _ _ n
1711 - P 1]—1]((11) (g%,g%,_..,gﬁ;g%,gz,. ,Gas i R s )d( ,0 <

H
B 1)\2(P1+1,P2+1)

&1
0 , otherwise(15)

0,¥(P,), ¥(P,) > 0.

the mean of the extended beta distribution defined as:

(n)
| 1 B,X (P +0+1,P+1)
1 1 1 )‘
E(Z) = | Zif(z)dg = o0 (16)
0 B, 5, (P +1P+1)

where © € R and Z is any random variable.
Also the Variance of the distribution defined as:

HE H{

2
BIX (P +1,P,+ 1) B (P +3, P2+1)—<

H(n)
C (P +2,P 1))

o2 = E(Z?) — (E()’ =

e 2
( B, (P + 1P + 1))
(17)

the distribution of Moment generating function defined as:
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@ gl 1 R gt
M =Z:EZ1 , = ZBK PP+i+1,P+1)——
(O ( )(1+1)! BH1 (P +1.P +1). 7\17\2( 111 2 )(1+1)!
0 7\1?\2 1 » 2 i=0

(18)
5-Some properties of Riemann-Liouville fractional operators

In this section, we derive the Riemann—Liouville fractional operators using the Lauricella function
series Hf{‘)(.) and investigate its some properties.

Definition 5.1 The integral of extendedRiemann—Liouville fractional defined as follows:
1§ [g(2): M2z

1 VA
=— Z
5 fo 6@ (
o AL+ DzVtt (A, + Dz A, + Dz’
- ()BH](( ) (C%; C%; LX) gllll g%i g%i ey gtzll L <V+1 ’ 2 <V+1 )y <V+1 d( (19)

where

0,v=0.
and

IE [8(2): A2, ]

1 z
= — Z
7 ), 0
n A+ Dz Ay + Dzt (y + D2v
- Z)BH% ) (gll G2, ---;gn;g%; g%ligrllrg%' <V+1 ’ Zv+1 IR ZV+1 d( (20)

where

LP(B) > O;W(gl)’q}(gz), ""Lp(gn); l{l(g%)’l}l(g%), 'Lp(grll)'lp(g%) = O,V = quJ(Pl)flp(PZ) > 0.
and

1 VA
Ble@: 2] = s fo 50 (z

. A+ Dzvt (A, + 1)z A, + Dz’
— ()BH(())<§1’§%,§%,§121, Z‘H—l , ZV+1 . ZV+1 d< (21)

where

W(B) > 0;¥(5y),; W(eh), ¥(c?), .., ¥(2) = 0, ¥ (Ay), ¥ (A2), .., ¥(A,) = 0,, W (P), W(P,) >
0,v=0,¥(P),¥(P,) > 0.

Finally:
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12 [g(2): M2

1 Z
-5 fo 50 (z
A+ Dzvt (A, + 1)z A, +1 v+1
—()BHén)(cl,c%:c%,---,c%,c%:(1 ZV+)1Z e ZVJZ - (Vf )dc(zz)

where Y(PR) > 0;W(s1),; W(61), P(s2), -, ¥(6); P(6D) = 0, ¥ (1), Y (Ap), ..., ¥ (&) =
0,,W(P),¥(P,) = 0,v=0,%(P),¥(P,) > 0.

Definition 5.2 The derivative of extended Riemann—Liouville fractional defined as follows:
D‘é [8(2): A2, ]

1 Z
= =< Z
5 ) B0
A+ 1Dz (A, + Dzt A, + DzvH!
— P HY" (c%,c%,---,c%:c%,c%,---,c%; R R - o dg(23)

where

0,v=0.
and

1[g(2): M2

1 z
=— z
5 ) B0
n A+ Dz + Dzt (y + DY
- Z)BH% ) (gll G2, ---;gn;g%; g%l'grllrg%' <V+1 ’ Zv+1 y ey ZV+1 d( (24)

where

LP(B) < O;W(gl)’q}(gz), ""Lp(gn); l{l(g%)’l}l(g%), 'Lp(grll)'lp(g%) = O,V = quJ(Pl)flp(PZ) > 0.
and

B L
Ble@: i) = 55 jo £ (z

A+ Dzvtt (A, + Dz A, + Dzvt!
- Z)BHSI) <§1, g%r g%' grzli <V+1 , <V+1 LY . ZV+1 dg (21

where

P(B) < 0;W(s),; P, WD), ... (63) = 0, W (X)), ¥(Xp), ..., ¥(A,) = 0,, W(P), W(P,) >
0,v=0,%P),¥{P,) >0.

