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Abstract 

The main aim of this paper is to use the Lauricella series to extend the beta 

function, and then through this function we investigate some statistical 

properties. Moreover, we use the Lauricella series in order to diagnose the 

Riemann - Liouville fractional factor extensionand study some of its 

properties. 
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1 Introduction 

The beta function is given by [1,12,17] 

B(Ρ1, Ρ2)  =  ζΡ1−1
1

0

 1 − ζ Ρ2−1dζ =
Γ Ρ1 Γ Ρ2 

Γ Ρ1 + Γ Ρ2 
 1  

where Ψ(Ρ2),Ψ(Ρ2) > 0,Ψis the real part of the function. The Gauss hypergeometric  

andconfluent hypergeometric functions are defined as 

2H1(Ρ1; Ρ2; P3; v)  =  
 Ρ1 i Ρ2 iv

i

 Ρ3 i  i!

∞

i=0

 2  

where  v <  1, Ρ1, Ρ2, Ρ3  ∈  C; Ρ3 ≠  0, – 1, – 2, . .. and 

  

δ1(Ρ2; P3; v)  =  
 Ρ2 iv

i

 Ρ3 i  i!

∞

i=0

 3  

The integral representations of hypergeometric and confluent hypergeometric function 

are [9,10,16] 

2H1(Ρ1; Ρ2; P3; v)  =
Γ Ρ3 

Γ Ρ2 Γ Ρ3 − Ρ2 
 ζΡ2−1

1

0

 1 − ζ Ρ3−Ρ2−1 1 − iζ −Ρ1 dζ   (4) 

where Ψ(Ρ3) > Ψ(Ρ2) > 0, | arg (1 –  i)| < 𝜋, 
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δ1(Ρ2; P3; v)  =
Γ Ρ3 

Γ Ρ2 Γ Ρ3 − Ρ2 
 ζΡ2−1

1

0

 1 − ζ Ρ3−Ρ2−1eiζ  dζ                5  

where Ψ(Ρ3) > Ψ(Ρ2) > 0 

Goswami et al. [2,11,16,18] defined an extension of beta function as follows: 

Bλ1λ2

μ1μ2 (Ρ1, Ρ2)  =  ζΡ1−1
1

0

 1 − ζ Ρ2−12H1  μ1, μ2;
−λ1

ζ
−

λ2

1 − ζ
 dζ                 6  

where min Ψ λ1 ,Ψ(λ2) , min Ψ Ρ1 ,Ψ(Ρ2) , μ1 ∈ C andμ2 ≠ 0 − 1, −2,… 

The Appell’s double hypergeometric functions are defined as follows [19,20]: 

H1 ς1, ς2 , ς3, ς4, κ, ι =  
 ς1 i+j ς2 i ς3 j

 ς4 i+j

κiιj

i! j!

∞

i,j=0
 7  

Convergence conditions for the Appell series are as follows: 

1)   H2 converges for |k| + | ι | < 1; 

2)   H1 and H3 converge when |k| < 1 and | ι | < 1; 

3)  H4 converges when | k| + | ι | < 1. 

The classical Riemann–Liouville fractional integral of order Ο ∈  C with Ψ(Ο) > 0 of a function g 

is given by [13,19] 

 Ζw
Ο h (w)  =

1

Γ Ο 
 h ζ 

w

0

 w − ζ Ο−1dζ                 8  

The classical Riemann–Liouville fractional integral of order Ο ∈  C with Ψ(Ο) < 0 of a function g 

is given by [3,8,9] 

 Εw
Ο h (w)  =

1

Γ −Ο 
 h ζ 

w

0

 w − ζ −Ο−1dζ                 9  

2extended beta functionality 

Several authors have studied generalizations of beta function and Hypergeometric functions (see, 

for example, [4,5,12,15]). In this part, we  will define an extension of the beta function using the 

Lauricella function. 

 

Definition 2.2 The extensions of beta function by using Lauricella series [6,7,14] respectively, are 

defined as follows: 

B
λ1 ,λ2 ,…,,λn

HK
 n 

(Ρ1, Ρ2)  

=  ζΡ1−1
1

0

 1 − ζ Ρ2−1HK
 n  ς1

1 , ς2
1 , … , ςn

1 ; ς1
2, ς2

2 , … , ςn
2 ;
λ1

ζv
 ,
λ2

ζv
, … ,

λn

ζv
 dζ                 8  
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where Ψ ς1 ,Ψ ς1
1 ,Ψ ς2

1 ,… ,Ψ ςn
1 ;Ψ ς1

2 , Ψ ς2
2 , … , Ψ ςn

2 > 0,Ψ λ1 ,Ψ λ2 ,… ,Ψ λn ≥

0,Ψ Ρ1 ,Ψ Ρ2 > 0. 

