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Abstract

The purpose of this paper is to investigate scatteredness on nano ideal
topological spaces. We introduce the notion of nls,g — scattered space
and investigated certain properties. Also, we have introduced V%#" —
isolated points, V%" — derived sets, N %" — dense sets, nls,g — dense
sets and discuused their characteristics. Further, we have studied the

equivalent conditions of nls,g — scattered space.

Keywords:nls,g — scattered space, N ?# — isolated points, N %u# —

derived sets, V%«¢" — dense sets, nls,g — dense sets

1. Introduction

Parimal et.al[2] introduce the notion of nano ideal topological spaces as follows: Let (I', V', 7) be a

nano ideal topological space with an ideal 7 on I', where V' = 12(X) and if 2" is the set of all

subsets of T, a set operator (.);: 2" — 2T, called a nano local function (briefly, n — local function of
H with respect to V" and 7 is defined as follows: for H ¢ X, H,, (I, N) ={yeT:G, NnH ¢ J for
every G, € G, (y)}, where G, ={G,.:vy €G,,G, € N}. We will simply write H,; for H,, (3, V).
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Pasunkilipandian et.al[4] introduce a new class of generalized closed sets in nano ideal topological

space namely, nJs,g closed sets.
2.Preliminaries

Definition 2.1[1] Let T" be a nonempty finite set of objects called the universe and R be an
equivalence relation on I' named as indiscernibility relation. Then I' is divided into disjoint
equivalence classes. Elements belonging to the same equivalence class are said to be indiscernible
with one another. The pair (I', R) is said to be an approximation space. Let X < I'. Then,

(i) The lower approximation of X with respect to R is the set of all objects which can be for certain
classified as X with respect to R and is denoted by L (X). That is, Lg(X) =Uyer {R(X) €S X:x €
I'} where R(X) denotes the equivalence class determined by x € T.

(i) The upper approximation of X with respect to R is the set of all objects which can be possibly
classified as X with respect to R and is denoted by Ux(X). That s,
Ur(X) =Uger {R(X): R(X)NX+0,x €T} where R(X) denotes the equivalence class
determined by x € T

(iif) The boundary region of X' with respect to R is the set of all objects which can be classified
neither as X nor as not —X with respect to R and is denoted by Bg(X). That is, Bx(X) =
Uz(X) — Le(X).

Definition 2.2 [1] Let T" be a universe, R be an equivalence relation on T' and Ny (X) =
{U, D, Lr(X),Ux(X),Br(X)}, where X < T, satisfies the following axioms:

() U, D € Ng(X).

(ii) The union of the elements of any sub-collection of N5 (X) is in Ng (X).

(iii) The intersection of the elements of any finite subcollection of N (X)) is in Nz (X).

Therefore, Nz (X) is a topology on T' called the nano topology on T" with respect to X. We call
(T, Vz (X)) as the nano topological space. The elements of Nz (X) are called nano open sets
(briefly, n- open sets). The complement of a nano open set is called a nano closed set (briefly, n —
closed set).

Definition 2.3 [3] A subset C of a nano topological space (I', V') is said to be nano semi o — open
set (briefly, NS, — O.S) if there exists a na —open set P in I" such that 7 € C S n — cl(P) or
equivalently if ¢ € n—cl(na—int(?)).The family of all NS, — O.S of U is denoted by
NS,0(U, M).

Vol. 71 No. 4 (2022) 7048

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Definition 2.4 [4] A subset H of a nano ideal topological space (I', V', 7) is said to be nano ideal
semi o — generalized closed set (briefly, n7s,g — closed set) if H,;, € K whenever H € KX and K
IS nano semi o — open.

Definition 2.5 [4] A subset H of a nano topological space (I', V') is said to be nano semi o —
generalized closed set (briefly, ns,g — closed set ) if n — cl(H) € K whenever H € K and X is
nano semi a. — open.

Definition 2.6[8]Let (I', V', 7) be a n7 — topological space and (.)%" be a set operator from 2" to
2", where 2" is the set of all subsets of I'. For asubset # c I, H,,; ,(I, V) = {x €I:G, N H &7,
for every G,, € V*#(y)} is called the nano semi o generalized local function (briefly, ns,g — local

function) of # with respect to 7 and V. We will simply write H;;,  instead of H, (7, V).
Definition 2.6[9]Let (X, 1, 1) be an ideal space and leth € A c X.

