Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Properties of Topological Concepts Associated with Weak Systems

Arafa A. Nasef®, and M. Kamel El-Sayed®
(1) Department of Physics and Engineering Mathematics, Faculty of Engineering, Kafrelsheikh

University, Kafrelsheikh, Egypt, e-mail: arafa.nasef@eng.kfs.edu.eg

(2) Department of Basic Science, Higher Institute of Engineering and Technology

Kafrelsheikh, Egypt e-mail: dr.mkamel123@gmail.com

Article Info

Page Number: 6631 - 6641
Publication Issue:

Vol 71 No. 4 (2022)

Article History

Article Received: 25 March 2022
Revised: 30 April 2022
Accepted: 15 June 2022
Publication: 19 August 2022

Abstract

The main objective of the research work is to presents the notions of w-
A-open sets and W- A -continuous functions on spaces with weak
systems and studied some of their properties. We describe the W- 4 -

continuous function and the relation between W -continuity and W- A -

continuity.

Keywords: Weak systems, w- A -open sets, W- A -continuous functions,

W -continuous functions.

1. Introduction

The weak system was introduced in [2, 3, 9]. Which is nonempty set. And the notion of W -

continuous function was defined as a function between weak systems. The study of objects

definable in weak system [5,6,7,11,8,12] Topological spaces contain continuous functions have the

same properties as W -continuous functions have been proved by them. Also, the first author and

Roy [1] used weak system to define the concept of open sets w -b, W - £ -continuous functions. The

w- 4 -open sets, w- A -interior W- 1 -closure operators on a space with a weak system have been

introduced. The notion of W- A -continuous function has been introduced and the characterizations

for the W- A -continuous function have been studied. The relationship between W -continuity and

W- A -continuity have been discussed.
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2. Preliminaries

Definition 2.1. ([9, 10]). wg is called weak system of a non-empty set X which is denoted as a
subfamily of the power set P (S )if gewg and S ewg. By (S,wg ).Simply we call (S,wg) a

space with a weak systemwg onS.W (s)={U e wg :s €U }.

Definition 2.2. [9]. Let the space (S,wg ) be a weak system wg on S. Which contains 7 , the
interior and closure of 7 are defined as the following:

(1) wint(n)=U{U :n2U, U ewg }.

(2) wCl(7)=M{Q :Q 27, S\Q ewg }.

Theorem 2.1. [9]. Let the space (S,wg ) withaweak systemSonSand S .
(1) S=wInt(S) , ¢=wCl (9).
(2) 72w Int(z) and Cl (7) 27 .
(3) If newg,thenw Int(n)=7rn,S\Q ewg,thenw Cl (Q)=Q .
4) f won,thenw Int(y) 2w Int(n ), wCl () owCl (7).
(5) w Int(w Int(7))=w Int(n) ,wCl (wCl(n))=wCl (7).
(6) wCl (S\n7)=S\w Int(n) ,w Int(S\7n)=S \wCl (7).

Definition 2.3. [9]. Let (S,wg) , (Y ,wy ) two spaces with weak systems wg , wy . Then

g:S —>Y isW-continuousif seS ,V €W (q(s)),U €W (s) that c oq(U ).
3. w- 1 -Open Sets , W- 1 -Continuity

Definition 3.1. Let the space (S,wg ) be weak systemwg onSand S o#7. Then a subset 7 of S
is w- A -open set if w Cl (w Int(77)) 27U w Int(w CI (77)), w- A -open set its complement is an w-

A -closed set. All of w- A -open sets in S are denoted by W 10 (s).

Remark 3.1. If a nonempty set given a weak system wg on it is a topology, then w- A -open set is

A -open [4].
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Lemma 3.1. Let the space (S,wg ) be a weak system wg on S. Then 7 is an w- A -closed set if

now Int(w Cl (r))UWw CI (w Int(77)).

For (w-open set and w-closed) set is (w- A -open , w- A -closed) but for (w- A -open and w- A -

closed) set is not w -open and w -closed).

Example 3.1. Let S ={a,b,c} and let wg ={¢, {a}, {b}, S} be a weak system on S. Assume
n={a,c} .So wCl (w Int(7))Uw Int(wCl (77))= {a,c}. Then 7 is not w -open but w- A -

open.

Theorem 3.1. Let the space (S,wg ) with a weak system wg on S. The w- 4 -open sets its union

is always w- A -open.