 

B
λ1 ,λ2 ,…,,λn

HT
 n 

(Ρ1, Ρ2)  

=  ζΡ1−1
1

0

 1

− ζ Ρ2−1HT
 n 

 ς1, ς2 , … , ςn ; ς1
1, ς2

1 , … , ςn
1 ; ς1

2;
λ1

ζv
 ,
λ2

ζv
, … ,

λn

ζv
 dζ                 9  

where Ψ ς1 ,Ψ ς2 ,… ,Ψ ςn ;Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ,Ψ ς1

2 ≥ 0, v ≥ 0,Ψ Ρ1 ,Ψ Ρ2 > 0. 

B
λ1 ,λ2 ,…,,λn

HQ
 n 

(Ρ1, Ρ2)  =  ζΡ1−1
1

0

 1 − ζ Ρ2−1HQ
 n  ς1, ς1

1; ς1
2, … ςn

2 ;
λ1

ζv
 ,
λ2

ζv
, … ,

λn

ζv
 dζ                 10  

where Ψ ς1 , ; Ψ ς1
1 ,Ψ ς1

2 ,… ,Ψ ςn
2 ≥ 0,Ψ λ1 ,Ψ λ2 ,… ,Ψ λn ≥ 0, , Ψ Ρ1 ,Ψ Ρ2 ≥ 0, v ≥

0,Ψ Ρ1 ,Ψ Ρ2 > 0. 

B
λ1 ,λ2 ,…,,λn

HS
 n 

(Ρ1, Ρ2)  =  ζΡ1−1
1

0

 1 − ζ Ρ2−1HS
 n  ς1, ς1

1; ς2
1 , … , ςn

1 , ς1
2;
λ1

ζv
 ,
λ2

ζv
, … ,

λn

ζv
 dζ                 11  

where Ψ ς1 , ; Ψ ς1
1 ,Ψ ς2

1 ,… ,Ψ ςn
1 ;Ψ ς1

2 ≥ 0,Ψ λ1 ,Ψ λ2 ,… ,Ψ λn ≥ 0, , Ψ Ρ1 ,Ψ Ρ2 ≥

0, v ≥ 0,Ψ Ρ1 , Ψ Ρ2 > 0. 

3 Some  properties of the extended beta function 

In this section, we will derive iteration relationships and integral representations of the new 

extended beta function. We start this section by this proposition . 

Proposition 3.1 The extension of beta function involving Lauricella function series HK
 n (. )check as 

follows: 

B
λ1λ2

HK
 n 

(Ρ1, 2 − Ρ2)  =  
 Ρ2 i+1

 i + 1 !

∞

i=0

B
λ1λ2

HK
 n 

(Ρ1 + i, 2)                 12  

Proof : LHS = 

B
λ1λ2

HK
 n 

(Ρ1, 2 − Ρ2)  =  ζΡ1−1
1

0

 1 − ζ Ρ2−1HK
 n 

 

 ς1
1, ς2

1 , … , ςn
1 ; ς1

2, ς2
2 , … , ςn

2 ;
λ1

ζv
 ,
λ2

ζv
, … ,

λn

ζv
 dζ   

Let  1 − ζ −Ρ2 =  
ζi+1

 i+1 !

∞
i=0  Ρ2 i+1 
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So we implies 

B
λ1λ2

HK
 n 

(Ρ1, 2 − Ρ2)  =  ζΡ1−11

0
 

ζi+1

 i+1 !

∞
i=0  Ρ2 i+1HK

 n  ς1
1, ς2

1 , … , ςn
1 ; ς1

2 , ς2
2, … , ςn

2 ;
λ1

ζv  ,
λ2

ζv , … ,
λn

ζv  dζ 

B
λ1λ2

HK
 n 

(Ρ1, 2 − Ρ2)  =  
 Ρ2 i+1

 i + 1 !

∞

i=0

 ζΡ1+i−1
1

0

HK
 n  ς1

1, ς2
1 , … , ςn

1 ; ς1
2, ς2

2, … , ςn
2 ;
λ1

ζv
 ,
λ2

ζv
, … ,

λn

ζv
 dζ 

=  
 Ρ2 i+1

 i+1 !

∞
i=0 B

λ1λ2

HK
 n 

(Ρ1 + i, 2)= RHS. 

