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Abstract 

In this paper, we introduced the new concept detour global domination 

number for splitting graph of Path, Cycle, Wheel and Helm graph. First we 

recollect the concept of splitting graph of a graph and we produce some 

results based on the detour global domination number of splitting graph of 

path graph, cycle graph, wheel graph and helm graph. A set 𝑆 is called a 

detour global dominating set of 𝐺  if 𝑆  is both detour and global 

dominating set of 𝐺. The detour global domination number is the minimum 

cardinality of a detour global dominating set in 𝐺. 

 

Keywords: Detour set, Dominating set, Detour Domination, Global 

Domination, Detour Global Domination, Splitting graphs. 

 

 

1  Introduction 

By a graph 𝐺 = (𝑉,𝐸) we mean a finite, connected, undirected graph with neither loops nor 

multiple edges. The order|𝑉| and size|𝐸| of G are denoted by p and q respectively. For graph 

theoretic terminology we refer to West[8]. A vertex 𝑣 of 𝐺 is said to be an extreme vertex if 

the subgraph induced by its neighborhood is complete. The set of all extreme vertices is 

denoted by 𝐸𝑥𝑡(𝐺) . For vertices 𝑥  and 𝑦  in a connected graph 𝐺 , the detour 

distance𝐷(𝑥,𝑦) is the length of a longest 𝑥 − 𝑦 path in 𝐺[1]. An 𝑥 − 𝑦 path of length 

𝐷(𝑥,𝑦) is called an 𝑥 − 𝑦 detour. The closed interval 𝐼𝐷[𝑥,𝑦] consists of all vertices lying on 

some 𝑥 − 𝑦 detour of 𝐺. For 𝑆 ⊆ 𝑉, 𝐼𝐷[𝑆] =∪𝑥 ,𝑦∈𝑆 𝐼𝐷[𝑥, 𝑦]. A set 𝑆 of vertices is a detour 

set if 𝐼𝐷[𝑆] = 𝑉, and the minimum cardinality of a detour set is the detour number 𝑑𝑛(𝐺). A 

detour set of cardinality 𝑑𝑛(𝐺) is called a minimum detour set [2]. 

A set 𝑆 ⊆ 𝑉(𝐺) in a graph G is a dominating set of 𝐺 if for every vertex 𝑣 in 𝑉-𝑆, there 
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exists a vertex 𝑢 ∈ 𝑆 such that 𝑣 is adjacent to 𝑢. The domination number of 𝐺, denoted by 

𝛾(𝐺), is the minimum cardinality of a dominating set of 𝐺3. The complement 𝐺 of a graph 𝐺 

also has 𝑉(𝐺) as its point set, but two points are adjacent in 𝐺 if and only if they are not 

adjacent in 𝐺. A set 𝑆 ⊆ 𝑉(𝐺) is called a global dominating set of 𝐺 if it is a dominating set 

of both G and 𝐺6. While studying Detour global domination for splitting graphs of some 

graphs[5], we felt that the detour global domination number for splitting graph of Path, Cycle, 

Wheel and Helm can also be studied and that is the motivation for this study.  

Definition 1.1 [4] Let 𝐺 = (𝑉,𝐸) be a connected graph with atleast two vertices. A set 

𝑆 ⊆ 𝑉(𝐺) is said to be a detour global dominating set of 𝐺 if 𝑆 is both detour and global 

dominating set of 𝐺 . The detour global domination number, denoted by 𝛾 𝑑(𝐺)  is the 

minimum cardinality of a detour global dominating set of 𝐺 and the detour global dominating 

set with cardinality 𝛾 𝑑(𝐺) is called the 𝛾 𝑑 -set of 𝐺 or 𝛾 𝑑(𝐺)-set.  

 

Definition 1.2 [7] The splitting graph 𝑆′(𝐺) of 𝐺 is obtained by adding a new vertex 𝑣′ 

corresponding to each vertex 𝑣 of 𝐺 such that 𝑣′ is adjacent to every vertex adjacent to 𝑣 

in 𝐺. If 𝑛 is the order of 𝐺, then 2𝑛 is the order of 𝑆′(𝐺). We say that the vertices 

𝑣1, 𝑣2 ,⋯ , 𝑣𝑛  are duplicated by 𝑣1′ , 𝑣2′ ,⋯ , 𝑣𝑛′ .  

 

Theorem 1.3 [4] Every end vertex of 𝐺 belongs to every detour global dominating set of 𝐺.  

 

 

2  Splitting graphs of Path, Cycle, Wheel and Helm graph and their Detour Global 

Domination number 

 

Theorem 2.1 For any integer 𝑛 ≥ 2, 𝛾 𝑑(𝑆′(𝑃𝑛)) =  
𝑛  𝑖𝑓   𝑛 = 2,3

⌈
𝑛+4

2
⌉  𝑖𝑓   𝑛 ≥ 4

  

 

Proof. Let 𝑣1𝑣2 ⋯𝑣𝑛  be the path 𝑃𝑛  and 𝑣1′ , 𝑣2′ , 𝑣3′ ,⋯ , 𝑣𝑛′  be the corresponding 

duplicated vertices of 𝑣1 , 𝑣2,⋯ , 𝑣𝑛  respectively added to obtain 𝑆′(𝑃𝑛) and the graph is 

shown in Figure 2.1. Then 𝑉(𝑆′(𝑃𝑛)) = {𝑣1, 𝑣2,⋯ , 𝑣𝑛 , 𝑣1′ , 𝑣2′ ,⋯ , 𝑣𝑛′ } and so |𝑉(𝑆′(𝑃𝑛))| =

2𝑛. 