Proof. Let 7; be an w- 4 -open sets for i €J . Then Definition (3.1) , Theorem (2.1) (4), will be:
7 <w Cl(w Int (7)) Uw Int(w CI (77, )) <w CI (Urg; ))Uw Intw CI (Urg ) -
This implies Uz <w CI (wint (Uz; Y)Uw Int(w CI (Uz; )) and so Uz, is w- 4 -open.

Remark 3.2. Let the space (S,wg ) with a weak system wg on S. For any two w- A -open sets its

intersection may not be w- A4 -open.

Example 3.2. Let S={a,b,c} and wg ={¢,{a,b},{a,c}, S} a weak system in S. Then
{a,b} , {a,c} ae w-A-open sets And {a} is not w-A-open that
w Cl Int({#}))Uw Int(w CI (7)) =¢. For two w- A -open sets its intersection is not w-g-open.

Theorem 3.2. Let the space (S,wg ) with a weak system wg on S, then:

(1) For w- A -closed sets its intersection is always w- 4 -closed.

(2) For w- A4 -closed sets its union fail to be w- A -closed

Proof. (1) from Theorem (3.1).
(2) In Example (3.1), if wg ={¢,{a},{a,b{, {b,c},S}. {a} and {b} are w- 1 -closed sets, their

union {a, b} not w- A -closed.
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Definition 3.2. Let the space (S,wg ) weak system wg on S. For a subset 7 <S , (w- A -closure
of n , the w- A -interior of 7), isw ACI () andw AlInt(7), aredefined :

w ACI (7)=N{Q : n<Q, Q isw-A-closed in S};

w AInt(n)=U{U :U <n, z ifU|isw-A1-openin S}.

Theorem 3.3. Let the space (S,wg ) aweak systemwg onSand S —#. Then
(1) now Alnt(n) and w ACI () 277.
2) f wow,thenw AInt(yw) 2w AlInt(n) ,w ACI () 2w ACI (77) .
(3) nisw-A-openiffw AlInt(n)=n.
(4) Qisw-A-closed iff w ACI (Q)=7.
(5) w AInt(w AInt(77))=w AInt(n) ,w ACI (w ACI (7)) =w ACI (77) .
(6) w ACI (X \np)=X \w AInt(77) ,w AInt(S\n)=S \w ACI (7).

Proof. (1) and (2) clear.
(3) and (4), from Theorem (3.1).
(5) From (3) and (4).
(6) For n < S , we have
S\w AInt(n)=S\U{U :U <n, U isw-A1-open}
={S\U :U <7, U isw-A1-open}
={S\U :S\ncS\U, U isw-1-open}
=w ACI (S \7n)
We have w AInt(S \n)=S \w ACI (77)

Theorem 3.4. Let the space (S,wg ) with a weak systemwg onS,

(1) wAlnt(nUw) 2w — AInt(7)Uw Alnt(y),
(2) w ACI (7)Nw ACI (w) 2w ACI (nNy)

Theorem 3.5. Let the space (S,wg) with a weak system wg on S and S o#7. Then

s ew ACI (n) iff nNo = ¢ for any w- 1 -open set o containing s.
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Proof. If w- 1 -open set o containing s, n(No=¢. Then S \o is w- 1 -closed set that S\oc o7

and s €S \o. Then s gw ACI (77).

Theorem 3.6. Let the space (S,wg ) be aweak systemwg onSand =S . Then s ew AlInt(7)

iff there exists an w- A -open set U that  oU .
Theorem 3.7. Every w -semi-open set is w- A4 -open.

Proof. Let n be an w -semi-open set in (S,wg). Then ncwCl (w Int(7)). Then
ncw Cl (wCl (w Int(77)))Uw Int(w Cl (7)) and 7 isw-A-openin (S,wg).

Definition 3.3. Let a function f : (S,wg)—(Y ,wy ) between two spaces with weak systems
wg and wy . Then g is W- A -continuous if a point s and w -open set o containing q (s ), there w-
A -open set U containing x that q(U ) c o .

W -continuity = W- A -continuity

The converse is not true

Example 3.3. Let S ={a, b, c}. Assume two weak systems defined :

wy={¢.{a}{b}.{a,b}, S},  wr={a{ab}{ac}S}

Let the identity function g : (S,w;) — (Y ,w,). Then q is W- 4 continuous but not W -continuous.

Remark 3.3. Let the function q : (S,wg ) — (Y ,wy ) on two spaces with weak systems w¢ and

wy . If the weak systems w¢ and wy are topologies on S and Y, , then g is A -continuous.

Theorem 3.8. Let the function q : (S,wg ) — (Y ,wy ) on two spaces with weak systems w¢ and
wy . The following are equivalent:

(1) gisW -gg -continuous.
(2) Every w-openset o inY, g (o) isw- 1 -openinS.