Therefore B
λ1λ2

HK
 n 

(Ρ1, 2 − Ρ2)  =  
 Ρ2 i+1

 i+1 !

∞
i=0 B

λ1λ2

HK
 n 

(Ρ1 + i, 2). 

Proposition 3.2 The extension of beta function involving Lauricella function seriesHK
 n (. )check as 

follows: 

B
λ1λ2

HK
 n 

(Ρ1, Ρ2)  =  B
λ1λ2

HK
 n 

∞

i=0

(Ρ1 + i + 1, Ρ2 + 2)                 13  

Proof 

LHS =B
λ1λ2

HK
 n 

(Ρ1, Ρ2)  =  ζΡ1−11

0
 1 − ζ Ρ2−1HK

 n  ς1
1, ς2

1 , … , ςn
1 ; ς1

2, ς2
2, … , ςn

2 ;
λ1

ζv  ,
λ2

ζv , … ,
λn

ζv  dζ 

Let  1 − ζ Ρ2−1 =  1 − ζ Ρ2+1  ζi+2∞
i=0  

So we implies 

B
λ1λ2

HK
 n 

(Ρ1, Ρ2)  =  ζΡ1−1 1 − ζ Ρ2+11

0
 ζi+2∞

i=0  ς1
1, ς2

1 , … , ςn
1 ; ς1

2, ς2
2, … , ςn

2 ;
λ1

ζv  ,
λ2

ζv , … ,
λn

ζv  dζ 

B
λ1λ2

HK
 n 

(Ρ1, Ρ2)  =   ζΡ1+i+1 1 − ζ Ρ2+2
1

0

HK
 n  ς1

1, ς2
1 , … , ςn

1 ; ς1
2 , ς2

2, … , ςn
2 ;
λ1

ζv
 ,
λ2

ζv
, … ,

λn

ζv
 dζ

∞

i=0

 

=  B
λ1λ2

HK
 n 

∞
i=0 (Ρ1 + i + 1, Ρ2 + 2)     = RHS. 

Therefore B
λ1λ2

HK
 n 

(Ρ1, Ρ2)  =  B
λ1λ2

HK
 n 

∞
i=0 (Ρ1 + i + 1, Ρ2 + 2). 

Proposition 3.3 The extension of beta function involving Lauricella function seriesHK
 n (. ) check as 

follows: 

B
λ1λ2

HK
 n 

(ρ + 1, ρ − i + 1)  =  Ci
lB

λ1λ2

HK
 n 

∞

i=0

(ρ + l + 1, ρ − l + 1)                 14  

where Ci
l =

l!

i! l−i !
 

Proof: 

  Since  B
λ1λ2

HK
 n 

(Ρ1, Ρ2)  = B
λ1λ2

HK
 n 

 ρ + 1, ρ − i + B
λ1λ2

HK
 n 

(ρ, ρ − i + 1)  

LetΡ1 = ρ + 1, Ρ2 = ρ − i + 1 then 
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B
λ1λ2

HK
 n 

(ρ + 1, ρ − i + 1)  = B
λ1λ2

HK
 n 

 ρ + 2, ρ − i + 1 + B
λ1λ2

HK
 n 

(ρ, ρ − i + 2)   

So by substituting n = 1, 2, . . . in above equation we get 

B
λ1λ2

HK
 n 

(ρ + 1, ρ − i + 1)  = B
λ1λ2

HK
 n 

 ρ + 2, ρ + 2 + B
λ1λ2

HK
 n 

(ρ + 1, ρ + 2) 

B
λ1λ2

HK
 n 

(ρ + 1, ρ − i + 2)  = Bλ1λ2

H1  ρ + 3, ρ + 3 + B
λ1λ2

HK
 n 

(ρ + 2, ρ + 2) 

B
λ1λ2

HK
 n 

(ρ + 1, ρ − i + 3)  = B
λ1λ2

HK
 n 

 ρ + 4, ρ + 3 + B
λ1λ2

HK
 n 

(ρ + 3, ρ + 4) 

and we continue the process until we get the result. 

4 Statistical distribution involving extended beta function 

In this section, In this section, we get some statistics properties in extension of beta function in .We 

derive the results formean, variance, moment generating function. 