(1) hiis called a = — isolated point of A in h if there exists U € t*(h) such that U n A = {h}.
(2) his called a * — accumulation point of Ainh if U N (A — {h}) # @ forany U € t*(h).

The set of all = — isolated points of A in h is denoted by I*(A)(I,t) or I*(A). The set of all * —
accumulation points of A in h is denoted by d*(A)(I,t) or d*(A), which is called the * — derived set
of Ainh.

Definition 2.7[7] Let (X, 1, 1) be an ideal space.
1. A cXiscalled * — dense in hif cI*(A) = X.
2.AcXiscalledI —dense inh if A* = X.

Definition2.8[9] Let (X,t,I) be an ideal space. X is called I — scattered if I*(A) # @ for any
A € 2% — {@}.

Definition 2.9[6] An ideal space (X,t,1) is called I — resolvable if X has two disjoint I — dense

subsets. Otherwise, X is I — irresolavble.
3. NV4«#* — jsolated points and NV?%«#* — derived sets
Definition 3.1 Let (I', V', 7) be a nJ — topological space and lety € £ < I". Then y is called a

(i) N* — isolated point of H in T if there exists G € NV *(y) such that G N H = {y}.
(i) N —accumulation pointof H inT if G N (H — {y}) # @ forany G € N*(y).
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(iii)  NV*#* — isolated point of 7 in I" if there exists G € V' %«¢*(y) such that G N H = {y}.
(iv)  N2%#* —accumulation point of H inT"if G N (H — {y}) # forany G € NV %" (y).

The set of all V* — isolated points (resp.V4#¢* — isolated points) of H in I" is denoted by
nl*(H)(T,N) or nlI*(H) (resp. ns,gl*(H) (T, N') or ns,gl*(H). The set of all I* — accumulation
points (resp.V4«#* — accumulation points) of H in I' is denoted by nd*(#)(J, N') or nd*(#),
(resp. ns,gd*(H)(I,N) or ns,gd*(H)) which is called the n* — derived set (resp. ns,g* —
derived set) of H inT.

Example 3.2 Consider the nJ — topological spaces (A, Ny,7;) and (A, V7, J,) as follows:

A1 = {01,082,03,04} ; A1/R = {{61}, {02,084}, {83}} ; X = {02,84}
N1 = {0, A1,{61},{01,02,04},{82,04}} ; I, = {@,{5,}} and

Ay = {61,87,63,04} ; A1/R = {{61},{82, 84}, {83}} i X = {62,84}
N ={D,01,{81},{81,82,84},{82,64}}; T, = {D,{62}}-

Refer the following table for N* isolated points (resp.NV<“«¢* — isolated points) and N*

accumulation points (resp.V 4«#* — accumulation points).

H I ={0,{82}} T2 = {9,{82},{83}, {82, 83}}
nl*(H) | nd*(H) | nsagl"(H) | ns,gd*(H) | ns,gl* () | ns,gd*(H)
4q {61,64} | {62,683} | {61,62,84} {63} {61,62,04} {63}

{61} {61} {65} {61} {65} {61} {63}

{62} {62} @ {62} ? {62} @

{65} {65} @ {65} @ {65} @

{64} {64} {65} {64} {65} {64} {63}
{61,682} | {61,862} | {63} {61,862} {63} {61,683} {63}
{61,063} {61} {63} {61} {63} {61} {63}
{61,643 | {61,64} | {62,683} | {61,604} {63} {61,064} {63}
{62,63} | {62, 63} ? {62,683} ? {62, 63} @
{62,604} {643 | {62,683} | {62,604} {63} {62,084} {63}
{63,04} {643 | {62,63} {64} {63} {64} {63}

{61,62,63} | {61,862} | {83} {61, 62} {65} {61,623 {63}
{61,602, 64} | {61,684} | {62,83} | {61,02,04} {65} {61,682, 84} {63}
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{61,83,84} | {61,643 | {62,83} | {81,04} {03} {61,843 {03}