Since 𝑣1′  and 𝑣𝑛′  are the only end vertices of 𝑆′(𝑃𝑛), by Theorem 1.3, 𝑣1′  and 𝑣𝑛′  are in 

every detour global dominating set of 𝑆′(𝑃𝑛). Let 𝑊 = {𝑣1′ , 𝑣𝑛′ } be a subset of minimum 

detour set. 
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If 𝑛 = 2, then 𝑊 itself forms a detour global dominating set of 𝑆′(𝑃2) and so 𝛾 𝑑(𝑆′(𝑃2)) =

|𝑊| = 2. 

For 𝑛 = 3, 𝑊 cannot be a detour set. Hence, to obtain a detour set we include 𝑣2′  with 𝑊. 

Clearly, 𝐼𝐷[𝑊 ∪ {𝑣2′ }] = 𝑉(𝑆′(𝑃3)) . Hence, 𝑊 ∪ {𝑣2′}  is a minimum detour set. Also, 

𝑊 ∪ {𝑣2′ }  dominates every vertices in 𝑆′(𝑃3) . Hence, 𝑊 ∪ {𝑣2′ }  is a minimum detour 

dominating set. Now in 𝑆′(𝑃3), 𝑣2′  dominates 𝑣2, 𝑣1′  and 𝑣3′  and 𝑣3′  dominates every 

vertices other than 𝑣2. Clearly, 𝑊 ∪ {𝑣2′ } forms a detour global dominating set of 𝑆′(𝑃3) 

and so 𝛾 𝑑(𝑆′(𝑃3)) = |𝑊 ∪ {𝑣2′}| = 3 = 𝑛. 

Now for 𝑛 ≥ 4, let 𝑆 be a minimum detour global dominating set of 𝑆′(𝑃𝑛). Since, 𝑣1 and 

𝑣𝑛  are not dominated by any vertex of 𝑊, 𝑊 itself is not a detour global dominating set of 

𝑆′(𝑃𝑛). Also, every detour global dominating set of 𝑆′(𝑃𝑛) contains 𝑊. Therefore, 𝑊 ⊆ 𝑆. 

Now we need to construct 𝑆 as a detour global dominating set of 𝑆′(𝑃𝑛) for this we consider 

the following four cases. 

Case (i) 𝑛 ≡ 0 (mod 4) 

We consider the splitting graphs 𝑆′(𝑃4𝑘)  where 𝑘 = 1,2,3,⋯ . Here, 

𝑁[𝑣2] = {𝑣1, 𝑣2, 𝑣3 , 𝑣1′ , 𝑣3′ } ; 𝑁[𝑣6] = {𝑣5, 𝑣6 , 𝑣7 , 𝑣5′ , 𝑣7′} ; 

𝑁[𝑣𝑥] = {𝑣𝑥−1, 𝑣𝑥 , 𝑣𝑥+1, 𝑣𝑥−1′, 𝑣𝑥+1′} where 𝑥 ≡ 2(𝑚𝑜𝑑 4) and 𝑁[𝑣3] = {𝑣2, 𝑣3 , 𝑣4, 𝑣2′ , 𝑣4′ }; 

𝑁[𝑣7] = {𝑣6, 𝑣7 , 𝑣8, 𝑣6′ , 𝑣8′ } , 𝑁[𝑣𝑦 ] = {𝑣𝑦−1, 𝑣𝑦 , 𝑣𝑦+1, 𝑣𝑦−1′, 𝑣𝑦+1′}  where 𝑦 ≡ 3(𝑚𝑜𝑑  4). 

Clearly, 𝑁[𝑣2] ∪ 𝑁[𝑣3] ∪ 𝑁[𝑣6] ∪ 𝑁[𝑣7] ∪⋯∪ 𝑁[𝑣𝑥] ∪ 𝑁[𝑣𝑦 ]⋯∪𝑁[𝑣𝑛−2] ∪ 𝑁[𝑣𝑛−1] =

𝑉(𝑃𝑛). Hence we obtain a dominating set 𝑆 = 𝑊 ∪ {𝑣2, 𝑣3 , 𝑣6 , 𝑣7 ,⋯ , 𝑣𝑥 , 𝑣𝑦 ,⋯ , 𝑣𝑛−2, 𝑣𝑛−1} of 

𝑆′(𝑃𝑛) where 𝑥 ≡ 2(𝑚𝑜𝑑  4) and 𝑦 ≡ 3(𝑚𝑜𝑑  4). Also, 𝐼𝐷[𝑣1′ , 𝑣𝑛′ ] = 𝑉(𝑆′(𝑃𝑛). Hence, 𝑆 

forms a detour set of 𝑆′(𝑃𝑛) and so 𝑆 is a detour dominating set of 𝑆′(𝑃𝑛). Also, in 𝑆′(𝑃𝑛), 

𝑣1′  dominates every vertices other than 𝑣2. Since, 𝑣1′ , 𝑣2 ∈ 𝑆, 𝑆 is a minimum detour global 
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dominating set of 𝑆′(𝑃𝑛) and so 𝛾 𝑑(𝑆′(𝑃𝑛)) = |𝑆| = 2 +
𝑛

2
=

𝑛+4

2
= ⌈

𝑛+4

2
⌉.  