Definition 4.1 We construct a distribution of a new extended beta function involving Lauricella 

function series by: 

h ζ = 
1

  B
λ1λ2

H 1 (Ρ1+1,Ρ2+1)
ζΡ1−1 1 − ζ Ρ2−1HK

 n  ς1
1, ς2

1 , … , ςn
1 ; ς1

2 , ς2
2, … , ςn

2 ;
 λ1+1 

ζv +1  ,
 λ2+1 

ζv +1 , … ,
 λn +1 

ζv +1  dζ  , o <

𝜉 < 1 

0      , otherwise 15  

Ψ ς1 ,Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ;Ψ ς1

2 , Ψ ς2
2 ,… ,Ψ ςn

2 > 0,Ψ λ1 , Ψ λ2 ,… ,Ψ λn ≥

0,Ψ Ρ1 ,Ψ Ρ2 > 0. 

the mean of the extended beta distribution defined as: 

 

E(Zi)  =  Zif Zi dζ =
1

0

  B
λ1λ2

HK
 n 

(Ρ1 + Θ + 1, Ρ2 + 1)

  B
λ1λ2

HK
 n 

(Ρ1 + 1, Ρ2 + 1)

 16  

where Θ ∈ R and Z is any random variable. 

Also the Variance of the distribution defined as: 

σ2 = E Z2 −  E Z  
2

=
  B

λ1λ2

HK
 n 

(Ρ1 + 1, Ρ2 + 1) B
λ1λ2

HK
 n 

(Ρ1 + 3, Ρ2 + 1) −   B
λ1λ2

HK
 n 

(Ρ1 + 2, Ρ2 + 1) 
2

   B
λ1λ2

HK
 n 

(Ρ1 + 1, Ρ2 + 1) 
2  

 17  

the distribution of Moment generating function defined as: 
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M ζ =  E Zi 
ζi+1

 i + 1 !
=

∞

0

1

  Bλ1λ2

H1 (Ρ1 + 1, Ρ2 + 1)
   B

λ1λ2

HK
 n 

(Ρ1 + i + 1, Ρ2 + 1)
ζi+1

 i + 1 !

∞

i=0

 

(18) 

5-Some properties of  Riemann–Liouville fractional operators 

In this section, we derive the Riemann–Liouville fractional operators using the Lauricella function 

series HK
 n (. ) and investigate its some properties. 

Definition 5.1 The integral of extendedRiemann–Liouville fractional defined as follows: 

Iδ
β g z : λ1λ2  

=
1

Γ β 
 g ζ 

z

0

 z

− ζ βHK
 n  ς1

1, ς2
1 , … , ςn

1 ; ς1
2, ς2

2, … , ςn
2 ;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ    19  

where 

Ψ β > 0;Ψ ς1 ,Ψ ς1
1 , Ψ ς2

1 ,… ,Ψ ςn
1 ;Ψ ς1

2 ,Ψ ς2
2 ,… ,Ψ ςn

2 > 0,Ψ λ1 ,Ψ λ2 , … , Ψ λn ≥

0, ν ≥ 0. 

and 

Iδ
β g z : λ1λ2  

=
1

Γ β 
 g ζ 

z

0

 z

− ζ βHT
 n  ς1, ς2 , … , ςn ; ς1

1, ς2
1 , … , ςn

1 ; ς1
2;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ  20  

where 

Ψ β > 0;Ψ ς1 ,Ψ ς2 , … ,Ψ ςn ;Ψ ς1
1 , Ψ ς2

1 ,… ,Ψ ςn
1 , Ψ ς1

2 ≥ 0, v ≥ 0,Ψ Ρ1 ,Ψ Ρ2 > 0. 

and 

Iδ
β g z : λ1λ2  =

1

Γ β 
 g ζ 

z

0

 z

− ζ βHQ
 n  ς1, ς1

1; ς1
2 , … ςn

2 ;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ  21  

where 

Ψ β > 0;Ψ ς1 , ; Ψ ς1
1 , Ψ ς1

2 ,… , Ψ ςn
2 ≥ 0,Ψ λ1 ,Ψ λ2 ,… ,Ψ λn ≥ 0, , Ψ Ρ1 , Ψ Ρ2 ≥

0, v ≥ 0,Ψ Ρ1 , Ψ Ρ2 > 0. 

Finally: 
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Iδ
β  g z : λ1λ2  

=
1

Γ β 
 g ζ 

z

0

 z

− ζ βHS
 n  ς1, ς1

1; ς2
1 , … , ςn

1 , ς1
2;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ  22  

where Ψ β > 0;Ψ ς1 , ; Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ;Ψ ς1

2 ≥ 0,Ψ λ1 , Ψ λ2 ,… ,Ψ λn ≥

0, , Ψ Ρ1 ,Ψ Ρ2 ≥ 0, v ≥ 0,Ψ Ρ1 ,Ψ Ρ2 > 0. 

