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1.Introduction:

In this research paper, a quick presentation has been given on Mobius Transformation, cross-
ratio, fixed points and a few properties related to this type of transformation. We know that
Mobius Transformation has a large number of applications that deal with the complex issues
in Engineering, Physics and Mathematics.

1.1 Definition: A Mobius Change of the complex plane is a rational function of the form

xz+y

z
cz+d

w=f(z) =

where X, y, ¢, d are complex numbers, 0 #xd-yc

Which relates a one of a kind mark of w-plane to any place of z-plane aside from z=-d/c, c#£0.
If xd - yc =1, then, at that point this change is called standardized change.

xXzZ+y

1.2 Inverse of Mobius Transformation: Let f(z) = . - W xd -yc#0 be Mobius

Transformation
W(cz+d)=xz+y

=z (wc —Xx) =y -wd

_ch_y is called Backwards Change which partners special place of z-plane to

= fi(w)= 2=

w+Xx
any mark of w-plane aside from w= x/c, c£0.
1.3 Theorem: Each Mobius Change comprises of four composition functions.

xz+y
cz+d

Proof:- Let w=f(z)= , xd-yc#0 be Mobius Transformation

a.) film=z+ % , 1.e. translation by d/c

Vol. 72 No. 1 (2023) 409
http://philstat.org.ph


http://philstat.org.ph/
mailto:Pallavipawar258@gmail.com

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343

2326-9865
b.) f2(2) = 3 (Z) % , 1.e. reflection and inversion with respect to real axis.
I
c)  fa(2)= _’“Cl: Y2 £,(z) i.e. magnification and rotation
d)  f(@ = f:(2) +§ i.e. translation by x/c
x X —d+yc x xd+yc 1
f4(z)=E+f3(Z)=E ——f2(2) R E—
zZ+—
c
y d
_ X ¢ E_E] X2+Yy _
_c+ d _cz+d_f(z)
zZ+ <

i.e., Mobius Change is comprises of elementary transformations.

2. Fixed Points

2.1 Definition' The focuses which correspond with their change i.e., f(z)= z or w= z.
Thusz = — 27 o ¢z2 — (x-d) z— y = 0 and for roots applying quadratic formula:

(x d)+1/(x d)2+4yc LetZi = (x—ad)++/ (x—d)2+4yc 7, = (x—d)—+/(x—d)2+4yc
2c ! B 2c '
Then Zy, Z, are particular focuses and are fixed focuses for the change.

2.2 Theorem In case there are two unmistakable fixed focuses and of Mobius change w
=f(2)== xz+y then, at that point the change take the structure _ﬁ =k (Z B)

Proof: As above, a, B are distinct fixed points and are given

by
_ (x=d)+y(x-d)2+ayc ﬁ _ (x=d)—(x-d)2+ayc
2¢ B 2c
Since o, B are the roots of quadratic equation cz? — (x - d) z -y=0.

Sca’?-(x-d)a-y=0 & c¢pZ-(x-d)p-y=0
Thus, Ca? —xo=y—da , cB?2-xp=y—dp

xzZ+y
. w-—a _ a % _ xz+y—acz—ad _ (x—ac)z+(y—-da)
Consider, war i o=

-B  xz+y—Pcz—pd T (x-Bo)z+(y—Bd)
_ (x—ac)z+ (ca® —aa)

~ (x = BO)z + (cB? - ap)

cz+d

_(z-o)(x-—ac) _ , (z—a)
(=B (x-Bc) T (z-PB)

(x ac)
Where k =
y—Bc)

If there should be an occurrence of two unmistakable fixed focuses, than the change is
Exaggerated if k>0 and ELLIPTIC if k= ', 00 and LOXODROMIC if k = xe'* where x # 1,

a# 0 and X, a are both genuine numbers, X>0.
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2.3 Theorem: In the event that there is just a single limited fixed place of Mobius Change, the
change is in the structure

