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Introduction

In real life, we often encounter many problems which are described by numerical Analysis. The
behaviors of the solutions of these types are considered as Numerical solutions.

The major factors to be considered in coAmparing different Iterative methods are the accuracy of
the numerical solutions and its computation time. The method for the solution of nonlinear
equations have been presented. The numerical methods of solving nonlinear equations are more
important for iterative solution[5]. In engineering analysis finding the solution for the function f(x)

for which f(x) = 0 is common problem that encountered. The values of xin the equation of
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f(x) = 0 is the zeros of the function. The given equation may have one root or infinite many roots
or no root. There are direct methods and indirect/Iterative methods for solving nonlinear (algebraic
and transcendental) equations. We apply the direct methods obtained the exact roots in finite
number of steps assuming there is no round off errors and can determine the all roots within the
same time and for indirect or iterative methods we apply the concept of successive
approximations[1]. For solving the nonlinear equations, we start with one or more initial
approximation to the root and obtain sequence of iterates which converges to the actual solution of
the equations of root [6]. This paper focus on solution of nonlinear equation of one dimension and
considering one scalar unknownx as solution of indirect methods. The graph of nonlinear equations
cannot be forming the straight line and the variables have never one degree. We approximate the
initial approximations; the initial approximation is substituted in the given nonlinear equations to
determine the error and the error is used in same manner continuous to improve estimations of the
solutions. There are many methods to solve nonlinear equations among them we focus on Modified
Newton’s methods, Muller’s method and Chebyshev method. [2] In the scientific computation the
difficult problem is to approximate the solutions of nonlinear equations. The exponential,
trigonometric, hyperbolic are considered as examples of transcendental equations that is also
referred as nonlinear equations. In solving algebraic and transcendental equations we adopt various
numerical approximation methods that the solution is not exact when the coefficient is numerical
values [3], professor of mathematics (Rtd) P.S.G College of technology Coimbatore. Numerical
methods like Newton’s method are often used to obtained the approximation solutions of nonlinear
equations in which it is possible to obtain its exact solution by usual algebraic process in
Engineering sciences [4].

1.1. Statement of Problem
To compare the iteration schemes of solving nonlinear equations is the one less attention is given

and difficult problems in sciences and engineering.
1.2. Objectives of the study.

The purpose of this the study to determine the best iterative scheme for solutions of nonlinear

equations.

o To record iteration numbers, computational running time and accurate numerical solution of

the three proposed schemes.
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o To compare iteration numbers, accurate and computational running time of each schemes to

determine the best appropriate schemes for the given equations.

2. The Methods.

The methods we have compared weremodified Newton’s Raphson, Muller and Chebyshev method.
2.1. Modified Newton Method.

This scheme is used to find roots of nonlinear equation that is continuous and differentiable, which

continuous to find the solution first the initial approximation is given.

Here, the iteration scheme is written as

_ _ f(xn) _
*nt1 = %n f'Gntalen)f e,y = $(xn) (2.1.1)

; ) — 1 fe) fOOf "Geta()f () (A+a ()f () +a(x)f '(x)

Considerg (x) =1 f'(x+a(x)f(x)) + [f (x+a)f ())]2 (21.2)
"N f'(x) 2 GOf " (x+aG)f (0))[1+a () f () +ax)f (x)]

andd) (x) - f'(x+a(x)f (x)) [f '(x+a(x)f (x))2

f(x)[f"(x+a (x)f(x))]2 [1 +a’(x)f(x)+a(x)f’(x))]2 + fOOf"(x+a(x)f (x))[1+a '(x)f(x)+a(x)f'(x)]2
[f (x+aCof (@))1? [f (x+aCf ()12

[f CO12f " (x+a9%) f (x)a"(x) + FCOf "(x+a) € ()[2a () f () +al)f ()] (2.1.3)
If Gra()f )12 [f x+a(x)f9x))]2 o

suppose ¢is root of f(x)=0, f(£)=0 and therefore ¢ (&) = Eandg'($).

-2 +

Eq(2.13)

" £€) , 2f ©Of ON+a@f Ol_f ©O[1+2a@)f ()]
= - = 2.1.4
¢ ) £') + [f ()2 £ ( )

If a(é) = %,then ®' () =0

The Modified Newton Raphson scheme is given by

. £ Gn)
xn+1 - xn f,[xn+a(xn)+f(xn)] (215)

where a(x,) = 5 ff(x”)

the equation (2.1.4) can also be written as
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_ _ fGen)f'(xn)
X1 = Xn T G = e i) (2.16)
Suppose that ,¢p(§) = &, theng (§) = 0 and¢p'(§) = 0 (2.1.7)

Rate of convergence
Suppose thatéis the root of f(x) = 0 and
lete, = x, — &

Hence x,, 41 = ¢(x,) = p(€, + &)