Definition 5.2 The derivative of extended Riemann–Liouville fractional defined as follows: 

Dδ
β g z : λ1λ2  

=
1

Γ −β 
 g ζ 

z

0

 z

− ζ βHK
 n  ς1

1, ς2
1 , … , ςn

1 ; ς1
2, ς2

2, … , ςn
2 ;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ 23  

where 

Ψ β < 0;Ψ ς1 ,Ψ ς1
1 , Ψ ς2

1 ,… ,Ψ ςn
1 ;Ψ ς1

2 ,Ψ ς2
2 ,… ,Ψ ςn

2 > 0,Ψ λ1 ,Ψ λ2 , … , Ψ λn ≥

0, ν ≥ 0. 

and 

Iδ
β g z : λ1λ2  

=
1

Γ −β 
 g ζ 

z

0

 z

− ζ βHT
 n  ς1, ς2 , … , ςn ; ς1

1, ς2
1 , … , ςn

1 ; ς1
2;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ  24  

where 

Ψ β < 0;Ψ ς1 ,Ψ ς2 , … ,Ψ ςn ;Ψ ς1
1 , Ψ ς2

1 ,… ,Ψ ςn
1 , Ψ ς1

2 ≥ 0, v ≥ 0,Ψ Ρ1 ,Ψ Ρ2 > 0. 

and 

Iδ
β g z : λ1λ2  =

1

Γ −β 
 g ζ 

z

0

 z

− ζ βHQ
 n  ς1, ς1

1; ς1
2 , … ςn

2 ;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ   21  

where 

Ψ β < 0;Ψ ς1 , ; Ψ ς1
1 , Ψ ς1

2 ,… , Ψ ςn
2 ≥ 0,Ψ λ1 ,Ψ λ2 ,… ,Ψ λn ≥ 0, , Ψ Ρ1 , Ψ Ρ2 ≥

0, v ≥ 0,Ψ Ρ1 , Ψ Ρ2 > 0. 

Finally: 

Iδ
β  g z : λ1λ2  

=
1

Γ −β 
 g ζ 

z

0

 z

− ζ βHS
 n  ς1, ς1

1; ς2
1 , … , ςn

1 , ς1
2;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ  22  
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where Ψ β < 0;Ψ ς1 , ; Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ;Ψ ς1

2 ≥ 0,Ψ λ1 , Ψ λ2 ,… ,Ψ λn ≥

0, , Ψ Ρ1 ,Ψ Ρ2 ≥ 0, v ≥ 0,Ψ Ρ1 ,Ψ Ρ2 > 0. 

Theorem 5.3. if Ψ β > 0;Ψ ς1 ,Ψ ς1
1 , Ψ ς2

1 ,… ,Ψ ςn
1 ;Ψ ς1

2 ,Ψ ς2
2 , … ,Ψ ςn

2 >

0,Ψ λ1 , Ψ λ2 ,… ,Ψ λn ≥ 0, ν ≥ 0.Then 

Iδ
β g z = zΘ : λ1λ2 =

1

Γ β 
β
λ1,λ2

HK
 n 

 Θ + 1, β + 1 zΘ+β+1 23  

Proof : by  definition  5.1 

Iδ
β g z : λ1λ2  

=
1

Γ β 
 ζΘ

z

0

 z

− ζ βHK
 n  ς1

1 , ς2
1 , … , ςn

1 ; ς1
2, ς2

2 , … , ςn
2 ;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ 

 24  

let ζ = zτ then equation  24  becomes 

Iδ
β  g z = zΘ : λ1λ2 =

=
1

Γ β 
ζΘ+β  τΘ

1

0

 z

− z βHK
 n  ς1

1, ς2
1 , … , ςn

1 ; ς1
2, ς2

2 , … , ςn
2 ;
 λ1 + 1 zν+1

zτv+1
 ,
 λ2 + 1 zν+1

zτv+1
, … ,

 λn + 1 zν+1

zτv+1
  

Therefore Iδ
β g z = zΘ : λ1λ2 =

1

Γ β 
β
λ1,λ2

HK
 n 

 Θ + 1, β + 1 zΘ+β+1 .     

Theorem 5. 4.If  Ψ β > 0;Ψ ς1 , Ψ ς2 ,… ,Ψ ςn ;Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ,Ψ ς1

2 ≥ 0, v ≥

0,Ψ Ρ1 ,Ψ Ρ2 > 0.Then 

Iδ
β g z = zΘ : λ1λ2 =

1

Γ β 
β
λ1,λ2

HT
 n 

 Θ + 1, β + 1 zΘ+β+1 25  

Proof : as same as proof ofTheorem 5. 3. 

