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1. Introduction

ByagraphG=(V,E),wemeanafiniteundirectedsimpleconnectedgraph.Theorderand  sizeof
G are denoted by nand mrespectively. For basic graph
theoreticterminologywerefertoHarary[5]. Thedistanced(u,v)betweentwoverticesuandvinaconn
ectedgraphGisthelengthofashortestu-
vpathinG[1].ForavertexvofG,theeccentricitye(v)isthedistancebetweenvandavertexfarthest
fromv.TheminimumeccentricityamongtheverticesofGistheradius,radGandthemaximu
meccentricityisitsdiameter,diamG.TheneighbourhoodofavertexvofGisthesetN(v)consis
tingofallverticeswhichareadjacentwithv.Avertexvisasimplicalvertexoranextremevertexo
fGifthesubgraphinducedbyitsneighbourhoodN(v)iscomplete.Acaterpillarisatreeoforder3or
more,theremovalofwhoseendverticesproducesapathcalledthespineofthecaterpillar. A
diametral pathof a graph is a shortest path whose length is equal to the
diameterofthegraph.Atreecontainingexactlytwonon-pendentverticesiscalleda
doublestardenotedby Si.k,

wherekiandkzarethenumberofpendentverticesonthesetwonon-

pendentvertices.AgraphGiscalledtrianglefreeifitdoesnotcontaincyclesoflength3. Asetof
verticesnotwoofwhichareadjacentiscalledan independent set. By a matchingin a graph G,
we mean an independent set
ofedgesofG.AmaximalmatchingisamatchingMofagraphGthatisnotasubsetofanyothermatc
hing.Theindependencenumberf(G)ofGisthemaximum number of vertices in an
independent set of vertices of G. A subset S ¢V (G) is
adominatingsetifeveryvertexinV—SisadjacenttoatleastonevertexinS.AsetScV(G)iscalleda
globaldominatingsetifitisadominatingsetofbothGand G (the complement of G). The
minimum cardinality of a dominating set in
agraphGiscalledthedominatingnumberofGanddenotedbyy(G).

AgeodeticsetofGisasetSSV(G)suchthateveryvertexofGiscontained
inageodesicjoiningsomepairofverticesinS.Thegeodeticnumberg(G)ofGis the
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minimum cardinality of its geodetic sets. The geodetic number of a graphwas
introduced in [1,2] and further studied in [3,4]. A subset S <V (G) is
calledgeodeticglobaldominatingsetofGifSisbothgeodeticandglobaldominatingset of G.
The geodetic global domination numberof a graph was introduced in [11]
andfurtherstudiedin[8,9].AchordofapathPisanedgejoiningtwonon-adjacentverticesofP.
A path
Piscalledamonophonicpathifitisachordlesspath.AsetSofverticesofGisamonophonicset
ofGifeachvertexvofGliesonanx-ymonophonic
pathforsomex,y€S.TheminimumcardinalityofamonophonicsetofGisthe monophonic
numberof G and is denoted by m(G). Any monophonic set of
cardinalitym(G)isaminimummonophonicsetoramonophonicbasisoram—setofG.Themonop
honicnumberofagraphwasstudiedanddiscussedin[10].AsubsetSCV/(G)issaidtobeavertexco
veringsetofGifeveryedgehasatleastoneend vertex in S. Avertex covering set of Gwith
the minimum cardinalityis called
aminimumvertexcoveringsetofG. ThevertexcoveringnumberofGisthecardinalityofany
minimumvertexcoveringsetofG.Itisdenotedbya(G)[12].AsetofverticesofGissaidtobem
onophonicdominationsetifit isbothamonophonic setand a dominating set ofG.The
minimumcardinalityof a
monophonicdominationsetofGiscalledamonophonicdominationnumberofGanddenote
dbyym(G).Themonophonicdominationnumberwasstudiedin[7].

Thefollowingtheoremswillbeusedinthesequel.

Theorem 1.1.[11] Every extreme vertex of a connected graph G belongs to
everymonophonic set of G. In particular, each end vertex of G belongs to every mono-
phonicsetofG.

