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Introduction:

The commutative G group of all Z — valued characters of a finite G group constant of the
' — classes forms a finitly generated a commutative group cf(G, Z)of a rank equal to the number
of I'—classes . Intersection of cf(G,Z) with the group of all generalized characters of G ,is a
normal subgroup of cf(G, Z) denoted by R(G) ,then cf(G, Z)/R(G) is a finite commutative factor
group that is set to be K(G).The matrix form R(G) consists of terms of the cf(G,Z)basis is
=" (G).We use the theory of invariant factors to obtain the direct sum of the cyclic Z — module
of orders the distinct invariant factors of =* (G) to find the cyclic decomposition of
K(G)."M. S.Kirdar [11] studied the of K(C,) in 1982". "The factor group cf(G,Z)/R(G)for the
special linear group SL(2,P)", was studied by N.S.Jasim [13 ] in 2005. AL-Harere.M.N and AL-
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Heety.F.A [1] "had studied the primary decomposition of the factor group K(Z3)" in ot e
some combinatorial results on the factor group K(G)" , had been studied by M.N.Yaqoob and
A.A.Ali [10] in 2016 . Finally ,we would like to form the reader of this paper that we have found
the =" (C, X S3) , in addition to that we calculated the cyclic decomposition of the group
K(C, X S3) .

Definition(1.1): [3]

Suppose that the group GL(n, F) is a multiplicative group of all non-singular n X n

matrices over the field F, the group GL(n, F) general linear group is called .

Definition(1.2): [4]

A homomorphism of G into GL(n, F), be a matrix representation of a group G ,where n is
known as a degree of matrix representation T. In particular case , T is a unit representation
(principal) if T(g) = 1,forall G > g.

Example (1.3) :
Assume the symmetric group Ss, then we determine the matrix representation of the group.

B1:S3 = GL(1,C) forall g € S5 .....(trivial representation)

(1 if gis even
BiSs > GLLO =p@={ 1) i fid o

forall g € S_3 .....(alternating representation)
B3:S; = GL(3,C) forallg€sS,...... (linear representation)

10 0 0 1 0 0 0 1
Bg((l))=<0 1 0>,83((12))=<1 0 0),33((13)):<0 1 0>,
0 0 1 0 0 1 10 0

10 0 0 0 1 010
Bg((23))=<0 0 1),83((123))=<1 0 0), Bg((132))=<o 0 1).
01 0 010 10 0

Note that the actions are on column's represent reducible representation because there exist

invertible matrix

1 1 1
T= (1 -1 0 ) such that
1 0 -1
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10 0 10 0
T.(O 1 0>.T‘1=<O 1 0>=(1)®(2) ?)
0 0 1 0 0 1
0 1 0 1 0 O
T(1 0 o).T—1=<o 1 0)=(1)®(_1 )
0 0 1 0o -1 1
0 0 1 10 0
T.l0 1 0 T—1=(o 0 1>=(1)690 1
<1 o> 0 1 0 G o)
10 0 10 O
T< 1>.T‘1=<0 1 —1>=(1)€B((1) j)
010 0 0 —1
0 1 1 0 0
T(1 0) T‘1=<o —1 1>=(1)€B(_ (1))
10 0 -1 0
0 1 0 10 0
T.<o 0 1>.T‘1=<0 0 —1>=(1)ea[ 10 20
10 0 0o 1 -1
The following table includes the irreducible representation for each elements of S;:
S3 (1)(2)(3) (123) (132) (12)(3) (13)(1) (23)(1)
P1 [1] [1] [1] [1] (1] [1]
P1 [1] [1] [1] [=1] [=1] [=1]
10 -1 0 0o —1 -1 0 0 1 1 -1
S O P N Al P O B
Table(1,1)
5477
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Definition (1.4): [4]
Let A is a matrix of the size n X n the sum of the main diagonal elements is said to be trace
and denoted by tr(A) .

Definition(1.5): [4]

Let G be a finite group over the field F, T be a matrix representation of degree n of the
group G. The function 0 : G— F defined by d(g) = tr(T(g)) forall g € G, 0 is a character of
degree n of T . In particular, the character of the principal representation (d(g) = 1,forallg e

G) is called the principal character.