Theorem 5. 5. If  Ψ β > 0;Ψ ς1 , ; Ψ ς1
1 ,Ψ ς1

2 , … ,Ψ ςn
2 ≥ 0,Ψ λ1 ,Ψ λ2 , 

… ,Ψ λn ≥ 0, , Ψ Ρ1 , Ψ Ρ2 ≥ 0, v ≥ 0,Ψ Ρ1 ,Ψ Ρ2 > 0.Then 

Iδ
β g z = zΘ : λ1λ2 =

1

Γ β 
β
λ1,λ2

HQ
 n 

 Θ + 1, β + 1 zΘ+β+1 26  

Proof : as same as proof ofTheorem 5. 3. 

Theorem 5. 6. IfΨ β > 0;Ψ ς1 , ; Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ;Ψ ς1

2 ≥ 0,Ψ λ1 , Ψ λ2  

, … ,Ψ λn ≥ 0, , Ψ Ρ1 ,Ψ Ρ2 ≥ 0, v ≥ 0,Ψ Ρ1 , Ψ Ρ2 > 0. Then 
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Iδ
β g z = zΘ : λ1λ2 =

1

Γ β 
β
λ1,λ2

HS
 n 

 Θ + 1, β + 1 zΘ+β+1 27  

Proof : as same as proof ofTheorem 5. 3. 

Theorem 5. 7. if Ψ β > 0;Ψ ς1 ,Ψ ς1
1 , Ψ ς2

1 ,… ,Ψ ςn
1 ;Ψ ς1

2 ,Ψ ς2
2 , … ,Ψ ςn

2 >

0,Ψ λ1 , Ψ λ2 ,… ,Ψ λn ≥ 0, ν ≥ 0and g ζ =  χk+1ζ
k+1∞

k=0 , χk+1 < 1.Then 

1)  Iδ
β g z : λ1λ2 =

1

Γ β 
 χk+1βλ1,λ2

HK
 n 

 k + 2, β + 1 zk+β+1∞
k=0  28  

2)  Iδ
β g z ζω : λ1λ2 =

ζω+β+2

Γ β 
 χk+1βλ1,λ2

HK
 n 

 k + 2, β + 1 zk+1∞
k=0  29  

Proof : 1)  by  definition  5.1 ,we get 

Iδ
β g z : λ1λ2  =

1

Γ β 
  χk+1ζ

k+1

∞

k=0

z

0

 z − ζ βHK
 n 

 

 ς1
1, ς2

1 , … , ςn
1 ; ς1

2, ς2
2, … , ςn

2 ;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ   

So  we get 

Iδ
β  g z : λ1λ2  =

1

Γ β 
 χk+1  ζk+1

∞

k=0

∞

k=0
 z − ζ βHK

 n 
 

 ς1
1, ς2

1 , … , ςn
1 ; ς1

2, ς2
2, … , ςn

2 ;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ     30  

Hence by using eq  21  we get the result. 

2)  by  definition  5.1,we get 

Iδ
β g z ζω : λ1λ2  =

1

Γ β 
 χk+1  ζk+1

z

0

∞

k=0
 z − ζ βHK

 n 
 

 ς1
1, ς2

1 , … , ςn
1 ; ς1

2, ς2
2, … , ςn

2 ;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ   

So  we get 

Iδ
β g z : λ1λ2  =

1

Γ β 
  ζk+ω+1χk+1

∞

k=0

z

0

 z − ζ βHK
 n 

 

 ς1
1, ς2

1 , … , ςn
1 ; ς1

2, ς2
2, … , ςn

2 ;
 λ1 + 1 zν+1

ζv+1
 ,
 λ2 + 1 zν+1

ζv+1
, … ,

 λn + 1 zν+1

ζv+1
 dζ     31  

Hence by using eq  21  we get the result. 

Theorem 5. 8.If  Ψ β > 0;Ψ ς1 , Ψ ς2 ,… ,Ψ ςn ;Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ,Ψ ς1

2 ≥ 0, v ≥

0,Ψ Ρ1 ,Ψ Ρ2 > 0and g ζ =  χk+1ζ
k+1∞

k=0 , χk+1 < 1.Then 

1)  Iδ
β g z : λ1λ2 =

1

Γ β 
 χk+1βλ1,λ2

HT
 n 

 k + 2, β + 1 zk+β+1∞
k=0  32  

2)  Iδ
β g z ζω : λ1λ2 =

ζω+β+2

Γ β 
 χk+1βλ1,λ2

HT
 n 

 k + 2, β + 1 zk+1∞
k=0  33  
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Proof : as same as proof ofTheorem 5. 7. 