Theoreml1.2.[11]ForanytreeTwithkendvertices,m(T)=k.Infact,thesetofallendvertices
of T istheuniguemonophonicsetofT.

Theorem1.3.[9]ForthecompletegraphKn(n>2),ym(Kn)=n.
Theorem1.4.[9]ForanytreeTwithn>3vertices,ym(T)=n—LlifandonlyifTisastar.
2. Definitions and Main results

Definition2.1.

Let G be a connected graphofordern>2. Aset S of vertices of G is
amonophonicvertexcoverofGifSisbothamonophonicsetandavertexcoverof G. The
minimum cardinality of a monophonic vertex cover of G is called themonophonic
vertex covering numberof G and is denoted bym.(G). Any
monophonicvertexcoverofcardinalitymy(G)isam,-setofG.

Example2.2.For the graph G given in Figure 2.1, S = {vi, Vvs} is a
minimummonophonicsetofGsothatm(G)=2andS={v1,vs,vs}isaminimummonophonic
vertex cover of G so that myG)=3. Thus the monophonic number is
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differentfromthemonophonicvertexcoveringnumberofagraph.

G

Figure2.1

Remark2.3.For the graph G given in Figure 2.2, S= {v2, v3} is a
minimummonophonic set of G so that m(G) = 2. S is also a minimum monophonic
dominatingsetofGsothatym(G)=2.S'={v1,v2,vs}isaminimummonophonicvertexcoverof
Gso thatm«(G)=3.Hence themonophonic vertexcoverof agraphis
differentfromthemonophonicnumberandmonophonicdominatingnumberofagraph.

G:
Figure2.2
Theorem2.4.ForanyconnectedgraphG,2<max{a(G),m(G) }<m.(G)<n.

Proof of theorem2.4. AnymonophonicsetofGneeds at least 2 vertices. Then 2
<max{a(G), m(G)}. From the definition of monophonic vertex cover of G, we
have,max{a(G), m(G)} <
Mq(G).ClearlyV(G)isamonophonicvertexcoverofG.Hencem(G)<n.Thus2<max{a(G)
M(G)}<my(G)<n.

Remark 2.5. The bounds in Theorem 2.4 are sharp. For the complete graphKn(n
> 2), mg(Kn) = n. For the cycle Ci4, mu(Cs)=2. For the path Ps3,
my(P3)=3.TheboundsarestrictinFigure2.3asa(G)=2,m(G)=3,m«(G)=4.Here2<3<4<5

.G

Figure2.3
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Remark?2.6.ClearlyunionofavertexcoveringsetandamonophonicsetofGis a
monophonic vertex cover of G. In Figure 2.1, S = {vi, Vv4 Vs} is a

monophonicvertexcoverandinFigure2.2,S={v1,v2,v3,va}isamonophonicvertexcover.

v v,

U3 Uy Ug Chrg

G
Figure2.4
Thus2<max{a(G),m(G) }<my(G)<min{a(G)+m(G),n}.

ForthegraphGinFigure2.3,weobserve that S; = {v2, v4} is a minimumvertexcover of G so
that a(G) = 2, Sz = {v1, vs} is a minimum monophonic setof G so that m(G)=2 and S3 =
{V1, V2, V4, Vs} = S1US2 is a mg-set of G and somq(G)=4=a(G)+m(G)<n=6.

Theorem 2.7.Each extreme vertex of G belongs to every monophonic vertex coverof G.
In particular, each end vertex of G belongs to every monophonic vertex coverofG.

Proof of theorem 2.7.Fromthedefinitionofm,-set,everym,-setofGisam-
setofG.HencetheresultfollowsfromTheorem1.1.

Corollary2.8.ForanygraphGwithkextremevertices,max{2,k} <mq(G)=<n.
Proof of corollary 2.8.TheresultfollowsfromTheorem2.4andTheorem2.7.
Corollary2.9.LetK; »-1(n>3)beastar. Thenmy(Ki n-1)=n —1.

Proof of corollary 2.9.LetxbethecentreandS={vi, vz, ..., vo-1} bethe set of all
extremevertices of Ki,-1 (n > 3).Clearly S is a minimum monophonic vertex
cover ofK, »-1(n>3)byTheorem2.7.Hencemq(Ki n-1)=n-1.