Definition(1.6):[7]

I" —conjugate consists of two elements in group G ,if the cyclic subgroups of generate are
conjugate in G, so we can define it as an equivalence relation on G. Its classes are called I'—
classes.

Definition(1.7): [9]
A irreducible characters of The G’s irreducible characters which is denoted by 9 has integer

values which is called character ,such that 9(g) € Z, Vg € G.

Proposition (1.8):[11]
The number of I'—classes on G equals to the number of all distinct irreducible characters of a

finite group G.

Theorem (1.9): [2]
Let S,, be a symmetric group so it has a k is a subgroup , and the function ¢: G — C defined by the

set:

O = fix(g) = {w:gu=u,vg € S}

Then ¢4 = Ifix(g)| — 1isan irreducible character of k.
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Example (1.10):

Consider S; < S,, and the elements of S5 are known from [theorem (1.9)] Then:
(D) =fix(1N|-1=3-1=2.
2((12)(3)) = Ifix((12)(3))| =1 =1—1 = 0 the same for (13)(2) and (23)(1).
¢((123)) = |fix((123))| =1 =0—1 = —1 the same for (132).

Then 0;=(2,0,-1) is irreducible character of S;.

(97.97) = < [(HDD) + (DD)B) + (DD(@)] = 1.

Example (1.11):

From example (1.3) we can calculate the irreducible characters and characters

table for symmetric group Ss,
a’ﬁl = (1’1’1’1’1’1)’ alﬁz = (1l1)1; _1; _1; _1)1

d's, = (2,—1,-1,0,0,0) .We construct the characters table for S;.

CLq [L4] [Lo] [Ls]
ICL,| 1 2 3
1Co(CLY)| 6 3 2
9 1 1 1
9 1 1 -1
9 2 -1 0
Table (1,2)

Where [L;] = {I'} , [L.] = {(123)}, [L3] = {(12)(3)},
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Character table of finite commutative group(1.12): [4]

Let C,, be a cyclic group with order n, which are generated by u . Then the Character table of C,,

is given :

CL, I u u? u™1
ICL,| 1 1 1 1
=(C,) =

(Cn) |Cc(CL,)| n n n n
Y1 1 1 1

Y2 1 @ @° QT

V3 1 @* " e

¥n 1 et | P @

Table (1.3)

prt
Where p = e "'/n

Theorem (1.10):[5]
Let G, and G,are two group .Suppose T:i:G; — GL(n4,F) and T:: G, = GL(n,, F) are two

irreducible representations of the groups G, and G, with characters d,and d, respectively , then

T1®T2 jsirreducible representation of the group G; x G, with the character 9,.0, .

2. The Factor Group AC(G):

We devote our work to study the group of Z — valued class function of a group G ,with its factor

group on R(G)in this section ,also we includes the irreducible characters tables of C, and S, and the
factor group K(C,, ) and K(S5).
Definition(2.1): [8]

A K- minor of T is the determinat of K x K. where T is a matrix entries in a principle with

domain R.
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Definition(2.2): [8]

The greatest common divisor (g.c.d) of all K -minor is a K -th determinant divisor of T,
denoted by DK (T).

Theorem (2.3): [8]

Suppose N and M are two matrices of degree s and v respectively, then det(N®M) =
(det(N))S. (det(M))? .

Theorem (2.4): [9]

Let N and M be non-singular matrices with rank o and m respectively ,on a principal domain
R and let :

Q1NJ, = D(N) = diag{d,(N),d;(N), -, d«(N)} and
Q;MJ], = D(M) = diag{d,(M),d,(M), -, d,,(M)} the invariant factor matrices of N and M then,

(Q1®0)(N®M)(J:®],) = D(N)®D (M) and from this we get that the invariant factor matrices of
N®M can bewritten.

Theorem(2.5): [4]

Let M be a matrix with entries in a principal domain ‘R then there is matrices Q, J, D such that
Q and ] are invertible, QMJ = D, D is diagonal matrix and then , D, (QDJ]) = D, (M) module the

group of unites A .