Case (ii) 𝑛 ≡ 1(𝑚𝑜𝑑 4) 

We consider the splitting graphs 𝑆′(𝑃4𝑘+1)  where 𝑘 = 1,2,3,⋯  Here, 

𝑁[𝑣2] = {𝑣1, 𝑣2, 𝑣3 , 𝑣1′ , 𝑣3′ } ; 𝑁[𝑣6] = {𝑣5, 𝑣6 , 𝑣7 , 𝑣5′ , 𝑣7′} ; 

𝑁[𝑣𝑥] = {𝑣𝑥−1, 𝑣𝑥 , 𝑣𝑥+1, 𝑣𝑥−1′, 𝑣𝑥+1′} where 𝑥 ≡ 2(𝑚𝑜𝑑 4) and 𝑁[𝑣3] = {𝑣2, 𝑣3 , 𝑣4, 𝑣2′ , 𝑣4′ }; 

𝑁[𝑣7] = {𝑣6, 𝑣7 , 𝑣8, 𝑣6′ , 𝑣8′ } , 𝑁[𝑣𝑦 ] = {𝑣𝑦−1, 𝑣𝑦 , 𝑣𝑦+1, 𝑣𝑦−1′, 𝑣𝑦+1′}  where 𝑦 ≡ 3(𝑚𝑜𝑑  4). 

Also, we include 𝑁[𝑣𝑛 ] = {𝑣𝑛−1, 𝑣𝑛−1′}  Clearly, 𝑁[𝑣2] ∪ 𝑁[𝑣3] ∪ 𝑁[𝑣6] ∪ 𝑁[𝑣7] ∪⋯∪

𝑁[𝑣𝑥] ∪ 𝑁[𝑣𝑦 ]⋯∪𝑁[𝑣𝑛−3] ∪ 𝑁[𝑣𝑛−2] ∪ 𝑁[𝑣𝑛 ] = 𝑉(𝑃𝑛). Hence we obtain a dominating set 

𝑆 = 𝑊 ∪ {𝑣2, 𝑣3 , 𝑣6, 𝑣7 ,⋯ , 𝑣𝑥 , 𝑣𝑦 ,⋯ , 𝑣𝑛−3, 𝑣𝑛−2, 𝑣𝑛}  of 𝑆′(𝑃𝑛)  where 𝑥 ≡ 2(𝑚𝑜𝑑  4) and 

𝑦 ≡ 3(𝑚𝑜𝑑 4). Also, 𝐼𝐷[𝑣1′ , 𝑣𝑛′ ] = 𝑉(𝑆′(𝑃𝑛). Hence, 𝑆 forms a detour set of 𝑆′(𝑃𝑛) and so 

𝑆 is a detour dominating set of 𝑆′(𝑃𝑛). Also, in 𝑆′(𝑃𝑛), 𝑣1′  dominates every vertices other 

than 𝑣2. Since, 𝑣1′ , 𝑣2 ∈ 𝑆, 𝑆 is a minimum detour global dominating set of 𝑆′(𝑃𝑛) and so 

𝛾 𝑑(𝑆′(𝑃𝑛)) = |𝑆| = 2 + ⌈
𝑛

2
⌉ = ⌈

𝑛+4

2
⌉.  

Case (iii) 𝑛 ≡ 2(𝑚𝑜𝑑 4) 

We consider the splitting graphs 𝑆′(𝑃4𝑘+2)  where 𝑘 = 1,2,3,⋯  Here, 

𝑁[𝑣2] = {𝑣1, 𝑣2, 𝑣3 , 𝑣1′ , 𝑣3′ } ; 𝑁[𝑣6] = {𝑣5, 𝑣6 , 𝑣7 , 𝑣5′ , 𝑣7′} ; 

𝑁[𝑣𝑥] = {𝑣𝑥−1, 𝑣𝑥 , 𝑣𝑥+1, 𝑣𝑥−1′, 𝑣𝑥+1′} where 𝑥 ≡ 2(𝑚𝑜𝑑 4) and 𝑁[𝑣3] = {𝑣2, 𝑣3 , 𝑣4, 𝑣2′ , 𝑣4′ }; 

𝑁[𝑣7] = {𝑣6, 𝑣7 , 𝑣8, 𝑣6′ , 𝑣8′ } , 𝑁[𝑣𝑦 ] = {𝑣𝑦−1, 𝑣𝑦 , 𝑣𝑦+1, 𝑣𝑦−1′, 𝑣𝑦+1′}  where 𝑦 ≡ 3(𝑚𝑜𝑑  4) 

and 𝑁[𝑣𝑛 ] = {𝑣𝑛−1, 𝑣𝑛−1′}  Clearly, 𝑁[𝑣2] ∪ 𝑁[𝑣3] ∪ 𝑁[𝑣6] ∪ 𝑁[𝑣7] ∪⋯∪ 𝑁[𝑣𝑥] ∪

𝑁[𝑣𝑦 ]⋯∪𝑁[𝑣𝑛−4] ∪ 𝑁[𝑣𝑛−3] ∪ 𝑁[𝑣𝑛 ] = 𝑉(𝑃𝑛) . Hence we obtain a dominating set 

𝑆 = 𝑊 ∪ {𝑣2, 𝑣3 , 𝑣6, 𝑣7 ,⋯ , 𝑣𝑥 , 𝑣𝑦 ,⋯ , 𝑣𝑛−4, 𝑣𝑛−3, 𝑣𝑛}  of 𝑆′(𝑃𝑛)  where 𝑥 ≡ 2(𝑚𝑜𝑑  4) and 

𝑦 ≡ 3(𝑚𝑜𝑑 4). Also, 𝐼𝐷[𝑣1′ , 𝑣𝑛′ ] = 𝑉(𝑆′(𝑃𝑛). Hence, 𝑆 forms a detour set of 𝑆′(𝑃𝑛) and so 

𝑆 is a detour dominating set of 𝑆′(𝑃𝑛). Also, in 𝑆′(𝑃𝑛), 𝑣1′  dominates every vertices other 

than 𝑣2. Since, 𝑣1′ , 𝑣2 ∈ 𝑆, 𝑆 is a minimum detour global dominating set of 𝑆′(𝑃𝑛) and so 

𝛾 𝑑(𝑆′(𝑃𝑛)) = |𝑆| = 2 + ⌈
𝑛

2
⌉ = ⌈

𝑛+4

2
⌉.  

