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Resumen

En este articulo se establecen algunas generalizaciones para la compacidad y la
paracompacidad en espacios biotopologicos.
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Introduction and Preliminaries:

Kelly (1963) introduced a new concept called bitopological spaces. A non-empty set with two

topologies %2 . After this paper many mathematician studied this topic as a generalization of

a single topology, see (Datta, 1972; Fletcher et al., 1969; Fora & Hdeib, 1983; Abushaheen &
Hdeib, 2016; Abushaheen & Hdeib, 2019)

In this paper, we give some generalizations of compact spaces with different nature and largest
possible cardinal numbers in bitopological spaces. We obtain some characterizations of
pairwise paracompact spaces. Also we provide some product theorems and several results
concerning compactness and parapcompactness in bitopological spaces.
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Throughout this paper, W is the smallest infinite ordinal and W1 is the smallest uncountable

_ +
ordinal. ™ ™ will denote regular cardinal and N is the successor of N, for example , ™ =W

.Foraset A, |A| will denote the cardinality of A . We refer the reader to Engelking, 1989, for
the concepts and terminology not defined here.

Let X =(X,7,7, int(A"), A

)be bitopological space and A< X | denote the interior and

X =(X,7,7,) has a topological property Q that means

closure of A in %i fori=1,2, when
both 1,2 have this property..

In this section some essential definitions are introduced and some basic facts which are
essential in obtaining the main results are stated.

Definition: (Fletcher et al., 1969)

X =(X,7,7,) qu—openifU cr,Ur,

A cover U of a bitopological space is called

7,7, —Open

(Its called p-open cover if its cover contains at least one non empty element of :

and one non empty element of 2).

Definition: (Datta, 1972).

7,7, —Open

u Vv _
covers ~ , " in bitopological space X = (X:7.%2).

V.
For a " is called parallel

. U . veVNz, . . . ueUr, .
refinement of if each is contained in some fori=1, 2.

Definition: (Abushaheen & Hdeib, 2016)

A space X =(X.772) s called S—[a,b] compact i every 7172 ~OPEN cover of X with

cardinality <b has a subcover with cardinality <a.

(1f X is s-[ablcompact o eyery a<b then its called S—[a°°) compact
S—[W,OO) CompaCt and S—[Wl,OO) CompaCt Spaces are Ca”ed S—CompaCt and s —lindelof

spaces.

Definition:
A family A of subsets of a bitopological space X is called '0c@lly =2 jf for all xe X | x
meets <@ members of Al17.i=10r2

Definition (Abushaheen & Hdeib, 2019).
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X =(X,7,,7,) is called S—[a/b] paracompact 7,7, —0pen

A space if every cover of X with

—locally open—a 7,7, —open

cardinality <b has a2 parallel refinement.

(If X hasa afz—locallyopen—a 7,7, —Open ,o aiiel refinement for all @<b then its

s—[a, ) paracompact)

o almost s—[a, o) compact ;4 weakly s—[a,o0) compact;, bitopological spaces.

In this section we give the definitions of 2Imost s—[a, ) compact weakly s —[a,0) compact
in bitopological spaces and some related results.
Definition:

A bitpological space X =(X:7.72) s called Weakly s—[a,o) compact gnace if every

locally —a 7,7, =OPEN coer of X has a subcover of cardinality <a.

(s- weakly [w;,o0) compact —lidelof

spaces are called W space) .

Definition:

A bitopological space X =(X,7,7,) is called 2@lmost s—[a,0) compact ¢ for eyery

U={U "\aecA}u{U '\y e
0T —O0PeN ooy U, polU ety has  “%2-sub  collection
U ={U.\a eA"cA}U{U . \y el*cT “ur
‘ U \a ed cA} {UV y er*cly with cardinality < a (‘A UF‘<a) such
UU\U eU} =X
that w , for i=1or2.

Theorem (2.1):

Let X =(X,7.7,) o ys—[a,0) paracompact space, then the following are equivalent:

s—[a,) compact

(@) X has adense space.

(b) Xis an almost s—[a, ) compact

space.
©) X is weakly s—[a,) compact space.

d) X is s—[a,o0) compact
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Proof: (a) = (b)’ (C) = (d)’ (d) = (a) are obvious.