Remark(2.6):]11]

Let ¢f(G,Z) = Z* basis is =* (G).using theorem (2.5 ), we evaluate two matrices Q and J in

addition a determent F1 where Q.= (6).] =D(=" (6)) = diag{d,, dy, -+, do}, d; =
+D;(=" (6))/+Di_1(Z" (G)) .

The Z — module K (G) represent the direct sum of the cyclic sbmodules and with annihilating ideals

<d, ><d, >, <d >.

Theorem(2.7): [11]
|K@G)| = det (= (6)).

Proposition (2.8):[11]
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The basis of R (G) is formed by irreducible characters 9; = ), (Q(yi)/ )a(yi) = 9; form,
Q

og€eGal
where y; are the irreducible characters of G and their numbers are equal to the number of all
distinct I — classes of G.

Theorem (2.9): [4]

The irreducible character table of the cyclic group C s of the rank § + 1 and where q is an

prime number which is denoted by(=* (Cps)) given by:

I' — classes [1] e [re ] ) || e ] | [r]
9 qS_l(q -1 —q‘s_1 0 0 0 0
9, ®2(q-2) | ¢®2(@q-1D| -5 0 0 0

¢7@-3)[¢"7@-2 ¢ -] —¢*7 || 0 |0

U3
q(¢—1) q(¢—1) (-1 |q@-D || —q |0
(@—1D (@—1D @-1D | (@-1 |+|@-1D| -1

s
1 1 1 1 1 1

Us+1
Table (2.1)

Example (2.10):
For finding the irreducible character table of a cyclic group C,q by using theorem above as

follows:

=" (Cyo) = I-classes [1] [r’1 |[r]
=* (C,2)= 0, 42 7 o
0, 6 6 -1
05 1 1 1
Table(2.2)
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Let n = [1¥, ¢°" ,.where g; are distinct primes and § is a positive integer then :

K(C) =@®TL, (@Y K(Coo)IT}i(8) + 1)] time .

j=1
The group(C, X S3) (2.15):

The tensor product group (C,, X S3) ,where (C,, is a group of order n and cyclic generated by u)

and S; is a group of order 6 and symmetric . The direct product group (C, X S3) ={(q,c):q €
Cyn, C € S3} and
[Cox S5 | =1¢,l |s; [=6n

3. The main results:

we devote our work to study irreducible character table of the group (C, x S3) and for finding

the cyclic decomposition of the factor group K(C,, X S3), in this section .

Proposition(2.11):[11]

If P is a prime number, then (E* (Cqs)) = {q‘s, q‘s_l, “,q , 1} .

Remark (2.12) :

Hence forth if n = ¢I* - ¢gI* ..........¢""where ¢, q,, .......,q_are

distinct primes then:

D= () =D (¢I')®DE (CF°) ® ........DE" (CI7)).

Theorem (2.13): [11]

Let § is a positive integer and q be a prime number, then:

)
K(Cp)= EBZ C,i.
=1

Vol. 71 No. 4 (2022) 5483

http://philstat.org.ph


http://philstat.org.ph/

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343

2326-9865
Proposition(3,1): The general form of the irreducible character table of the group(C,, x S3) is

given as follows:

=" (Cn X 53) =

FI- [LL] | [LLz] | [LLs] | [x9°7" Ly| [x9°7", L) [x9° 7", Ly -+ | [x9 Ls] [x%Ls] [x%,Ls] [x,Ls] [x,Ls] [x,Ls]

class

es

O || ® '@ | (| =¢®" | =" | =" || 0 0 0 0 0 0
- -1 -1

0a2 | ¢ (q| ¢® (@ | —¢®*(q —¢®" | =¢®" | ¢®' |.] O 0 0 0 0 0
-1 | -1 -1

6(1'3) qu_l(q _qS)—l(c. 0 —2(}8_1 q8_1 0 “es 0 0 0 0 0 0
— | -1

O [ a® (@ |4® (@ | ¢®2(q | ¢°%(q | ¢ *(q |-+| O 0 0 0 0 0
- |- |- |- |[-n |-

9oy | 7' (q| ® Mg | —¢°7'[q ¢®%(q | ¢°%(q | —¢®*(q| «++| O 0 0 0 0 0
-y |-y |-n |- |-n |-D