Case (iv) 𝑛 ≡ 3(𝑚𝑜𝑑 4) 

We consider the splitting graphs 𝑆′(𝑃4𝑘+3)  where 𝑘 = 1,2,3,⋯  Here, 

𝑁[𝑣2] = {𝑣1, 𝑣2, 𝑣3 , 𝑣1′ , 𝑣3′ } ; 𝑁[𝑣6] = {𝑣5, 𝑣6 , 𝑣7 , 𝑣5′ , 𝑣7′} ; 

𝑁[𝑣𝑥] = {𝑣𝑥−1, 𝑣𝑥 , 𝑣𝑥+1, 𝑣𝑥−1′, 𝑣𝑥+1′} where 𝑥 ≡ 2(𝑚𝑜𝑑 4) and 𝑁[𝑣3] = {𝑣2, 𝑣3 , 𝑣4, 𝑣2′ , 𝑣4′ }; 

𝑁[𝑣7] = {𝑣6, 𝑣7 , 𝑣8, 𝑣6′ , 𝑣8′ } , 𝑁[𝑣𝑦 ] = {𝑣𝑦−1, 𝑣𝑦 , 𝑣𝑦+1, 𝑣𝑦−1′, 𝑣𝑦+1′}  where 𝑦 ≡ 3(𝑚𝑜𝑑  4) 

and 𝑁[𝑣𝑛 ] = {𝑣𝑛−1, 𝑣𝑛−1′}  Clearly, 𝑁[𝑣2] ∪ 𝑁[𝑣3] ∪ 𝑁[𝑣6] ∪ 𝑁[𝑣7] ∪⋯∪ 𝑁[𝑣𝑥] ∪

𝑁[𝑣𝑦 ]⋯∪𝑁[𝑣𝑛−1] ∪ 𝑁[𝑣𝑛] = 𝑉(𝑃𝑛) . Hence we obtain a dominating set 𝑆 = 𝑊 ∪

{𝑣2, 𝑣3 , 𝑣6 , 𝑣7,⋯ , 𝑣𝑥 , 𝑣𝑦 ,⋯ , 𝑣𝑛−1, 𝑣𝑛}  of 𝑆′(𝑃𝑛)  where 𝑥 ≡ 2(𝑚𝑜𝑑  4) and 𝑦 ≡ 3(𝑚𝑜𝑑  4). 

Also, 𝐼𝐷[𝑣1′ , 𝑣𝑛′ ] = 𝑉(𝑆′(𝑃𝑛). Hence, 𝑆 forms a detour set of 𝑆′(𝑃𝑛) and so 𝑆 is a detour 
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dominating set of 𝑆′(𝑃𝑛). Also, in 𝑆′(𝑃𝑛), 𝑣1′  dominates every vertices other than 𝑣2. Since, 

𝑣1′ , 𝑣2 ∈ 𝑆, 𝑆 is a minimum detour global dominating set of 𝑆′(𝑃𝑛) and so 𝛾 𝑑(𝑆′(𝑃𝑛)) =

|𝑆| = 2 + ⌈
𝑛

2
⌉ = ⌈

𝑛+4

2
⌉. 

Thus, 𝛾 𝑑(𝑆′(𝑃𝑛)) =  
𝑛  𝑖𝑓   𝑛 = 2,3

⌈
𝑛+4

2
⌉  𝑖𝑓   𝑛 ≥ 4

  

 

Theorem 2.2 For any integer 𝑛 ≥ 4, 𝛾 𝑑(𝑆′(𝐶𝑛)) =  
⌈
𝑛+1

2
⌉  𝑖𝑓   𝑛 ≡ 2(𝑚𝑜𝑑4)

⌈
𝑛

2
⌉  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

  

 

Proof. Let 𝑣1𝑣2 ⋯𝑣𝑛  be the cycle 𝐶𝑛  and 𝑣1′ , 𝑣2′ , 𝑣3′ ,⋯ , 𝑣𝑛′  be the corresponding 

duplicated vertices of 𝑣1 , 𝑣2,⋯ , 𝑣𝑛  respectively added to obtain 𝑆′(𝐶𝑛) and the graph is 

shown in Figure 2.2 . Then 𝑉(𝑆′(𝐶𝑛)) = {𝑣1, 𝑣2,⋯ , 𝑣𝑛 , 𝑣1′ , 𝑣2′ ,⋯ , 𝑣𝑛′ } and so |𝑉(𝑆′(𝐶𝑛))| =

2𝑛. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Let 𝑆 be a detour global dominating set of 𝑆′(𝐶𝑛). To construct 𝑆 as a detour global 

dominating set of 𝑆′(𝐶𝑛) we consider the following four cases. 