Theorem 5. 9. If  Ψ β > 0;Ψ ς1 , ; Ψ ς1
1 ,Ψ ς1

2 , … ,Ψ ςn
2 ≥ 0,Ψ λ1 ,Ψ λ2 , 

… ,Ψ λn ≥ 0, , Ψ Ρ1 , Ψ Ρ2 ≥ 0, v ≥ 0,Ψ Ρ1 ,Ψ Ρ2 > 0and g ζ =  χk+1ζ
k+1∞

k=0 , χk+1 <

1.Then 

1)  Iδ
β g z : λ1λ2 =

1

Γ β 
 χk+1βλ1,λ2

HQ
 n 

 k + 2, β + 1 zk+β+1∞
k=0  34  

2)  Iδ
β g z ζω : λ1λ2 =

ζω+β+2

Γ β 
 χk+1βλ1,λ2

HQ
 n 

 k + 2, β + 1 zk+1∞
k=0  35  

Proof : as same as proof ofTheorem 5. 7. 

Theorem 5.10. If  Ψ β > 0;Ψ ς1 , ; Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ;Ψ ς1

2 ≥ 0,Ψ λ1 , Ψ λ2  

, … ,Ψ λn ≥ 0, , Ψ Ρ1 ,Ψ Ρ2 ≥ 0, v ≥ 0,Ψ Ρ1 , Ψ Ρ2 > 0. and g ζ =  χk+1ζ
k+1∞

k=0 , χk+1 <

1.Then 

1)  Iδ
β g z : λ1λ2 =

1

Γ β 
 χk+1βλ1,λ2

HS
 n 

 k + 2, β + 1 zk+β+1∞
k=0  36  

2)  Iδ
β g z ζω : λ1λ2 =

ζω+β+2

Γ β 
 χk+1βλ1,λ2

HS
 n 

 k + 2, β + 1 zk+1∞
k=0  37  

Proof : as same as proof ofTheorem 5. 7. 

Theorem 5. 11. if Ψ β < 0;Ψ ς1 ,Ψ ς1
1 , Ψ ς2

1 ,… ,Ψ ςn
1 ;Ψ ς1

2 ,Ψ ς2
2 , … ,Ψ ςn

2 >

0,Ψ λ1 , Ψ λ2 ,… ,Ψ λn ≥ 0, ν ≥ 0. Then 

Iδ
β g z = zΘ : λ1λ2 =

1

Γ −β 
β
λ1,λ2

HK
 n 

 Θ + 1,−β + 1 zΘ−β+1 38  

Proof : Proof Using Definition 5.2 and following the same way as in Theorem 5.3, we get the result. 

Theorem 5. 12. If  Ψ β > 0;Ψ ς1 , Ψ ς2 ,… ,Ψ ςn ;Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ,Ψ ς1

2 ≥ 0, v ≥

0,Ψ Ρ1 ,Ψ Ρ2 > 0.Then 

Iδ
β g z = zΘ : λ1λ2 =

1

Γ −β 
β
λ1,λ2

HT
 n 

 Θ + 1,−β + 1 zΘ−β+1 39  

Proof : as same as proof ofTheorem 5. 12. 

Theorem 5. 13. If  Ψ β < 0;Ψ ς1 , ; Ψ ς1
1 ,Ψ ς1

2 , … ,Ψ ςn
2 ≥ 0,Ψ λ1 ,Ψ λ2 , 

… ,Ψ λn ≥ 0, , Ψ Ρ1 , Ψ Ρ2 ≥ 0, v ≥ 0,Ψ Ρ1 ,Ψ Ρ2 > 0.Then 

Iδ
β g z = zΘ : λ1λ2 =

1

Γ −β 
β
λ1,λ2

HQ
 n 

 Θ + 1,−β + 1 zΘ−β+1 40  

Proof : it's clear. 

Theorem 5. 14. If  Ψ β < 0;Ψ ς1 , ; Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ;Ψ ς1

2 ≥ 0,Ψ λ1 , Ψ λ2  

, … ,Ψ λn ≥ 0, , Ψ Ρ1 ,Ψ Ρ2 ≥ 0, v ≥ 0,Ψ Ρ1 , Ψ Ρ2 > 0. Then 



Mathematical Statistician and Engineering Applications 

ISSN: 2094-0343 

2326-9865 

 

 
4737 

 
Vol. 71 No. 4 (2022) 

http://philstat.org.ph 

 

Iδ
β g z = zΘ : λ1λ2 =

1

Γ −β 
β
λ1,λ2

HS
 n 

 Θ + 1,−β + 1 zΘ−β+1 41  

Proof : Obvious. 