EERE T
w—a Z—Q
Proof: Since for fixed point, we putw =z = % =z
= cz?2—(x-d)z-y =0
— —d)2
On solving, z = &-®tv (zxc W7H4Y¢ are two fixed points, according to given condition, there is

just a single limited fixed point = (x-d)? +4yc =0
:a:%:»2ac:x-d:>d:x-2ac

Again, cz?— (x-d)z—y=0 = co?— (x-d) a—y=0 = co? —xa =y —da

Now 1 _ 1 _ cz+d _ cz+d _ cz+x-2ac _ cz+x—ac—ac _
" w-a ’C‘;Z—a T xzty-acz—ad  (x—ac)z+(y-da)  (x—ac)z+cai-xa  (z-a)(x—ac)
(cz—ac)+(x—ac) _c 1
(z—a)(x—ac) _(x—ac) (z—a)
. 1 1 . .
Taking k= —— = —— = k + ——, which is normal form of change. In the event of one
(x—ac) w-a (z—a)

limited fixed point, the change is called illustrative.
3. CROSS RATIO

3.1 Definition: In math, the cross proportion is a number related with a rundown of four
collinear focuses, especially focuses on a projective line. If X1, X2, X3, Xa are four distinct

(x1—x2)(x3—x4)

complex numbers then the ratio
(x2=x3)(xs—2x1)

is called cross ratio of x1, X2, X3, Xa.

3.2 Theorem A Bilinear Change jam cross proportion.

+ .
Proof: Assume w= % where xd-yc # 0 be Bilinear Change.
Assume this change changes z1, z2, z3, z4 to corresponding points w1, Wo, W3, Wa in w-plane.
+
=2 a=1234
CZg+d
+ +
W, —wy, = 2at¥ _ XETY
CczZg+d czp+d

_(xzg+y)(czp+d)—(xzq+y)(czq+d)
- (czg+d)(czp+d)
_(xd-yc)(za—2p)

(czg+d)(czp+a)

(w1-w3)(ws—wy)
(Wa—w3)(Ws—wy)
(xd-yc)(z1—22)(x d—yc)(z3—24)
_ (czq1+d)(czp+d)(cz3+d)(cza+d)
T (xd-yc)(z2-23)(x d~-yc)(z4—21)
(czp+d)(cz3+d)(cz4+d)(cz1+d)
(z1-25)(23~24)

= ————— =121, 22,123, Z
(z2-23)(24—21) (11 253 4)

Examine (W1, Wz, W3, W) =

3.3 Theorem: Assume f(z) = % where xd-yc#0 be any Bilinear change other than f(z) = z.
This proves that f(z)is equal to inverse of f(z) if and only if d =-x
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xz+y
cz+d

Proof: Assume f(z) = f 1 (2), f(z) =

1 _ wd—y -1 _ zd—y
f (W) a —Ccw+Xx = f (Z) B —CZ+Xx

At present, f(z) = f~1(2)
2 - 2 o (xz+y)(-cz+X) = (zd-y)(cz+d)

cz+d —Ccz+x
= -XCZ% + X?Z — ycz +xy = - ycz — yd +cdz? + zd?

= - xcz% + (X% — yc)z +xy = cdz? + (d?> — yc)z — yd

contrasting the factors of z2, z, 2°,

we obtain -xc=cd ; x>-yc=d’-yc ; Xy = - yd
=X =-d

On the contrary, if d = -x

N f(Z) _xzty _ zd-y _ —(zd-y) —zd-d _ f-1 (Z)

cz+d —Ccz+Xx cZ—X —Ccz+Xx

Thus, f(z) =1 (2)

Conclusion:

Mobius Transformation shows the transformation of the components over a complex plane
underlying certain conditions. In Mobius Transformation of the complex plane which relates a
novel mark of w-plane to any place of z-plane with the exception of z=-d/c, c#£0. There exists
an converse of mobius change. Each mobius change is the composition of elementary
transformation and fixed point of transformation are the points which coincide with their
transformation. We discuss some theorem related to fixed points which tells that the
transformation is hyperbolic, elliptic, loxodromic, and parabolic. It preserves cross proportion
which is a number related with a rundown of four collinear focuses, especially focuses on a
projection on a projective line.
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