{02,03,643 | {84} | {82,83} | {82,043 {03} {62, 84} {03}

Table 3.1. V%«#* — isolated points and V' 4«¢* — accumulation points
Theorem 3.3 Let (I', V', 7) be anJ — topological space. Then for H, KX c T,

() nsagl’(H) = H = (nsegd’ (#)).
(i) nI"(K) cns,glI"(H) c H.
(i) (@) 7 = (ns,g1"(30) U ((nsegd” (F0)) n ) ;
(b) (nsagd*(}[)) NH =H\ (nsagl*(}[)).
(iv) IfH eN?®9 —{p}and H c K then ns,gl"(H) c ns,gl*(¥).
V) @ (nsegl"(3)) N (ns,gI™ (30) € nsegl"(H NK) ;
(b) nsegI* (H U K) € (ns,gI*(#)) U (ns, gI*(K)).

Proof: (i) Let y € ns,gl"(H). Then G N H = {y} for some G € N“4«#*(y). This implies G N
(H—-{y}) =0. Then y & ns,gd*(H). Thus, y € H —ns,gd*(H) and so ns,gl*(H) c H —
ns,gd*(H). Conversely, let y € H —ns,gd*(H). Since y & ns,gd*(H), we have Gn
(H —{y}) = @ for some G € N*«9*(y). Note that G N H = {y}. Then y € ns,gI" () and so
ns,gl*(H) > H —ns,gd*(H). Hence, ns,gl*(H) = H — ns,gd*(H).

(i) Since every V'* — closed set is V' %«#* — closed, the result follows.

(iii) (@) For any y e H and GeE N4 (y), GNH ={y} or GN{H —{y}} # @, then y €
(nsagl*(}[) U nsagd*(}[)) and H c (nsagl*(f]-[)) U (nsagd*(}[)). Thus, H c (nsagl*(}[) U
nsagdxsHNH=nsag<HUnsagdsHNH and HonsaghkHUnsagdsHNH. Hence,
H =ns,gl"(H) VU (ns,gd* (H) N H).

(b) The result follows from (a).

(iv) Let y € ns,gI*(H). Then G N H = {y} for some G € NV %#*(y). Since H € N %" — {(},
GNH € N9 — {@}. Note that (G NH) N K = {y}. Then y € ns,gl"(¥). Thus ns,gl*(H) c
ns, gl (¥).

(V) The result is trivial.
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Lemma 3.4 Let (I, V,7) and (I, V,7") be two nJ — topological spaces with 7 c 7°. Then for
H cIyns,gl" (H)(I,N) € ns,gl* (KT, N).

Proof: Let y € ns,gI*(H)(7,N). Then G N H = {y} for some G € N %«#*(y)(J, ). Since I c 7,
it is clear that NV %«#*(y) (9, V') c N4a#*(y) (7, V) which implies G € N %«#*(y)(3,N") so that
Y € ns,gl*(H) (I, N). Hence, ns,gl*(H) (I, N) € ns,gl*(H)(T, ).

Remark 3.5 If (I, v,7) and (I, V,7) are two nJ — topological spaces, ns,gl*(H)(J,N) c
ns,gl*(H)(3',N") does not imply 7 c 7.

Example 3.6 Consider the nJ — topological spaces of Example 3.2.

Here, ns, gl*(H) (I, N) S ns,gI*(H) (I, N") for every subset H of I'. But 7 & 7. Refer Table
3.1.

4.nJs,g — Scattered Spaces
Definition 4.1 Let (I, V', 7) be a nJ — topological space.

(i) I iscalled ng — scattered if nI* () = for any H € 27 \ {@}.
(i)  Iiscalled nis,g — scattered if ns,gl*(3) # @ for any H € 2" \ {@}.

Example 4.2 (i) Consider the nJ — topological space (4, N7, J;) of Example 3.2. Since nI*(H) +
@ (resp.ns,gl*(H) # @) for any non empty subset ' of 4;, the space (4;,MN;,7;) is nJ —

scattered (resp. nJs, g — scattered) space.
Remark 4.3 A nJs, g — scattered space need not be nJ — scattered space.