Theorem 5. 15. if Ψ β < 0;Ψ ς1 ,Ψ ς1
1 , Ψ ς2

1 ,… ,Ψ ςn
1 ;Ψ ς1

2 ,Ψ ς2
2 , … ,Ψ ςn

2 >

0,Ψ λ1 , Ψ λ2 ,… ,Ψ λn ≥ 0, ν ≥ 0and g ζ =  χk+1ζ
k+1∞

k=0 , χk+1 < 1.Then 

1)  Iδ
β g z : λ1λ2 =

1

Γ −β 
 χk+1βλ1,λ2

HK
 n 

 k + 2,−β + 1 zk−β+1∞
k=0  42  

2)  Iδ
β g z ζω : λ1λ2 =

ζω−β+2

Γ −β 
 χk+1βλ1,λ2

HK
 n 

 k + 2,−β + 1 zk+1∞
k=0  43  

Proof : Proof Using Definition 5.2 and following the same way as in Theorem 5.7, we get the result. 

Theorem 5. 16. If  Ψ β < 0;Ψ ς1 , Ψ ς2 ,… ,Ψ ςn ;Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ,Ψ ς1

2 ≥ 0, v ≥

0,Ψ Ρ1 ,Ψ Ρ2 > 0and g ζ =  χk+1ζ
k+1∞

k=0 , χk+1 < 1.Then 

1)  Iδ
β g z : λ1λ2 =

1

Γ −β 
 χk+1βλ1,λ2

HT
 n 

 k + 2,−β + 1 zk−β+1∞
k=0  44  

2)  Iδ
β g z ζω : λ1λ2 =

ζω−β+2

Γ −β 
 χk+1βλ1,λ2

HT
 n 

 k + 2,−β + 1 zk+1∞
k=0  45  

as same as proof ofTheorem 5. 15. 

Theorem 5. 17. If  Ψ β < 0;Ψ ς1 , ; Ψ ς1
1 ,Ψ ς1

2 , … ,Ψ ςn
2 ≥ 0,Ψ λ1 ,Ψ λ2 , 

… ,Ψ λn ≥ 0, , Ψ Ρ1 , Ψ Ρ2 ≥ 0, v ≥ 0,Ψ Ρ1 ,Ψ Ρ2 > 0and g ζ =  χk+1ζ
k+1∞

k=0 , χk+1 <

1.Then 

1)  Iδ
β g z : λ1λ2 =

1

Γ −β 
 χk+1βλ1,λ2

HQ
 n 

 k + 2,−β + 1 zk−β+1∞
k=0  46  

2)  Iδ
β g z ζω : λ1λ2 =

ζω−β+2

Γ −β 
 χk+1βλ1,λ2

HQ
 n 

 k + 2,−β + 1 zk+1∞
k=0  47  

Proof : as same as proof ofTheorem 5. 15. 

Theorem 5.18. If  Ψ β < 0;Ψ ς1 , ; Ψ ς1
1 ,Ψ ς2

1 , … ,Ψ ςn
1 ;Ψ ς1

2 ≥ 0,Ψ λ1 , Ψ λ2  

, … ,Ψ λn ≥ 0, , Ψ Ρ1 ,Ψ Ρ2 ≥ 0, v ≥ 0,Ψ Ρ1 , Ψ Ρ2 > 0. and g ζ =  χk+1ζ
k+1∞

k=0 , χk+1 <

1.Then 

1)  Iδ
β g z : λ1λ2 =

1

Γ −β 
 χk+1βλ1,λ2

HS
 n 

 k + 2,−β + 1 zk−β+1∞
k=0  48  

2)  Iδ
β g z ζω : λ1λ2 =

ζω−β+2

Γ −β 
 χk+1βλ1,λ2

HS
 n 

 k + 2,−β + 1 zk+1∞
k=0  49  

Proof: it's clear. 

 Conclusion: 

In this article, we have discussed some extensions of the beta functionas the new extension to the 

beta function was Using the Lauricella series, and the properties of the beta function are studied. 

Moreover, the statistics the distribution was determined using the newly defined and median beta 

function, variance, moment generating function and were discussed here. Moreover, the extension 
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for Riemann - Liouville fractional coefficients using the Lauricella series it was defined and its 

various characteristics are discussed using the new extension from the beta function. 

 Finally, we derived  and investigate  the Riemann–Liouville fractional operators using the 

Lauricella function series HK
 n  .   with some of the features we got. 
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