Or €011 =2"(©) +0(eh) (219)
neglect the e, Eq(2.1.8) reduces to
€ns1 = A€y

In which A=5 (2.1.9)
Equation (2.1.9) is the modified Newton’s Raphson scheme’s rate of convergence that cubic.
2.2. Muller’s Method
Let the quadratics polynomial be f(x)=ax? + bx + ¢ (2.2.1)
If Eq(2.2.1) passes through the point (x,_,, f,—2), (X —1, fu—1)and(x,, f), then

axy_p +bxn_p +c = fr,

axg_1 +bx,_1 +c=fg
ax? + bx, +c = f, (2.2.2)
Eq(2.2.2), be coming written in determinant form

flx) «x? x

fn—Z xr%—z Xn—2

fn—l x721,—1 Xn—1
f A Xy

=0 (2.2.3)

[ = Gy

Eq(2.2.3) become written in function form

Vol. 71 No. 4 (2022) 5087

http://philstat.org.ph



Mathematical Statistician and Engineering Applications

_xn—l)(x—xn) (x_xn—Z)(x—xn)

f)=—o

(x_xn—l)(x—x -1
fn—l + > fn

fn—Z +

(en—2—xn-1)(xXn—2—xn)
Suppose h=x-x,,,h, = x, — Xp_1 and h,,_1 = Xp_1 — X2
Now, Eq(2.2.4) becomes

h(h+hy) h(h+hy +hy 1 (h+hy) (h+hy +hy—1) _
—————fp o fu1 t fa=0
hn—l(hn—1+hn) hnhn—l hn(hn‘H”n—l)

Noting f(x)=0.

Let A = hi 1, = ——ands, =1+ 1,

)
n—1

The equation (2.2.5) now reduces to the following form

(en—1—2xp-2)(xn—1—%n) (en—xpn-2)(xn—%n-1)
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(2.2.4).

(2.2.5)

A2(fn—lzglfn—lﬂn(S‘n + ﬁl/ln)é‘_l + A{fn—z/lrzl - fn—ZSr% + ﬁl(/ln + 611)}671_1 + ﬁl = 0(226)

Or A%¢c, + Ag, + 6,f, = 0(2.2.5)
Where g, = A7 fu_p — 67 fueq + (A + 8,01
e = by (Anfo—2 = Snfo-1+ fr)
Equation (2.2.7) can be written as
Sufu (55) + 2+ 2, =0 (2.2.7)

Solving Eq(2.2.8) for 1/4, we obtain

Q= 2ufn

InE |95 ~Snfnc,

The sign in the denominator of ((2.2.9)istaccording as g,, > Oorg, <0

X—Xn

Hence 1 =

Xn—Xn-1
Xn41 = Xp + (xn - xn—l)/l(zzg)
Now the equation x,, .1 = x,, + (%, — x,,_1)A 41 (2.2.9)

Where 4,,,; =———=

Xn—Xn-1
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2(10

2
art /a1—4a0a1

Where ag = = [(, = %u—2) (fy = fae1) = @ — Xue1) (o — fuz) (221)

Alternative ,x,, .1 = x,, — ,n=23,... (2.2.10)

a, = f, (2.2.12)
D :[(xn - xn—l)(xn - xn—Z)(xn—l - xn—Z)] (2213)
Rate of Convergence

On substituting x,,, = & + €,,, m = n — 2,n — 1,andexpandingf (¢ + €,,)¢in (2.2.11)to (2.2.12) ,

we obtain
D = [(€n — €n—1)(€n — €n—2) (€41 — €n—2)]
a; = €nof () +1/2€5f" () + 1/6€;f"(§)+.
ay=f' (&) +f (e, + 1/6{2e + €€ + €n€n_y + en— le, 3" (E)+.....
ap = 1/2f"(§) + 1/6{€, + €51 + €323 "(§)

So1a%—4a0a2 = [f’(g)]z - 1/2(6n6n—1 + €En€n_2 t+en— 1€n—2)f’($)fw(€)
a; + /a%—élaoaz = Zf’(f)[l +1/2¢,C; + 1/6(6721 —en-— 16n—2)C3"]

_ 9% . _
Where C; = o 123......

Hence using (2.2.10) we get
€nt1 = 1/6(6n6n—16n—263) +.
Muller’s error is given by

€Ens1 = CELER_16,_ (2.2.14)

Where C= 1/6C; = 1/6% (2.2.15)

Now we want a relation of the form
€,41=A€l (2.2.16)
Where A and p are to be determined
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From (2.2.16) €, = Ae?_jore,_, = A" /Pel/P
1. 1
€n1 = AP _,ore,_, = A7MPeP = A_(5+P7)ei/p2

Substituting the values of €,, .1, €,_1 and €,_,in (2.2.13)

P —(Ey) 4R p2
€, =CA =~ 7 r¥¢, p (2.2.17)
F(p)=p>—p?*—p—1=0(22.18)
Suppose that F(p) = 0,p is the smallest root (1,2) .
With initial approximation p, = 2.

p1 = 1.8571,p, = 1.8395,p3 = 1.8393 ...