(3) Each w-closed set i inY, q‘l(y/) isw A -closed in S.
(4) wCl(q(n))=2a(wCl(r)) for S o7.

(5) g 7w Cl (w)) 2w ACI (q 2 (w)) forY oy .

6)w AInt(q 7 (w)) 29 (W Int(w)) forY oy .
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Proof. (1) = (2): Let w -open set denoted by & inY and s eq (o). 3an w- 2 -open set U
containing s by the hypothesis, f (U )< o. So, we have s eU =q (o) forall seq (o). In
Theorem (3.1), g 1 ( o) is w- A -open.
(2) = (3): Itisclear.
(3) = (4): For ncS,
q~ (W Cl(a(7)))=Q 247 (N(Q =Q :4a () and w-closed}
=M{q1(Q)<S :q1(Q)>n and Q is w- 4 -closed}
S({K<S :K o7 and K is w- A -closed}
=w ACI (A).
Hence w CI (q (77)) 20 (w ACI (77)).
(4) = (5):ForY oy, from (4),
aw ACI (g7 (¥ )))=w Cl (a (g~ (w))) cw Cl ().
Then we get w ACI (2 (y))) cw Cl ().
(5) = (6); For w <Y ,fromw Int(w)=Y \CI (Y \yw) and (5),
q (W Int(y))=a7* (Y WCI(Y \p))
=s\q~ (W Cl (Y \y))
csWw ACH (g7 \y))
=w ZInt(q ™ ().
Then gt (w Int(w))cw AInt(q 2 (w)).
(6) = (1): Let w-open set (o) containing q(s) and seS. Then from Theorem (2.1),

seq(o)=qtw Int(o))cw AInt(qt(o)). Theorem (3.6), there is w- A -open set U

containing s, s eU =q*( o). Then q is W- A -continuous.

Lemma 3.2. Let the space (S,wg ) with a weak systemswg onSand S o7,
(1) w Int(w CI (w ACI (77)))Uw CI (w Int(w ACI (77))) cw ACI (77),
2w AInt(n)<w Int(w Cl (W AInt(7)))Uw CI (w Int(w AInt(7))) <

w Int(w CI (7)) Uw CI (w Int (77)) .

Vol. 71 No. 4 (2022) 6636

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Proof. (1) For < S, Theorem (3.3) w ACI (77) is w- A -closed set. We have from Lemma (3.1),
w Int(w Cl (7)) <w Int(w Cl (7)) <w ACI (77) .

Theorem 3.9. let the two spaces function q : (S,wg ) — (Y ,wy ) with weak systems wg and
wy , The following are equivalent:

(1) Q is W- A -continuous.

() w Int(w Cl (g2 (o))Uw Cl (W Int (a2 ())) 2q72( o) for w-openset o inY.

(3) g7 1(Q)ow Int(wCI (Q)))Uw Cl (w Int(q(Q)) for w-closed set Q in Y.

@) g Ig~ W Cl (y)) 2nt(w Cl (g~ ()))Uw Cl (W Int(q ™ (w))) for ncS.

) w Int@w CI (g~ (w)))Uw Cl (w Int(q 7" (w))) =g~ (W Cl (y)) for y Y .

6) g7 (W Int(w)) =w Cl (W Int(q " ()))Uw Int(w Cl (g (y))) for y Y .
Proof. (1) < (2): definition of w- A -open sets, theorem (3.8). It follows:

(1) < (3): lemma (3.1), theorem (3.8). It follows:
(3) = (4): Let < S . Lemma (3.2), theorem (3.8), it follows:

w Int(w Cl (17))Uw CI (w Int(17)) cw ACI () =g~ (w CI (q (77))).
Then g (w Int(w CI (77)))Uq (w ClI (w Int(77))) cw Cl q (7)) .

(5) = (6): theorem (2.1), from (5) it follows:
gt W Int(y)) =g~ (Y WCI(Y \yp))
=S\qt(WCI (Y \y))
=S \W IntCl (g7 (Y \p))Uw Cl w Int(q (Y \y)))

=w Cl (W Int (g~ (y))) Uw Int(w CI (g7 ())).
Then, its obtained (6) .
6) = (1): Let o be an w-open set in Y. By (6) and Theorem (2.1), we have
g t(V)=qtw Int(o))cwCl (W Int(q (o)) Uw Int(wCl (g L(o))). Then g1 ( o) is

an w- 4 -open set. by (2), f is W- 1 -continuous.