Finally:

IE [g(2): A125]

1 Z
-7 | B0 @
A+ Dz + D2 (A, + D2
~ P (cl.c%;c%,...,cﬁ,c%;( ! <v+)12 o va o zvf )dz (22)
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where Y(B) < 0;W(51),; W(s1), (D), -, ¥(6h); W(sD) = 0, ¥ (), Y (A, ..., ¥ (A,) =
O,,‘P(Pl),‘P(PZ) >0,v> O,lP(Pl),LP(PZ) > 0.

Theorem  53. if  W(B) > 0;¥(s1), W(c1), W(c3), ..., ¥ (ch); W(sP), ¥(3), ..., ¥(ga) >
0, W), ¥\, ..., ¥(A, ) > 0 v = 0.Then

[g(Z) = Ze 7\17\2] F(B) 87\1 Ay (O + 1 B + 1)Z®+ﬁ+1(23)
Proof : by definition 5.1
I3 [g(2): 42,
R (e
‘H@f‘@

BH(n) A+ Dzt (A, + Dz A, + Dz’
) gl! 92' . ;Cn; gl: gZ:- fgn: <V+1 ) Zv+1 )y ZV_|_1 C

(24)
let T = zt then equation (24) becomes

Ig[g(Z) =2%02,] =

1
0+p ] TG) (Z
EEOR
B (n) (}\1 + 1)ZV+1 ()\2 + 1)ZV+1 ()\n + 1)ZV+1
- Z) H gl! 92' . :gn' §1, gZ:- ,Qn, S—] ’ — - ]
(n)
Therefore Ig [g(z) = z9:025] = T B? S (0+1,B+ 1)z0+B+1,

Theorem 5. 41f W(B) > 0;¥(s1), ¥(S), -, ¥(n); (1), W(s1), ..., P(sh), P(sf) = 0,v =
0, ¥(P,),¥(P,) > 0.Then

[g(z) =29 MAz] = F(B)

Proof : as same as proof of Theorem 5. 3.

(n)
B?fxz (0 + 1,B + 1)z0+P+1(25)

Theorem 5. 5. If W(B) > 0; W(s1),; W(s1), W(sD), ..., ¥(s2) = 0, ¥(A1), ¥(1p),
L ¥R, =0,9(P),¥(P,)=0,v=>0%(P),¥P,) > 0.Then
1 g
1l = 2°:dika] = a5 By 5, (0 + 1B + D2+1(26)
Proof : as same as proof of Theorem 5. 3.

Theorem 5. 6. If¥(B) > 0; ¥(g1),; W(¢)), ¥(cd), ..., ¥(c}); W(c?) = 0, (1), ¥ (1)
e, P(A,) =0, %(P), W(P,) =0,v=0,%(P),¥W(P,) > 0. Then
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H{

Ilg(z) = 2°: MA,] = By, (@ + 1B+ 1)z0+F+1(27)

1
r(®)

Proof : as same as proof ofTheorem 5. 3.