Therefore the root of the equation (2.2.18) is p = 1.84 (approximation) .
2.3 The Chebyshev’sMethod.
For f(x) = 0,the function f(x) in the neighborhood of x,, as
f0)=Ff(x,) — x, £(x,)+... (2.3.1)
Equation (2.2.3) gives

_ . faw)
X =2y =TS (2.3.2)
Equation(2.2.3) of the (n + 1)
X4t = X — 2 (233)
Then we obtain

, V2

0=F(X)=F(x,) + (x — x,)f (x,) + T2 Ln) (2.3.)
H f _f _ 4 (xn+1_xn)2f”(xn)_0 235

ence (xn+1) - (xn) + (xn+1 xn)f (xn) + 2 - ( I )
Substituting the value ofx, .1 — x,, from (2.2.34) to the last term and we obtain
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(xn)] n
fG00) + Gonss = x)f Ce) +L22L) — (236)

f(xn) _ l[f(xn)]zf”(xn)
f'Gen) 2[f )13 (2.3.7).

Hence x,.1 =x, —

Rate of convengence
From the Equ(2.3.7)

Substuting x,, = & + €, and expanding (x,,), f (x,), f (x,)) near & in the equation

o fGw) 1 f(Godqz Gy
Tntl =X = 565 T 2 ) e

(2.2.8)

fGn) _fE+en) _enf (€)+1/2en F'(E)+1/6€n )+
f'Gen) f'§+en) FE) +en f(E)+1/2e,2f"(8)

Now

[€,+1/2Cy€,% + 1/6C5€,3]X[1 + Cr€, + 1/2C3€,%+] 7L
=[€,+1/2C,€,2 + 1/6C3€,3IX[1 — Cre, + (1/2C,% — 1/2C3)€,%+]

=€, — 1/2C,e,2  + (1/2C,% —1/2C3)e,3

_f9® .
Where C; = ok 123......

f(Cen) _
Also [f (xn)—en — Cy€6,8

fCen) _f " ten) _f@E)tenf (§)+1/2en f () +1/6€n > f(E)+-
f'n) f'E+en) f)+enf () +1/2e0f"(§).

Now

Oy 30,
’;@)[1 S (o€ ]

C3€ 5

=€2[1+ +. ][1 ('26' + - ]

=+ (C3=C)e, + -+

Substituting (2.2.39)

2

— 2 162_ 3
Epi1=€,—|€,—=1/2C€ ,° +( 1/3C3€ ,° + -]

A2[e % — Cr€ 3+ N[Coa+ (Ca— C5) e + -]
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=[1/2¢5 - 1/6C5)€ ,° + o (€ ,Y)
(2.3.8)

Chebyshev method has the rate convergence 3

3. Results.

For the three method solve the following examples in table form.

Examplel.: Solving the equation () = x3 — 7x2 + 11x — 5;correct to six decimal places.

Table 1. Numerical result of the three methods.

Modified Newton’s Method Muller’s Method Chebyshev method

Iteration X 41 € n+1 X 41 € n+1 X n+1 € nt1

No

0 0 - 1.250000 0

1 0.909091 0.9090909 | 1.033333 -0.216667 | 0.586026 0.5860255

2 0.999001 0.0899101 | 1.037044 0.003711 | 0.837301 0.2512752

3 1.000012 0.0009989 | 1.008927 -0.028117 | 0.937781 0.1004807

4 1.000023 0.0000001 | 1.000777 -0.00815 0.976488 0.0387071
4.190822 seconds. 0.071692 seconds 5.093625 seconds.

Elapsed

time

4. Discussion

As presented in the table above, the results obtained have been compared with the result obtained
by the three methods. For Iterative method we start with the initial approximation convergences to
exact solution, or to better approximation repeating computation cycle for achieving required
accuracy. When we compare the rate of convergence of numerical method that have higher rate of
convergence may consider as it reaches the solution with less number of iteration to another method

which has higher number of iteration with slower convergence. Using the intermediate value
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theorem, we can check that the weather the nonlinear equation of /() = 0 has solution or not
with one variable. For the methods presented in this paper, we discovered that Muller’s method is
the best of iterative method among the method we compare to solve non-linear equations for single
variable that converges accurately to the solution of the given nonlinear equation with initial
approximation that close to the roots of the equation and Muller’s method is best method
considering the computational time. From the presented method we have compared Chebyshev
method converges slowly when we compare with modified Newton’s method andMuller’s method

respectively.
5. Conclusion

We tested and compared three different methods of solving the nonlinear equations; namely
Muller’s method, Modified Newton method and Chebyshev method. The Chebyshev method fail
before it converges to the root of nonlinear equations. Furthermore, it converges more slowly when
we compare to the modified Newton method and Muller’s method respectively. The third method of
solving nonlinear equations is the Muller’s method. This method yields low error, high convergence
rate and less computational time. Comparatively, the Muller’s method is the most efficient method

in finding the roots of nonlinear equation f(x) = 0 appeared in this paper.
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