Vol. 71 No. 4 (2022) 6637

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Definition 3.4. Let the function q : (S,wg ) — (Y ,wy ) onspaces (S,wg) and (Y ,wy ) with

weak systems wg and wy . Then q is W- 4 -open if w-openset GinS, q(G) isw-A-openinY.

Theorem 3.10. Let the function q : (S,wg)— (Y ,wy ) onspace (S,wg) and (Y ,wy ) with

weak system w¢ and wy . The following are equivalent:
(1) q is W- 4 -open.
(2) gw Int(n7))<w AInt(q (7)) foreach AcS .

B)w Int(q (w))<qt(w AInt(y)) for each w <Y .

Proof. (1) = (2): For n< S, from W- 4 -openness of q

q(w Int(77))=w AInt(q (w Int(77))) cw AInt(q (7))
Then, g (w Int(n))cw Alnt(q (n7)).

2 = (@: For wcY,qWwInt(@ ™ (y)))cw Alnt(q(a(y)))cw Ant(y).

wint(q~ () ca~ (W Alnt(y)).
(3) = (1): Gisanw-open set in S. Then:
G =w Int(G)cw Int(q™(a(G))) =g~ (W AInt(q(G))).
Then q(G)cw AInt(q(G)),so f (G) isw- A -open.

4. Some Applications

Then

Definition 4.1. Let the space (S,wg ) with a weak system wg . Then (S,wg) is an w-T, [4]

(resp. w- 1 -T,) space if the pair points s, y of S 3 disjoint w-open (resp. w-4-open) U, V sets

containing s,y

Remark 4.1. Every w -T, space is an w - 1-T, space. But the converse is not true as in the next

example.

Example 4.1. Let S={a,b,c} and wg ={¢,{a}. {b}, S} be a weak system on S. Then

A(S)={g. {a}. {b}{a, b}, {a c}, {b,c}}. Thus (S,wg ) isw-A-T, but not w-T, space.
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Theorem 4.1. Let the two spaces (S,wg ) and (Y ,wy ) be Sand Y with weak systems w¢ and
wy .If 3 W- A -continuous injective function q : (S,wg)—>(Y ,wy ) that (Y ,wy ) isw-4-T,

then (S,wg ) isw-T,

Proof. Let two distinct points s; and s, of S. Then as q injective, q(s;)# q(s,). Thus Itwo
disjoint w- A -open sets o7 and o, containing s; and s,, respectively. Since q is W- A -continuous,
3 w -open sets U; and U, such that s;€U; and q(U;)coy in y subset of Y that

(U xo)NG(q)=¢.

Definition 4.2. A function q:(S,wg)—>( ,wy ) is W-A-closed graph if
(s,y)e(S xY )\G(q), 3 wg-open set U containing s in S and an wy -open set o in Y

containing y that (U xV )G (q) =4¢.

Lemma 4.1. A function q:(S,wg)—>(Y ,wy ) has W-A-closed graph iff for
(s,y)e(S xY )\G(gq), 3 an wg -pen set U containing s in S and an wy -open set o of Y

containing y that q (U )No =¢.

Theorem 4.2. A function g : (S,wg)— (Y ,wy ) is W-A4-continuous and (Y ,wy ) isw-A-T,,

then G (q) is W- 1 -closed

Proof. Let (s, y)e(S xY )\G(q).Then y #q(s). Since Yisw-A-T,, 3w- 1 -open sets o and
Z inY containingy and q(s), that o (1Z =¢. Since q is W- A -continuous, 3 an w-open set U in S

containing sthat q(U )< Z . Thus q (U )(No=¢. Then by Lemma (4.1) G (q) is W- A -closed.

Theorem 4.3. If the injective W- A -continuous function denoted by q : (S,wg ) —> (Y ,wy ) with

a W- 4 -closed graph, then (S,wg ) isw-T,.

Proof. Let any two points s and y of S. then f is injective, q(s)=q(y) and
(s,q(y))e(S xY )\G(q). Since G (q) by Lemma (4.1), is W- 1 -closed, 3an w-open set U in
S containing s and an w- A -open set V containing q(y) inY that q(U)No=¢.qis W-1-
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continuous, Jan w-open set G in Sthat c oq(G). Then q(G)Ng (U )=¢ that GNU =¢. Then

S isw-T,.

5. Conclusions

The concept of w- 4 -open sets , w- A -continuity have been introduced and their properties
are studies, we hope that this paper is inst a beginning of a new weak system. It will inspire many
contribute to the cultivation of generalized topology under the name of weak system in the field of
discrete mathematics.
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