(b) = (¢) suppose X is notWeakly s—[a, ) compact gpace then there exists a locally

_ _ Vv . o
a=77 ~0PeN cover © of X which has no subcover of cardinality <a

V=W, oAU, |y}

W, er forallaeA

(where where and
U, er, forall yel
Let 0," ,i=1or 2 be aneighborhood of X which meets <a members of v .
Vi={veV|vNO, = ¢} where O =W, lae AU, 7T} j_q 4
Suppose without loss of generality that 0, is 7i -open where i= 1 or 2.
Since 0" =UO,Ixe X} is an open cover of X and X is 2lmost s —[a,e0) compact e o

O g ca\J :A’aeA’ eF’A<a
has subfamily of cardinality <a say t X v 4 7 | | }

A =U{OXWTi ly e AJA| < a}ri =X

, such that . Hence A is dense.

Now, =YV lv eAbjal<a

*

\Y
has cardinality <a and it’s a subfamily of © hence

M eV\V',
does not cover X . Choose "7 " since A is dense in X we have M NA=¢

MNO, " =4, for some y MeV™ AeV’

. Thus 0 t , hence v which is a

contradiction.

Definition:

) U={Uai|aeA}U{Uﬂj|ﬂEl—} Y:{\/yi|yef}u{\/wj|weW} be 7Tz —0pen

Le and

- VvV . . u . VeV
families of subsets of X. Then  is called S—n—cushioned space of if for o and

U, eU V':{\/7i|;/el“'cl"}u{\/wj|a)'eW}
o

%
such that for every subfamily f o with

UV, [7eTY cU, 7T}

cardinality <n ( T Ua)|<n) we have

Theorem:

Let X = (X.70.72) e a bitopological space in which every 7172 -open cover has s-n-cushioned

parallel refinement. The following are equivalent:
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(1) X ishas dense S—[n,0)—compact
(2) X js almost s—[n,co) compact
(3) X is S—[n,o)—compact

Proof:

U= A
D=(2) et o faca) be an p-open cover of X so by (1) there exist a

U ) - =
f1%2 _subcover of ~ with cardinality <n with KU, | e’ cAfa"|<nip=X

UU, laed caa]<n} =X" =X

Clearly, Jori=1lor2

U= A Vv
@)= @) Lo U Walaear o p-open ( “f2-open) cover of X, let ° be a p-n-

U
cushioned space ( s-n-cushioned ) of ~ , since X is P—almost—[n,co)—compact

s —almost —[n, «0) —compact , there exist a subcollection

X =WV, |V, eV" y el |0 <}
T . i=1 or 2. Now for each 7 €T take % €2 such that

V, U, o X UV, |yel,,[I|<n} cUU, |rel;}

Corollory:

Let X =(X.70.%2) pe 4 bitopological space in which every %z

cushioned parallel refinement . Then following are equivalent:

-open cover has an open p-n-

(1) X has dense S lidelof ghace .

@) X is s— almost lidelof space.

(3) X is s —lidelof space.
Corollory:

Fora S~[Wi, ) paracompact X =(X,z,7,) rpe following are equivalent:

(1) X hasadense S~ [ ) compact g nonace.

@) X is almost s—[w;,) compact space.

3) X is weakly s—[w;,o) compact space .
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@) X is s —[w,,o0) compact space.
Corollory:

A S—[w, ) paracompact p—T;—space .. . ionce S—[W, ) compact space is

s —[w;, ) compact space.

Proposition:

A T—space o s—[w,,o0) paracompact

i if and only if every s-open cover has

$ =W, —cushioned  parailel refinement.

Theorem:
Let X=(X,1,17,) be an S—[n,®) paracompact’ p—Tl—space’ Tl—space, then the
following are equivalent:

(1) Xis s—[w,,o) paracompact space.

(2) Every %2 ~OPEN cover of X has an s-n-cushioned parallel refinement.

Proof:

0= (2)

a € A}

ol

7% ~OPEN cover of X | then by the assumption there

. ) V={VG|GEF,|F|<H}
exists s-locally-n, s- open parallel refinement -

VeV UV)eu
each t and we have :

UV [V eVic U (V)[U eU}=X

U
let ¢ be a

such that fir

and

UV IV eV} cRU(V)|U €U}, =12

2=

U= el _ U .
Let © U, lp }be any 7172 7OPeN cover of X | then ~ has a s-n-cushioned parallel
cefinement ™ = Mo \OCGA}, since X is S—[n,®) paracompact yen M 146 5 %7, —0PEN

V = \aeA

cover , locally-n , parallel refinement say Ve }, such that Y« = Ma for each
aeA.
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Claim:

V : ]

" is S~ Wo cushioned o aijef refinement of .