Case (i) 𝑛 ≡ 0 (mod 4) 

We consider the splitting graphs 𝑆′(𝐶4𝑘)  where 𝑘 = 1,2,3,⋯ . Here, 

𝑁[𝑣1] = {𝑣1, 𝑣2 , 𝑣𝑛 , 𝑣2′ , 𝑣𝑛′ } ; 𝑁[𝑣5] = {𝑣4, 𝑣5, 𝑣6 , 𝑣4′ , 𝑣6′ } ; 

𝑁[𝑣𝑥] = {𝑣𝑥−1, 𝑣𝑥 , 𝑣𝑥+1, 𝑣𝑥−1′, 𝑣𝑥+1′} where 𝑥 ≡ 1(𝑚𝑜𝑑 4) and 𝑁[𝑣2] = {𝑣1, 𝑣2, 𝑣3 , 𝑣1′ , 𝑣3′ }; 
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𝑁[𝑣6] = {𝑣5, 𝑣6 , 𝑣7, 𝑣5′ , 𝑣7′ } ; 𝑁[𝑣𝑦 ] = {𝑣𝑦−1, 𝑣𝑦 , 𝑣𝑦+1, 𝑣𝑦−1′, 𝑣𝑦+1′}  where 𝑦 ≡ 2(𝑚𝑜𝑑  4). 

Clearly, 𝑁[𝑣1] ∪ 𝑁[𝑣2] ∪ 𝑁[𝑣5] ∪ 𝑁[𝑣6] ∪⋯∪ 𝑁[𝑣𝑥 ] ∪ 𝑁[𝑣𝑦 ]⋯∪ 𝑁[𝑣𝑛−3] ∪ 𝑁[𝑣𝑛−2] =

𝑉(𝐶𝑛). Hence we obtain a dominating set 𝑆 = {𝑣1, 𝑣2 , 𝑣5, 𝑣6,⋯ , 𝑣𝑥 , 𝑣𝑦 ,⋯ , 𝑣𝑛−3, 𝑣𝑛−2}  of 

𝑆′(𝐶𝑛)  where 𝑥 ≡ 1(𝑚𝑜𝑑  4) and 𝑦 ≡ 2(𝑚𝑜𝑑  4). Also, 𝐼𝐷[𝑣1, 𝑣2] = 𝑉(𝑆′(𝐶𝑛) . Hence, 𝑆 

forms a detour set of 𝑆′(𝐶𝑛) and so 𝑆 is a detour dominating set of 𝑆′(𝐶𝑛). Also, in 𝑆′(𝐶𝑛), 

𝑣1 dominates every vertices other than 𝑣2, 𝑣𝑛 , 𝑣𝑛′  and 𝑣2′ ; 𝑣2  dominates every vertices 

other than 𝑣1, 𝑣3 , 𝑣1′  and 𝑣3′ . Clearly, 𝑣1 and 𝑣2 dominate every vertices in 𝑆′(𝐶𝑛). Thus, 

𝑆 is a minimum detour global dominating set of 𝑆′(𝐶𝑛) and so 𝛾 𝑑(𝑆′(𝐶𝑛)) = |𝑆| = ⌈
𝑛

2
⌉.  

Case (ii) 𝑛 ≡ 1(𝑚𝑜𝑑 4) 

We consider the splitting graphs 𝑆′(𝐶4𝑘+1)  where 𝑘 = 1,2,3,⋯  Here, 

𝑁[𝑣1] = {𝑣1, 𝑣2 , 𝑣𝑛 , 𝑣2′ , 𝑣𝑛′ } ; 𝑁[𝑣5] = {𝑣4, 𝑣5, 𝑣6 , 𝑣4′ , 𝑣6′ } ; 

𝑁[𝑣𝑥] = {𝑣𝑥−1, 𝑣𝑥 , 𝑣𝑥+1, 𝑣𝑥−1′, 𝑣𝑥+1′} where 𝑥 ≡ 1(𝑚𝑜𝑑 4) and 𝑁[𝑣2] = {𝑣1, 𝑣2, 𝑣3 , 𝑣1′ , 𝑣3′ }; 

𝑁[𝑣6] = {𝑣5, 𝑣6 , 𝑣7, 𝑣5′ , 𝑣7′ } ; 𝑁[𝑣𝑦 ] = {𝑣𝑦−1, 𝑣𝑦 , 𝑣𝑦+1, 𝑣𝑦−1′, 𝑣𝑦+1′}  where 𝑦 ≡ 2(𝑚𝑜𝑑  4). 

Clearly, 𝑁[𝑣1] ∪ 𝑁[𝑣2] ∪ 𝑁[𝑣5] ∪ 𝑁[𝑣6] ∪⋯∪ 𝑁[𝑣𝑥 ] ∪ 𝑁[𝑣𝑦 ]⋯∪ 𝑁[𝑣𝑛 ] = 𝑉(𝐶𝑛). Hence we 

obtain a dominating set 𝑆 = {𝑣1, 𝑣2 , 𝑣5 , 𝑣6,⋯ , 𝑣𝑥 , 𝑣𝑦 ,⋯ , 𝑣𝑛} of 𝑆′(𝐶𝑛) where 𝑥 ≡ 1(𝑚𝑜𝑑 

4) and 𝑦 ≡ 2(𝑚𝑜𝑑 4). Also, 𝐼𝐷[𝑣1, 𝑣2] = 𝑉(𝑆′(𝐶𝑛). Hence, 𝑆 forms a detour set of 𝑆′(𝐶𝑛) 

and so 𝑆 is a detour dominating set of 𝑆′(𝐶𝑛). Also, in 𝑆′(𝐶𝑛), 𝑣1 dominates every vertices 

other than 𝑣2, 𝑣3 , 𝑣2′  and 𝑣3′ ; 𝑣2 dominates every vertices other than 𝑣1, 𝑣3 , 𝑣1′  and 𝑣3′ . 

Clearly, 𝑣1 and 𝑣2 dominates every vertices in 𝑆′(𝐶𝑛). Thus, 𝑆 is a minimum detour global 

dominating set of 𝑆′(𝐶𝑛) and so 𝛾 𝑑(𝑆′(𝐶𝑛)) = |𝑆| = ⌈
𝑛

2
⌉.  