Example 4.4 Consider the nJ — topological space (4, V', 7) as follows: = {6, ,, 83,84} ; 4/R =
{{613,{62,83}, {643} ; X' ={61,62,83} ; N ={0,44{61,6,,63}} ; I ={0,{6,}} Since
ns,gl* () + @ for any non empty subset H of 4, (4, NV, 7) is nJs, g — scattered. But the space is
not nJ — scattered, since for the set H = {83, 6.}, nI*(H) = Q.

Theorem 4.5 Let (I, V', 9) and (I, V", 7) be two nJ — topological spaces. If 7 c 7" and (I', VV, 7)
is nJs, g — scattered with respect to ideal 7, then (I, V,7') is nls,g — scattered with respect to
ideal 7.

Proof: The proof is trivial from Lemma 3.4.

Remark 4.6 Both (I, V', 7) and (I', V', 7') are nJs, g — scattered spaces does not imply 7 c 7.
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Example 4.7 Consider the nJ — topological spaces of Example 3.2. Both (44,2, J;)and
(44,MV,9,) are nJs, g — scattered but 7, € 7;.

Definition 4.8 Let (I', V', 7) be a nJ — topological space. Then,

(i) H c T iscalled V%% —densein I ifns,g —cl*(H) =T.
(i) H cTliscallednis,g —densein"ifH,, ,=T.

Example 4.9 Consider the nJ — topological space (4, V', 7) as follows:

A ={61,62,063,04} ; A/R ={{61},{62,83},{64}} ; X ={61,62,83}; N ={0,44,{61,6,,63}};
7 ={0,{64}}

Here, (i) None of the set is V' %«9* — dense set except I".
(if) None of the set is nJs, g — dense set.

Example 4.10 Consider the nJ — topological space (44, V7, J;) as follows:

A1 ={61,62,63,84} ; A1/R=1{6:},{62,63}{64}} ; X ={61,64} ; N ={0,45,{61,64}} ;
I, = {0,{61}}. Here, the sets 44, {5, ,} are both V' 4«#* — dense and nJs, g — dense.

Proposition 4.11 Every $n\mathscr{l}s_\alpha g-$ dense set is $\mathscr{N}"{s_\alpha g\ast}-$
dense.

Proof: A subset ' of I' is said to be nJs,g — dense in I' if H,, , =.Sincens,g — cl*(¥) =
HUH; 5 g 1Seg — cl'(H) = T'. Hence, H is IV *«9* — dense set.

Remark 4.12 A $\mathscr{N}"{s_\alpha g\ast}-$ dense set need not be $n\mathscr{I}s_\alpha g-$

dense set.

For instance, consider the nJ — topological space of Example 4.9. Here, the set 4 is V'4«#* — dense

set but not nJs, g — dense.
Remark 4.13 (i) I" need not always be nJs, g — dense.
(if) @ is not v 4«9* — dense and nJs, g — dense.

Theorem 4.14 Let (I',V',7) be a nJ — topological space. Then H c I' is N %«9* — dense in I if
andonly if G N H # @ forany G € NV %«9* — {@}.
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Proof: Necessity: Let H be a NV %%* — dense in ' and let G € V%" — {@}. Pick y € G. Then
YET =ns,g —cl'(H) =HUH,, ,.
Casel.y e H.

Theny e GNH,sothat G N H + Q.

Case2.y e Hys, g

Suppose G NH = @. Since G¢ is N *«#* — closed in I', (G);s,4 € G°. Then G ((gc):lsag)c.
Since y € G, v/€ (§°)ys,q- It follows that F n (G°) € J for some F € N*«¢(y). By g N H = @,
H < G°. This impliesthat FNH c F N (G°). Then FNH €J.Soy &€ H,, a contradiction.

Thus, G N H # Q.

Sa P’

Sufficiency: Suppose that ns,g — cl*(FH) # I'. Put G = (nseg — cl*(#))". Then G € N9 —

{(8}. But G N H = (nseg — cl*(#))° N H = @, which is a contradiction. Hence, the result.