923 | 26572 —a°7'(q 0 2q0%7%(q | —q%72(q 0 .| 0 0 0 0 0 0
- | -1 ~1) -1

I | (g (g (g G- | G@-1D|@=-D -] (g (g (g -1 | -1 ] =1
-y | -n | -1 -y | -n |-

952 | (a (q -@q | @D | @-1D| (@ |- (q (q —(q | -1 | -1 1
- | -n | -1 =) - | -n | -1

93 | 2(q —-(@q |0 2(q —-((q |0 | 2(q (q 0 2 |1 0
-1 -1 -1)) -1 -1(q| -1

dsra] 1 1 1 1 1 1 1 1 1 1 1 1

Iz 1 1 1 1 1 1 |1 1 1 | 1 1 | -1

0i+13| 2 -1 0 2 -1 0 e | 2 -1 |0 2 -1 0

Table(3,1)

Theorem (3.2):

The irreducible character table of the group Cp6 X 83 when q is an prime number and § is a
positive integer , given as follows:

=" (Cp X S3) =="(Cp)® =" (S3) .
Proof:
Since S; = {(1)(2)(3) ,(12)(3),(13)(2),(23)(1),(123),(132)} and the character table of S5:

CLgy [L4] [Lo] [L3]

ICLy| 1 2 3
1C;(CLy)| 6 3 2

9’ 1 1 1
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= (53) = 8’1 1 1 -1
9, 2 1 0

Where [L,] = {(I")}, [L,] = {(123)}, [L3] = {(12), (3)} and the irreducible valued character of
S3:

=*85; = I'-classes [Lq] [L,] [Ls]
|CL,| 1 2 3
ICo(CLI| 6 3 2
9’4 1 1 1
9’4 1 1 -1
9’4 2 -1 0

Then 9’y (Ly) = 9'1(Ly) = 9'1(L3) =9'1(Ly) = 9"1(Lz) =91 (L3)1.
0'2(Ly) = 0'5(Ly) = ¥'5(Ly) =9'5(Ly) =1,

0'3(L3) =9'5(L3) = —1.

0'3(Ly) =9'3(Ly) =2,0'3(Ly) =9'3(L) = —1,0'3(L3) =9'5(L3) = 0.
From the definition of Cys X S3 ,theorem( 1.10)

= (CpxS)== (B ().

Each element in Cys X S5 .

Lng =Jn-Lg,V]n € Cpo,Lg € S3,n =123, -+, + 1 and any irreducible character of Cys X S3
is d(i,j) = 0;.0"; where 9; represent an irreducible character of C A and @', is an irreducible
character S5 ;then,

( 0;(Ln) ifj=1land g € S4
d;(Ln) if j=2and g € {I',(123),(132)}
30 n(Lng) = ! —0;(Ln) if j=2and g € {(12)(3),(13)(2), 32)(1)}
@G 20;(Ln) if j=3 and g Ee{l}
—0;(Ln) if j= 3 and g € {(123),(132)}

. 0 if j=3andg € {(12)(3),(13)(2),(23)(1)}

From proposition( 2.8)
i) = 2 Q0 / )a(a(i,j)) such that ¥y is an irreducible character of Cgs X S5 .

og€eGal(

Then, ¥ j)(hpg) = X Q0 j)(ng) / 0 (0, (hng)) -
Q

ogeGal(

l-if=1and g€ S5 .
I j)(hng) =X (Q21ttn) ) 0(9; (hy)) = 9;(hy). 1 = 9;(hy).9’; (Ly) Where 9; is an

o€eGal
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2-(a)j = 2and g € {I',(123), (132)} .

Iy (hng) = z 0(0; (hy) = 9;(hy). 1 = 9;(hy). 9} (L)
aEGal(Qai(hn)/Q)

(b)j =2 and g € {(12)(3),(13)(2), (23)(1)} .