Case (iii) 𝑛 ≡ 2(𝑚𝑜𝑑 4) 

We consider the splitting graphs 𝑆′(𝐶4𝑘+2)  where 𝑘 = 1,2,3,⋯  Here, 

𝑁[𝑣1] = {𝑣1, 𝑣2 , 𝑣𝑛 , 𝑣2′ , 𝑣𝑛′ } ; 𝑁[𝑣5] = {𝑣4, 𝑣5, 𝑣6 , 𝑣4′ , 𝑣6′ } ; 

𝑁[𝑣𝑥] = {𝑣𝑥−1, 𝑣𝑥 , 𝑣𝑥+1, 𝑣𝑥−1′, 𝑣𝑥+1′} where 𝑥 ≡ 1(𝑚𝑜𝑑 4) and 𝑁[𝑣2] = {𝑣1, 𝑣2, 𝑣3 , 𝑣1′ , 𝑣3′ }; 

𝑁[𝑣6] = {𝑣5, 𝑣6 , 𝑣7, 𝑣5′ , 𝑣7′ } ; 𝑁[𝑣𝑦 ] = {𝑣𝑦−1, 𝑣𝑦 , 𝑣𝑦+1, 𝑣𝑦−1′, 𝑣𝑦+1′}  where 𝑦 ≡ 2(𝑚𝑜𝑑  4). 

Clearly, 𝑁[𝑣1] ∪ 𝑁[𝑣2] ∪ 𝑁[𝑣5] ∪ 𝑁[𝑣6] ∪⋯∪ 𝑁[𝑣𝑥 ] ∪ 𝑁[𝑣𝑦 ]⋯∪ 𝑁[𝑣𝑛−1] ∪ 𝑁[𝑣𝑛 ] = 𝑉(𝐶𝑛). 

Hence we obtain a dominating set 𝑆 = {𝑣1, 𝑣2 , 𝑣5 , 𝑣6,⋯ , 𝑣𝑥 , 𝑣𝑦 ,⋯ , 𝑣𝑛−1, 𝑣𝑛} of 𝑆′(𝐶𝑛) where 

𝑥 ≡ 1(𝑚𝑜𝑑 4) and 𝑦 ≡ 2(𝑚𝑜𝑑 4). Also, 𝐼𝐷[𝑣1, 𝑣2] = 𝑉(𝑆′(𝐶𝑛). Hence, 𝑆 forms a detour set 

of 𝑆′(𝐶𝑛) and so 𝑆 is a detour dominating set of 𝑆′(𝐶𝑛). Also, in 𝑆′(𝐶𝑛), 𝑣1 dominates 

every vertices other than 𝑣2 , 𝑣3, 𝑣2′  and 𝑣3′ ; 𝑣2  dominates every vertices other than 

𝑣1, 𝑣3 , 𝑣1′  and 𝑣3′ . Clearly, 𝑣1  and 𝑣2  dominates every vertices in 𝑆′(𝐶𝑛). Thus, 𝑆 is a 

minimum detour global dominating set of 𝑆′(𝐶𝑛) and so 𝛾 𝑑(𝑆′(𝐶𝑛)) = |𝑆| = ⌈
𝑛+1

2
⌉.  

Case (iv) 𝑛 ≡ 3(𝑚𝑜𝑑 4) 

We consider the splitting graphs 𝑆′(𝐶4𝑘+3)  where 𝑘 = 1,2,3,⋯  Here, 
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𝑁[𝑣1] = {𝑣1, 𝑣2 , 𝑣𝑛 , 𝑣2′ , 𝑣𝑛′ } ; 𝑁[𝑣5] = {𝑣4, 𝑣5, 𝑣6 , 𝑣4′ , 𝑣6′ } ; 

𝑁[𝑣𝑥] = {𝑣𝑥−1, 𝑣𝑥 , 𝑣𝑥+1, 𝑣𝑥−1′, 𝑣𝑥+1′} where 𝑥 ≡ 1(𝑚𝑜𝑑 4) and 𝑁[𝑣2] = {𝑣1, 𝑣2, 𝑣3 , 𝑣1′ , 𝑣3′ }; 

𝑁[𝑣6] = {𝑣5, 𝑣6 , 𝑣7, 𝑣5′ , 𝑣7′ } ; 𝑁[𝑣𝑦 ] = {𝑣𝑦−1, 𝑣𝑦 , 𝑣𝑦+1, 𝑣𝑦−1′, 𝑣𝑦+1′}  where 𝑦 ≡ 2(𝑚𝑜𝑑  4). 

Clearly, 𝑁[𝑣1] ∪ 𝑁[𝑣2] ∪ 𝑁[𝑣5] ∪ 𝑁[𝑣6] ∪⋯∪ 𝑁[𝑣𝑥 ] ∪ 𝑁[𝑣𝑦 ]⋯∪ 𝑁[𝑣𝑛−2] ∪ 𝑁[𝑣𝑛−1] =

𝑉(𝐶𝑛). Hence we obtain a dominating set 𝑆 = {𝑣1, 𝑣2 , 𝑣5, 𝑣6,⋯ , 𝑣𝑥 , 𝑣𝑦 ,⋯ , 𝑣𝑛−2, 𝑣𝑛−1}  of 

𝑆′(𝐶𝑛)  where 𝑥 ≡ 1(𝑚𝑜𝑑  4) and 𝑦 ≡ 2(𝑚𝑜𝑑  4). Also, 𝐼𝐷[𝑣1, 𝑣2] = 𝑉(𝑆′(𝐶𝑛) . Hence, 𝑆 

forms a detour set of 𝑆′(𝐶𝑛) and so 𝑆 is a detour dominating set of 𝑆′(𝐶𝑛). Also, in 𝑆′(𝐶𝑛), 

𝑣1  dominates every vertices other than 𝑣2, 𝑣3, 𝑣2′  and 𝑣3′ ; 𝑣2  dominates every vertices 

other than 𝑣1, 𝑣3 , 𝑣1′  and 𝑣3′ . Clearly, 𝑣1 and 𝑣2 dominates every vertices in 𝑆′(𝐶𝑛). Thus, 

𝑆 is a minimum detour global dominating set of 𝑆′(𝐶𝑛) and so 𝛾 𝑑(𝑆′(𝐶𝑛)) = |𝑆| = ⌈
𝑛

2
⌉.  