Definition 4.15 Let (I', V', 7) be a nJ — topological space. The family of all V"%«#* — dense subsets
of I' is denoted by V#«#2"_ For the subspace (V, Ny, 7y,),the family of all V'#«#* — dense subsets
of V is denoted by N9 (V). (i.e.,) NP (V) ={H c V:ns,g — cly-(H) =V} where
Ny ={GNnV:GeN}and T, = {INV:T € 7}. Obviously, N4a#P" (') = N 297"

Example 4.16 Consider the nJ — topological space (44,MN;,7;) of Example 3.2. Refer the
following table for the subspace (V, Vy, 3y,), the family of all v %«#* — dense subsets of V C I".

v Ny Iy N 2a9D" (1)
4 @,41,{81},{61,62, 63}, {8,, 83} ?,{6,} {61,62,64}, 44

{61} 0,V ) v

{62} o,V ?,{6,} 1%

{65} [0) ) 1%

{64} ?,V ) 1%
{61,62} ?,V,{61},{6;} ?,{8;} v
(8,,85) 9,V,{6,} ) v
{61,064} D,V, {61}, {04} ? 1%

{62, 63} 0,V,{8,} ?,{8;} v

{65,804} o,V ?,{6,} 1%

{03,604} D,V,{64} ) {04}V
{01,8,,83} D,V,{61}, {6}, {61,8,} ?,{6,} {61,6,},V
{81,87,84} D,V,{61},{62,64} ?,{6,} v
{01,83,84} D, V,{61},{64},{61, 64} @ {01,04},V

7054
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{82,83,84} | D, V,{82,64} | ?,{6,} | {62,641,V

Theorem 4.17 Let (I, V,7) be a nJ — topological space. Then the underneath affirmations are

analogous.

(i) (r,n,7) isnis,g — scattered.

(i)  ns,gl*(V) € 292" (V) forany V € 27 \ {@}.

(iiiy  ForanyV € 2" \ {@}, D € N*«¢D" (V) if and only if D > ns,gI*(V).
(iv) ns,gd* (V) = nsagd*(nsagl*(V)) forany V € 27 \ {@}.

(V) If V e N#* — (@}, then ns,gI* (V) + @.

Proof: (i) = (ii): Let F € N;;*" — {@}. Then F = W n V for some W € V' *«9* Since (I', V', 7) is
nJs,g — scattered, ns,gl*(F) # @. Pick y € ns,gl*(F). Then GNnF = {y} for some G €
N4a#*(y) so that (GNW)NV=GNn(WNV)=GNF ={y}. Note that G N W € N 4«%*(y).
This implies y € ns,gI*(V). Then y € F nns,gl*(V) and so F Nnns,gl*(V) # @. By Theorem
4.14, ns, g — cly(nsegl*(V)) = V.Thus, ns, gI* (V) € N %D (1),

(ii) = (iii) : Let D D ns,gI*(V). By hypothesis, V = ns, g — cljy(ns,gI*(V)) € ns,g — clyy(D).
Thus D € NV *9P° (V). Conversely, suppose ns,gl*(V) & D for some D € N %92 (V). Then
ns,gl"(V)\ D # @. Pick y € ns,gI"(V) \ D. Then G NV = {y} for some G € N *«%*(y). Note
that G NV € N;**"(y) and D € N4«92°(V). By Theorem 4.14, Dn(GNV) #@. But DN
(GN7V) =D n{y} =, acontradiction.

(iiii) = (ii): The result is trivial.

(i) = (iv) : Since V o ns,gl*(V), we have ns,gd*(V) o ns,gd*(ns,gI*(V)).It suffices to
show that ns, gd*(V) c ns,gd*(ns,gI*(V)). Suppose ns,gd*(V) & ns,gd*(ns,gI*(V)). Then
ns,gd* (V) \ ns,gd*(nsegl*(V)) # @. Pick y € ns,gd*(V) \ ns,gd*(ns,gl*(V)).By Theorem
3.3 (i), nsegI"(V) =V \ ns,gd*(V). Theny & ns,gI* (V). y & ns,gd*(ns,gl*(V)) implies that
G N (s, gI"W)\ {y}) =0 for some G € N*%*(y).Note that y & ns,gI*(V). Then (GNV)nN
ns,gl"(V) = G Nns,gl* (V) = @ with G N V € N,;%#". By hypothesis, ns, gI* (V) € N 4«92° (V).
Then F Nns,gI*(V) # @ for any F € N;;*%", which is a contradiction. Hence, ns,gd*(V) =
ns,gd*(V — ns,gd*(V)) = ns,gd*(ns,gI*(V)).\
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(iv) = (i): Suppose ns,gI*(V) =@ for some V € 2\ {¢}. By hypothesis, ns,gd*(V) =
nsagd*(nsagl*(V)) = ns,gd* (@) = @. By Theorem 3.3 (iii), V = ns,gI"(V) U (ns,gd* (V) n