Proof:

For each @€A assign B, el such that V,eU; ex, |=1,2. Let A €A and

xelV, @ €A} then there exist an fiiopen set U of x such that the set

A, ={aeA |U NV, =4} With|A2|<n, hence xe QV, |aEA1_A2}. Now since

xelUV, laed} ={V, laeA,-A3 UV, la €A} trerefore: XUV, [aeA}

NOWXEU{Va |aeA2}lgU{UBa |a€A2}§U{UBa |a€A1}.

S v
Hence XUV, laed} cUUs lacAd o ¥ s s ncushioned parallel refinement of
‘4 then X is s —[w,, ) paracompact space.

Corollary:

Let X be an S~[W.o0) paracompact it ang only if every %172 ~OPEN cover of X has a
7,7, ~OPen, s —W, —cushioned o 6| refinement.

Definition:

In a bitopological space X = (X:71:72)

(1) Apoint xe X iscalled % ~ "~ limit point of A= X | ifevery %i ~OPEN set of x, we have
UNA=n

(2) A space X is called n-compact if every subset of cardinality " has an N"-limit point.

. ) _ U .
(3) A subset M < Xijs said to be “1%2 ~ distinguished with respect to “1"2 ~cover © of X | if

UeU
for each %Y €M with X#Y we have X€U implies ¥ €Y forall = .

_ . _ - U .
We say that M is %172~ maximal distinguished set with respect to “:’2 ~ cover of  of X ifit
is not a proper subset of any ‘172 ~ distinguished subset of X with respect to
Lemma:
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_ i U . _ . .
Let X=(X.tuT)pe o P=Ti=SPACE 04 = 5 Ti%2~gpen, then there exists a maximal

distinguished subset M., , such that M. discrete and closed and Y M, = /.

Theorem:

Let X =(X.772) e q P—Ti=SPACE 01 the following are equivalent:

s—[n",o0)—compact

a) X isan space.

n",oo) —metacompact

b) X is n-compact and s-[ space.

Proof:
(@) = (b) opviously, X =(X,7,7,) jg s—[n",o0) —metacompact 14 show that X is

n-compact.

Let B asubsetof X with [B[=n . Suppose that B has N"-limit point , hence for every X € X

M={M_|xeX}. _
M, NB[<n ouw M M, Ixe }|s,aflr2 open cover

_ M ={M |xeAlAl<n
of X, so X has a "“'27open subcover ¢ M, Ixea A }. Hence

B|<|U{M,NB,xeA}<n

—0pen M

thereisa ‘i x such that

which is a contradiction with |B| =N , hence X is n-compact.

0oy — 0o, —

(b) = (¢) 1t is suffices to show that every open cover of X hasa ‘%2~

subcover of cardinality < n.

point-n ,

U . . _ ) _
Assume that ~ is a ‘2“2 " point —n , ‘2“2 " open cover of X which has no “%2 ~ subcover of

T, — ; PR . U
1*2 " maximal distinguished subset of X with respect to =,

UeUlUNK=g} . o -

cardinality < n. Let K be the

—closed

then by lemma Kis % and discrete and covers X .

If |K|<n O,

U - - . . :
, then © will have a subcover of cardinality <n which is contradiction with

X js " —C€OMpact o hence the result.

Theorem:

Every s-locally-n family of subsets of the [ N]—compactsnace X has cardinality <n.

Theorem:

Let X =(Xi7072) o g P-Ti—SPACE 1n e following are equivalent:
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a) X isan S—[Nn,n]—compact ghace,
b) Every 7 ~C1058d gypspace of X is Weakly s—[n,c0) compact ypane = 1 or 2.
Proof; (3= (b)

_ U _
Let A bea 7~ Cl0€d gihspace of Xand ~ be as-locally-n, 7172

hence By previous lemma the result is clear.

open cover of A,

(b)= (a)

U= \ AYO{V \yel’
Let © W lae Aoy, Ay e }, where We €7 for all @A and Ve €% forall 7 €T be
a ‘172" open cover of X with [AUTISN ith no %72 ~ subcover with cardinality < n, well

order the sets A=fL2...a.} T={L2...a..} Now construct (Xar@€AUTY 4

X, eV, X, eW, =W, X, eV, -V,

xeW, o X%eVp or

follows:

X, eW, —UW X,eV,-UV
Suppose we select s for all A< such that p<a  or pea ” , then

{X, aeAUT} 5 4 7i—closed 4 7;—discrete
{X,, aeAUT} is Ti —closed

contradiction, hence the result.

subspace of X for i = 1 or 2, hence

weakly s —[n,o) compact

subspace of X and not which is a
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