Thus, 𝛾 𝑑(𝑆′(𝐶𝑛)) =  
⌈
𝑛+1

2
⌉  𝑖𝑓   𝑛 ≡ 2(𝑚𝑜𝑑4)

⌈
𝑛

2
⌉  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

  

 

Theorem 2.3 For the wheel graph 𝑊1,𝑛−1, 𝛾 𝑑(𝑆′(𝑊1,𝑛−1)) = 4.  

 

Proof. Let 𝑣1 , 𝑣2,⋯𝑣𝑛−1 be the rim vertices of 𝑊1,𝑛−1 and 𝑣 be the apex vertex of 𝑊1,𝑛−1. 

Let 𝑣1′ , 𝑣2′ , 𝑣3′ ⋯ , 𝑣𝑛−1′  be the corresponding duplicated vertices of 𝑣1, 𝑣2,⋯ , 𝑣𝑛−1 

respectively and 𝑣′ be the duplicated vertex of 𝑣 which are added to obtain 𝑆′(𝑊1,𝑛−1). 

Then 𝑉(𝑆′(𝑊1,𝑛−1)) = {𝑣, 𝑣1 , 𝑣2 ,⋯ , 𝑣𝑛−1, 𝑣′, 𝑣1′ , 𝑣2′ ,⋯ , 𝑣𝑛−1′}  and |𝑉(𝑆′(𝑊1,𝑛−1))| = 2𝑛 . 

Also, 𝑆′(𝑊1,𝑛−1) has no end vertices and no full vertices. 

Here, 𝑣 is adjacent to every vertices other than 𝑣′ and 𝑣′ is adjacent to every 𝑣𝑖 , 1 ≤ 𝑖 ≤

𝑛 − 1 . Now, to construct a detour global dominating set of 𝑆′(𝑊1,𝑛−1) we consider the 

following two cases. 

Case (i) 𝑛 = 4 

In 𝑆′(𝑊1,3)  given in figure 2.3, 

𝑁[𝑣1′ ] = {𝑣1′ , 𝑣2′ , 𝑣3′ , 𝑣′, 𝑣1};𝑁[𝑣2′ ] = {𝑣1′ , 𝑣2′ , 𝑣3′ , 𝑣′, 𝑣2};𝑁[𝑣3′ ] =

{𝑣1′ , 𝑣2′ , 𝑣3′ , 𝑣′, 𝑣3};𝑁[𝑣1] = {𝑣1, 𝑣1′};𝑁[𝑣2] = {𝑣2 , 𝑣2′ };𝑁[𝑣3] = {𝑣3, 𝑣3′ };𝑁[𝑣] =

{𝑣, 𝑣′};𝑁[𝑣′] = {𝑣, 𝑣′, 𝑣1′ , 𝑣2′ , 𝑣3′ } . Here, 𝑆 = {𝑣1′ , 𝑣2′ , 𝑣3′ }  dominates 𝑣1, 𝑣2 , 𝑣3  and 𝑣′  in 

𝑆′(𝑊1,3). In order to dominate 𝑣  we include 𝑣′ in 𝑆 . Hence, 𝑆 = {𝑣′, 𝑣1′ , 𝑣2′ , 𝑣3′ } is a 

minimum global dominating set of 𝑆′(𝑊1,3). Also, 𝑆 is a minimum dominating set of 𝑆′(𝑊1,3) 

and every vertices in 𝑉(𝑆′(𝑊1,3)) lies on the longest path between 𝑣′ and 𝑣1′ . Therefore, 

𝑆 = {𝑣′, 𝑣1′ , 𝑣2′ , 𝑣3′ }  is a minimum detour global dominating set of 𝑆′(𝑊1,3)  and so 

𝛾 𝑑(𝑆′(𝑊1,3)) = 4.  
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Case (ii) 𝑛 ≥ 5 

Since, 𝑣 is adjacent to every vertices other than 𝑣′ and 𝑣′ is adjacent to every 𝑣𝑖 , 1 ≤ 𝑖 ≤

𝑛 − 1 . Hence, 𝑆 = {𝑣, 𝑣′} is a minimum dominating set of 𝑆′(𝑊1,𝑛−1). Also, every vertices in 

𝑉(𝑆′(𝑊1,𝑛−1)) − 𝑆 lies on the longest path between 𝑣 and 𝑣′. Therefore, 𝑆 is a minimum 

detour dominating set of 𝑆′(𝑊1,𝑛−1). In 𝑆′(𝑊1,𝑛−1), 𝑣 is adjacent to only 𝑣′ and 𝑣′ is 

adjacent to every 𝑣𝑖′ , 1 ≤ 𝑖 ≤ 𝑛 − 1 and so 𝑆 cannot be a detour global dominating set. In 

𝑆′(𝑊1,𝑛−1), for 1 ≤ 𝑖 ≤ 𝑛 − 1, 𝑁[𝑣𝑖′ ] = {𝑣𝑖′ , 𝑣𝑖+1′,⋯ , 𝑣𝑖−1′, 𝑣′, 𝑣𝑖};𝑁[𝑣𝑖] = {𝑣𝑖 , 𝑣𝑖′ }. Clearly, 

𝑆 ∪ {𝑣𝑖′ , 𝑣𝑖+1′}  is a dominating set of 𝑆′(𝑊1,𝑛−1) . Therefore, for 1 ≤ 𝑖 ≤ 𝑛 − 2 , 

{𝑣, 𝑣′, 𝑣𝑖′ , 𝑣𝑖+1′} is a detour global dominating set of 𝑆′(𝑊1,𝑛−1) and so 𝛾 𝑑(𝑆′(𝑊1,𝑛−1)) = 4. 