9, (hng)

= D> a(-aw)
aEGal(Qai(hn)/Q)
IR CACY)
oeGal(Qai(hn)/Q)

0(0; (hy)).—1 = 9;(hy) 9';(Ly)

aeGal(Qai(hn)/Q)

3) (@ j=3andge{l'}.
) (hng)

= > o(20tw)
aeGal(Qai(h”)/Q)

—2 z o(8; (h))

aeGal(Qai(h”)/Q)

- z o(8; (h). 2 = 9;(h) 9';(Lg)

aeGal(Qai(h”)/Q)

(b) j =3 and g € {(123),132)}.
9 (hng)

= > a(-aw)
aEGal(Qai(h”)/Q)

= - Z G(ai (hn))

aeGal(Qai(h")/Q)

- Z (8; (hy).—1 = 9,(ha) 9';(Ly)

aeGal(Qai(h")/Q)
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(©)) = 3and g € (12)(3), (13)(2), (23)(1)} 23265869
19(i,j)(hng)
= 0(0. 0; (hn))
aeGal(Qai(h")/Q)
= 0. o(0; (hy)
oeGal(Qai(h")/Q)
_ 5(8; (hn))-0 = 0 = 9;(hy) 9';(Ly)
ae(;al(Qa"(h”)/Q)
From (1),(2)and (3) we have:
Y = 9.9 .
Hence =" (C s X S3) ==" (C,5)® =" (S3)
Example(3.3 ):
To find the irreducible character of Cz X S; by use theorem (3.2).
T-classes [1] [x°] [x]
9] 20 -5 0
=" (Cs2) = 9 41 4 &
94 1
I-classes [L,] [L,] [L3]
And 9] 1 1 1
=" (S) = 9 1 L &
9} 2 -1 0
Then: =" (Cs2 X S3) =
I- [, L] [,L, [,Ls [x5, 1 [x5, L] [x5,Ls] [x, L4] [x, L] [x, L
classes
Y1) 20 20 20 -5 -5 -5 0 0 0
a2 20 20 -20 -5 -5 5 0 0 0
o 40 -20 0 10 -5 0 0 0 0
o 4 4 4 4 4 4 -1 -1 -1
S0 4 4 4 4 4 -4 -1 -1 1
5487
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ﬁﬁﬁﬁﬁﬁﬁﬁ

Z2520-7005
1

923 8 -4 0 8 -2
91 1 1 1 1 1
932 1 1 1 1 1
9i33) 2 -1 0 2 2 -1
Table(3.2)
Proposition(3.4):
If qisaprimenumberand § is a positive integer, then:
R R R R
| R R R
MCsxS)=l3 5 % R|
LT I I3 7 ERJ
and
B —B 3 Ni J T
3 B -B 5 & N
Wepxsy=7 T B TF T TS
g 3 5 5 7 B -B
Ll J I I3 7 J B A

which is of the size 3(§ + 1) X 3(6 + 1), where R =

1 0 0
-4 1 0]

3 01

Theorem(3.5):

Let g be aprime number and 6 is a positive integer then :

o)

K(Cps X S3) =@®X2(CraxS3) = @ K(Cps) & K(Co).
i=1

Proof:

i=1

To prove the theorem ,by proposition(3.1) we obtain =* (Cgs X S3)and by proposition (3.4) we

obtain M (an X 83) and W(Cqs X 83) :

Now we use remark (2.6) and theorem (2.7) we obtain:

M (Cys X S3).=" (Cgs X S5). W (Cgs X S3) =
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{6q% 9% —q% 6q°%,q%*,—q% 1, ,69% 9% —q%*,6q ,q ,—q ,6,1,—1}

K(Cys X S3) = Caqs D Cgs D Cs D Coqo1 D Cosms @ Cyos @ B Coqz BC, DC, D
Ce

368 )
=®) (€ ®) (€
B 5

= @ K(C») @ K(Co)
=1 i=1

Theorem(3.6 ):

Letn = [IX, q?i where q; are distinct primes and n; are positive integers,where i =
1,2,-++,k,then:

K [ « ]
K(C, x S3) = @Z(@Z K(Cqni % S3) | n(“i +1) |time.
i=1 [lil J
j=1
Proof:
K(C, X S3) = K(cq?1 x'5;) @ OK (Cqu xs3) @ K(cqu X 53) @+ OK (cqgk x 53)
(Mz+DMz+D-(Mr+1Dtime M1 +D M+ Mg+ 1Dtime

@ OK(Cym X 53)@ - BK(qp " X '53)

M1+ M2+1)-(Mg—1+time

By theorem (2.12) we can find .