Theorem 5. 7. if  W(B) > 0;¥(5), ¥(h), ¥(d), .., ¥(cl); w(cd), ¥(c3), ..., ¥(g2) >
0,¥(A),Y(Ay), ... 1{1()\ )=0,v> Oand g0 = Zlio 0X1<+1<k+1 Ixk+1l < 1.Then

1) Ble(2): M) = zk oxkﬂm " "k 42,4 D2 (28)
(
2) 15[g(2)7: MA,] = F(B) Zk 0Xk+1[3;\ 2 KT 2B+ 1)z (29)

Proof : 1) by definition 5.1 ,we get

1 (*v
I5[g@):h;] = r@f ZXkHZk“ (z - QPHY

F(B)

L1 1 o A+ l)z""’1 (7\2 + 1)z’ A, + DzvH!
G1,625 -5 Gns G1» ng . :gn' <V+1 ’ ZV+1 IR <V+1 d(

So we get
1 O @ .
Blshda) =g ) e | ¢ G- 0PH

A+ DzVt (A, + 1Dz A, + Dzvt!
(g%’ g%’ g glll; g%’ gz’ e gn’ Zv+1 4 Zv+1 ) ) - Zv+1 d( (30)

Hence by using eq (21) we get the result.

2) by definition 5.1,we get

1 [¢%) Z
15 (8@ 0] = TB)ZkZO Xk+1J ¢t (z — QPHY

L1 o A+ Dz A+ 1Dzvt A, + 1Dzv
R R ey Py (28

So we get

1 [
I5 [8(2): Ak, ZTB)J Zk Oik+“’+1xk+1 (z - QPHL

A+ DzVtt (A, + 1)z A, + Dzvt!
(cic%,---&%:cicz.- , Ga; i e e (5 d¢ (31

Hence by using eq (21) we get the result.

Theorem 5. 8.If  W(B) > 0;W(51), ¥(S), -, W(5n); W(c1), W(sD), ..., W(ch), ¥(c?) = 0,v =
0, W(P), W(P,) > 0and g(0) = Yi_ oxk+1<‘<+1 [Xx+1] < 1.Then

1) IE [g(2): M12;] = Zk oXk+1BA 2 (k+ 2,B + 1)zFF+1 (32)

2) Lle(2)1®: M2y] =

F(B)

F(B) Zk oXk+1B;\ A (k+ 2,B+ 1)z"*1 (33)
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Proof : as same as proof ofTheorem 5. 7.

Theorem 5. 9. If W(B) > 0; ¥(51),; W(s1), W(sP), ..., ¥(h) = 0, ¥ (A1), ¥ (Ay),
LPAL) =20,,¥(P),Y(P) =20,v=0,%Y(P), W(P,) > 0and 800 = Tio X138 Il <
1.Then

(n)
1) Pla@):MA,] =

Zk 0Xk+1[3)L Az (k+ 2, B+ 1)Zk+ﬁ+1 (34)
(n)
2) BT Mol = S 52 ira By, (6 + 2,8 + D75+ (35)

Proof : as same as proof ofTheorem 5. 7.

F(B)

Theorem 5.10. If W(B) > 0; W(s1),; ¥(s1), ¥(s3), .. ¥(5h); W(sD) = 0, ¥ (Ay), ¥ (A)
) rlp()\n) = Oulp(Pl)qu(PZ) = O,V = OJIP(Pl)'LP(PZ) > 0. and g(c) = Z?:O Xk+1€k+1!|Xk+1| <
1.Then

1) lg(2):42,] =

2) Blg@i: ] = S o Xicr1BIS, G+ 2,4 D+ (37)

Proof : as same as proof ofTheorem 5. 7.

F(B)Zk 0Xk+18;\ o (k +2,B + Dz*P+1 (36)

Theorem 5. 11. if  W(B) <0;¥(g), W(sh), ¥(sd), ..., ¥(cl); W(s)), ¥(cd), .., ¥(s2) >
0, %), ¥y, .., WA, ) > 0,v > 0. Then

H(n)
Ig[g(Z) =2z%:02;] =

r( 3 Biq, (@ +1,—B +1)z°F1(38)

Proof : Proof Using Definition 5.2 and following the same way as in Theorem 5.3, we get the result.
Theorem 5. 12. If W(B) > 0; W(51), ¥(52), ..., W(6n); W(s1), W(53), ..., W(5n), W(s) = 0, v =
0,¥(P,),¥(P,) > 0.Then

Ig[g(z) =z% 00, = (0+1,—B + 1)z B+1(39)

r( 9) oL

Proof : as same as proof ofTheorem 5. 12.
Theorem 5. 13. If W(B) < 0; W(51),; W(s1), W(57), -, W(h) = 0, ¥(Ay), ¥ (A2,

L) =0, 9(P),¥(P,) =0,v=0,¥(P),¥(P,) > 0.Then
1
Llg(z) = z2:00,] = &) BM?\Z(@ +1,—B + 1)z0P+1(40)

Proof : it's clear.