Thus, 𝑊1,𝑛−1, 𝛾 𝑑(𝑆′(𝑊1,𝑛−1)) = 4.  
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Theorem 2.4 For the Helm graph 𝐻𝑛(𝑛 ≥ 4),𝛾 𝑑(𝑆′(𝐻𝑛)) = 2(𝑛 − 1).  

 

Proof. Let 𝐻𝑛  be the helm graph obtained from a wheel graph 𝑊1,𝑛−1 by attaching a pendant 

edge for each rim vertices 𝑣1 , 𝑣2,⋯ , 𝑣𝑛−1. Let the pendant vertices be 𝑢1,𝑢2 ,⋯ ,𝑢𝑛−1 and 𝑣 

be the apex vertex of 𝑊1,𝑛−1 . Let 𝑣1′ , 𝑣2′ ,⋯ , 𝑣𝑛−1′  be the duplicated vertices of 

𝑣1, 𝑣2 ,⋯ , 𝑣𝑛−1, 𝑢1′ ,𝑢2′ ,⋯ ,𝑢𝑛−1′ be the duplicated vertices of 𝑢1, 𝑢2,⋯ , 𝑢𝑛−1 respectively 

and 𝑣′  be the duplicated vertex of 𝑣 , shown in figure 2.5. Then 

𝑉(𝑆′(𝐻𝑛)) = {𝑣, 𝑣1 , 𝑣2,⋯ , 𝑣𝑛−1,𝑢1 ,𝑢2,⋯ ,𝑢𝑛−1,𝑣1′ , 𝑣2′ ,⋯ , 𝑣𝑛−1′,𝑢1′ , 𝑢2′ ,⋯ ,𝑢𝑛−1′,𝑣′}  and 

|𝑉(𝑆′(𝐻𝑛))| = 4𝑛 − 2. 
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Let 𝑆 = {𝑢1′ ,𝑢2′ ,⋯ ,𝑢𝑛−1′}  be the set of all end vertices of 𝑆′(𝐻𝑛) . By Theorem 1.3, 

𝛾 𝑑(𝑆′(𝐻𝑛)) ≥ 𝑛 − 1. Since 𝐼𝐷[𝑢1′ ,𝑢2′ ] = 𝑉(𝑆′(𝐻𝑛)), 𝑆 is a detour set of 𝑆′(𝐻𝑛). Also, we 

can see that degree of each 𝑣𝑖 , 1 ≤ 𝑖 ≤ 𝑛 − 1 is 8 and hence 𝑣𝑖  dominates the most number 

of vertices in 𝑆′(𝐻𝑛). Hence, consider the set 𝑆1 = 𝑆 ∪ {𝑣1, 𝑣2 ,⋯ , 𝑣𝑛−1} which dominates 

every vertices in 𝑆′(𝐻𝑛). Clearly, 𝑆1 is a detour dominating set of 𝑆′(𝐻𝑛). Now, consider the 

complement graph 𝑆′(𝐻𝑛) where 𝑢1′  is adjacent to every vertices other than 𝑣1 and 𝑢2′  is 

adjacent to every vertices other than 𝑣2. Clearly, 𝑢1′  and 𝑢2′  dominates every vertices in 

𝑆′(𝐻𝑛). Since 𝑢1′  and 𝑢2′  are in 𝑆1, 𝑆1 = {𝑢1′ ,𝑢2′ ,⋯ ,𝑢𝑛−1′, 𝑣1, 𝑣2 ,⋯ , 𝑣𝑛−1} is a minimum 

detour global dominating set of 𝑆′(𝐻𝑛) and so 𝛾 𝑑(𝑆′(𝐻𝑛)) ≤ |𝑆1| = 2(𝑛 − 1). Moreover, if 

we delete any vertex from 𝑆1, then 𝑆1 will never be a detour global dominating set of 𝑆′(𝐻𝑛). 

Thus we conclude that 𝑆1 is a minimum detour global dominating set of 𝑆′(𝐻𝑛). Hence, 

𝛾 𝑑(𝑆′(𝐻𝑛)) = 2(𝑛 − 1).  

 

Corollary 2.5 For the Helm graph 𝐻𝑛(𝑛 ≥ 4),𝛾 𝑑(𝑆′(𝐻𝑛)) = 2(𝛾 𝑑(𝐻𝑛) − 1).  

Proof. Clearly, 𝐻𝑛  contains 2𝑛 − 1  vertices in which 𝑛 − 1  vertices are end vertices. 

Therefore, 𝛾 𝑑(𝐻𝑛) ≥ 𝑛 − 1. It is clear that 𝑛 − 1 end vertices and the central vertex together 

form a detour global dominating set of 𝐻𝑛 . Hence, 𝛾 𝑑(𝐻𝑛) = 𝑛 . By Theorem 2.4, 

𝛾 𝑑(𝑆′(𝐻𝑛)) = 2(𝑛 − 1) = 2(𝛾 𝑑(𝐻𝑛) − 1).  
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