3+ Dz + D (e + 1 M2+ DMz + 1) (e +1)
K(C, X S3) = @ K(Cqmln ) ® K(Cg)
i=1 i=1
3y + Dz + 1)+ (k-1 + 1) M+ DMz + D (M- + 1)
R @ k(cqgk) @ k(Cq) .
3z + DMz + D (e + 1 Mz + DMz + D+ 1)
= sy K(ani ) &) K(Cq ) .
i=1 ‘ i=1
Theorem (3.7):
Supposen = q' - @) ... .. g, where qq, qg, ... -o.., G are distinct primes and n; are
positive integers ,i = 1,2,---,m then :
3 M2+ DMz + 1) (e + 1)
K(Cn X S3) = @ K(Cp) D K(C6)
i=1 i=1
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using theorem(3.2) and proposition(2.4) we obtain:

D(=" (Cgs X S3)) = D(=" (Cys )OD(=" (S5)) -

By proposition(2.11) we obtain:

(D =" (Cy)) ,then:
6 0 O

D(=" (C, X S3)) = [D(=" (Cp X S3))]I® [0 1 0 ]
0 0 -1

6D(=" (Cy) 0
= D(=" (Ch)
0 —D(=" (Cn))

= {6dy, 6dy, ...,6d(m, +1)(n, +1)..(m+1)» A1r s ooy Ay 4+ 1) (Mo +1) (A1)

—dy, —dz, o, =A@y 4 1)z 4D (it D))
Where d; is the invariant factor of =* (C,,) ;then by using theorem (2.12) we have:

K(C, X S3)
Mm+DO+ DM+ D (Mm+ 1) Mm+ DO+ DO+ Dy + 1)
= &) Ceq; ® Cq;

i=1 i=1

M +DM+ DM+ Dy +1)
&) Cq;
i=1

Mm+DO+D3+ DM+ 1) 2+ DO+ D3+ D + 1)
= @ C6di @ Cdi
i=1 i=1

Mm+DO+DMs+ DM+ M +DMz+ DO+ 1)
= D Cq; D (s + DG
i=1 i=1
2+ D+ DM+ D + 1)
&) Cq;

i=1

3+ DO+ DM+ DM+ M+ DO+ D03+ DMy + 1)
= &b Cdi @ Ce

i=1 i=1
By theorems (3.5)and (3.6),we obtain:
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3 Mm+D+ DO+ 1Dy + 1)

K(CaxS3) =1 @ K(Cp) ) Ce
i=1 i=1
Example (3.8):
To find the cyclic decomposition (Cy5 X S3) , K(C1125 X S3) and K(Cy157625 X S3)

By Theorem (3.7) :

3 2+1)
K(Cys X S3) =K(Cs2XxS3) = @ K(Cs2) D Co
i=1 i=1
3 3
= @ K(Cs2) © Cs.
i=1 i=1
3 2+1DG+1)
K(Cy125 X S3) = K(C3255 X S3) = @ K(C3255) ® Co
i=1 i=1
3 18
= @ K(Cz2s55) @ Cg.
i=1 i=1

K(Ci157625 X S3) = K(C33.5353 X S3)

3 G+DB+1GB+1)
® K(C335373) QP Ce
i=1 i=1
3 64
= @ K(C33.53.73) D Ce -
i=1 i=1

Conclusion:
According to this paper we have found a new method companied with a new results for the cyclic

decomposition of the factor group K(C,, X S3),for that we can extend this paper in future work .
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