Theorem 5. 14. If W(B) < 0; W(gy),; ¥(c1), W(cd), ..., ¥(c1); W(c?) = 0, ¥ (1), ¥(Ay)
e, P(A,) =0, %(P), W(P,) =0,v=>0,%(P),¥(P,) > 0. Then
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o

r( 3 By, @+ 1, B+ 1z°0FH(41)

L@ = 2°: M) =
Proof : Obvious.

Theorem 5. 15, if  W(B) < 0;¥(5), W(s)), ¥(sd), ..., W(cL); W(s)), ¥(cd), .., ¥(s?) >
0,¥(A),Y(Ay), ... 1{1()\ )=0,v=0and g(Z) = Zlio 0X1<+1<k+1 IXk+1] < 1.Then

Y
1) 1§lg(@):h,] = momﬂmﬂaﬁa —B + 1z P+ (42)
2) [g@)T°: M) =

F( B)

F( 8) Zk 0Xk+1[3)\ Az (k+ 2, I3+ 1)Zk+1 (4‘3)

Proof : Proof Using Definition 5.2 and following the same way as in Theorem 5.7, we get the result.
Theorem 5. 16. If W(B) < 0;¥(51), ¥(52), ., ¥(n); W(51), P (S3), ..., ¥(6h), ¥(s?) = 0,v =

0, W(Py), W(P,) > 0and g(Q) = Y- oXk+1ZkJr1 IXx+1] < 1.Then
1) IE [g(2): MA2] = ——= X0 Xk+1 87\17\ (k+2,—p+ 1)z P+ (44)

2) {83 ] = mewmﬂal&+zs+nﬂ“mw

as same as proof ofTheorem 5. 15.

F( B)

Theorem 5. 17. If W(B) < 0;W(sy),; ¥(s1), P (sD), ..., W(s3) = 0, ¥ (A1), ¥ (1p),
!lp()\n) = Oulp(Pl)qu(PZ) = O,V = OilP(Pl)'lp(PZ) > Oand g(c) = ZI?ZO Xk+1(k+1’|Xk+1| <
1.Then

8 (n)
1) I [g(z): 2;] =

Zk 0Xk+18)\1;\ (k + 2, B + 1)Zk B+l (4’6)
N
2) Bl Mol = S T ira By, (e 2,=B + D24 (47)

Proof : as same as proof ofTheorem 5. 15.

F( B)

Theorem 5.18. If W(B) < 0; W(s1),; ¥(s1), ¥(s3), .. ¥(sn); W(sD) = 0, ¥ (M), ¥ (Ay)
) ,l-p()\n) = OHlP(Pl)in(PZ) = O,V = Oﬂl'p(Pl)llp(PZ) > 0. and g(() = Zl;.o=0 Xk+1(k+1'|Xk+1| <
1.Then

- ey B
nlﬁg@ﬁaﬂ=géaxﬂmﬁmfx&+z—s+nﬂBH@%)

2) Blg(@)q®: 00, =

Proof: it's clear.

(
r( 3 Zk 0Xk+1B;\ P (k+2,—B + 1)z (49)

Conclusion:

In this article, we have discussed some extensions of the beta functionas the new extension to the
beta function was Using the Lauricella series, and the properties of the beta function are studied.
Moreover, the statistics the distribution was determined using the newly defined and median beta
function, variance, moment generating function and were discussed here. Moreover, the extension
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for Riemann - Liouville fractional coefficients using the Lauricella series it was defined and its
various characteristics are discussed using the new extension from the beta function.
Finally, we derived and investigate the Riemann-Liouville fractional operators using the

Lauricella function series Hfg‘)(.) with some of the features we got.
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