V=, which is a contradiction.
(i) = (v): Since (I', V', 7) is nJs, g — scattered space, the result is trivial.

(V) = (i): Let V € 27"\ {@}. Since ns,g — cl*(V) € N«9* \ {@}, by hypothesis, ns, gI*(ns,g —
clkV#QD. Pick yensaglnsag—ckV. Then FNnsag—ckV={y} for some yeN sag=*y. Suppose
FNV=0. Then F° 2V implies F¢ > ns,g — cl*(V). So F nns,g — cl*(V) = @, which is a
contradiction. Thus, FNV = @. Since FNV c FNns,g —cl*(V) = {y}, we have F NV = {y}.
So, y € ns,gI*(V) implies ns,gI* (V) # @. Hence, (I', V', 7) is nJs, g — scattered space.

Theorem 4.18 Let (I',V',7) be a nJ — topological space and let V € 2"\ {@}. If I' is nIs,g —
scattered, then (V, Ny, 3y) is nJs, g — scattered with respect to V.

Proof: Let H € 2"\ {®}. Since I' is nJs,g — scattered, ns,gI* () # @. Pick y € ns,gl*(H).
Then G N3 = {y} for some G € NV3«9*(y). Note that GNV € N,;)*?*(y) and (GNV)NH =
GNH)NV ={y}. Then y € ns,gly,(H) so that ns, gl,(H) # @. Hence (V, Ny, Jy,) is nIs,g —
scattered with respect to V.

Definition 4.19 A nJ — topological space (I", V', 7) is said to be:

(i) nJ — resolvable if I' has two disjoint nJ — dense subsets. Otherwise, I' is called nJ —
irresolvable.
(i)  nJs,g — resolvable if I' has two disjoint nJs,g — dense subsets. Otherwise, I" is called

nJs, g — irresolvable.
Example 4.20 Consider the nJ — topological space (44, Vi, J;) of Example 3.2.

() nJ — dense sets are Ay, {51}, {62}, {83}, {61, 62}, {61, 83}, {61, 84}, {62, 63}, {82, 84}, {63, 84},
{61,672, 83},{61, 62,64}, {81, 83,643, {62, 83, 64 }- Therefore, {61},{62, 63, 64}
(resp.{6,}, {61, 83,64} and {63}, {61, 5,,8,4}) are pair of disjoint n7 — dense sets. Hence
(44, Vq,77) is nJ — resolvable.

(i)  nJs,g — dense sets are 44, {61, 6,, 65. Therefore, (44, N7,7;) is nIs, g — irresolvable.

Remark 4.21 A nJ — resolvable space need not be nJs, g — resolvable.
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Theorem 4.22 Let (I',V,7) be a nJ — topological space. If I' is nJs,g — scattered, then I is

nJs, g — irresolvable.

Proof: For any H,K € 2"\ {@} with H,,, ., =K, , =T and I' = H UK, we have H,X €

NP (), By Theorem 4.17, H,K > ns,gl*(I'). Then H N K > ns,gl*(I'). Since I' is
nJs, g — scattered, ns,gI*(I') # @. So, H N K # @. Thus, I' is nIs, g — irresolvable.

Remark 4.23 A nJs, g — irresolvable space need not be n7s, g — scattered.

For instance, consider the nJ — topological space (4, NV, 7) as follows:

A ={81,62,03,04} ; A/R = {81,{02,03}, {84} ; X = {61,643 ; N = {0, 4,{61,643}; 7 = {9, {61}}.
The space is nJs, g — irresolvable but it is not nJs, g — scattered, since for the set H = {6,, 55},
ns,gl*(H) = 0.
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