Corollary2.10.ForthecompletegraphKn(n>2),m«(Kn)=n.

Proof of corollary
2.10.WehaveeveryvertexofthecompletegraphKn(n>2)isanextremevertex. Then
byTheorem?2.7,thevertexsetistheuniqguemonophonicvertexcover of K,. Thenmg(Kn)=n.

Theorem2.11.IfGisaconnectedgraphofordern >2,then

(i) mq(G)=2ifandonlyifGiseitherK,orK> »-2(n>3).

(ii) M«(G) =nifandonlyifG=Kn(n>2).

Proof of theorem 2.11.

(1) Letmy(G)=2.LetS={u,v}beaminimummonophonicvertexcoverofG.We claim that

G = Kaoor Kon—2 (n = 3). Suppose that G = K». Thenthereisnothingto prove. If not,
thenn >3 and since S = {u, v}is a mg-set of G, u and v cannot be adjacent in G.
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Let W=V — S. We claim thatevery vertex of W is adjacent to both u and v and no
two vertices of W areadjacent. Suppose there is a vertex w €W such that w is adjacent
to at mostonevertexinS.Thenwliesonau-vmonophonicpathoflengthatleast3.Let P: u
=VoV1V2..., Vi= W, Vi+1, ..., Vm= V be a u-v monophonic.Then theedges in E(P)-{vovz,
Vm-1Vm} are not covered by any of the vertices u and v,whichisacontradictiontoSisam,-
set.HenceeveryvertexofWisadjacenttobothuandv.Supposethereexistverticeswi,wjeWsuc
hthatwiandwjare adjacent.SinceeveryvertexofWisadjacenttobothuandvandS={u,v}isamg-
setofG,wiandwjlieontheu-

vmonophonicpathsuwivanduwj vrespectively. Thentheedgewiwjisnotcoveredbyanyofvertic
esofS,whichis acontradictiontoSisam,-
setofG.HencenotwoverticesofWareadjacentinG. ThusGisthecompletebipartitegraphKz -
2(n>3)withthepartitesetsSandW.

Conversely assume that G = Kzor Kz n—2(n > 3). If G=Kz, then byCorollary 2.10,
mMy(K2) = 2. If not, let G = Ko n—2(n > 3). Let U = {u1, uz}andW={w1,wa,...,wn2}
bethebipartitionofG.Clearlyeveryvertexwi(1<i<n—2)liesonthemonophonicpathu:wiuzandthe
verticesuianduzcover

alltheedgesofG.HenceUisamonophonicvertexcoverofGandsomg(G)=2.
(2)AssumethatG=Kn(n>2).ThenbyCorollary2.10,mq(G)=n.

Converselyassumethatm,(G)=n.WeclaimthatG=K(n>2).Forn=2, the result holds
from 1. Let n > 3. Suppose there exist two non-
adjacentverticesuandvinG.Letavertexxbeadjacenttoulyingonau-vmonophonic.

ThenV(G)—{x}isamonophonicvertexcoverofG,whichisacontradictiontom.(G)=n.ThusG
:Kn.

Theorem. 2.12.ForaconnectedgraphGwithm(G)>n—1,m«(G)=m(G).

Proof of theorem 2.12.Let G be a connected graph with m(G) > n - 1. Then by
Theorem 2.4,m(G)<my(G)<n.Now,ifm(G)=n,thenm.(G)=n.Hencemy(G)=m(G).If
m(G) = n— 1, then let S = {Xu, X2, ..., Xa—1} be @ minimum monophonic set of G.Letx
¢

SbeavertexofG.Thenanyedgexxi(1<i<n-1)liesonamonophonicpathjoiningpairofverticesof

SandeveryedgeofGhasatleastoneendpointin S.
HenceSisaminimummonophonicvertexcoverofGandsom.(G) = m(G).

Remark.2.13.TheconverseofTheorem?2.12neednotbetrue.

ForthegraphinFigure2.5,S={v1,v2}isbotham-setofGandam,-
setofG.Hencemy(G)=m(G)=2butm(G)<n—1.
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G
Figure2.5

Theorem.2.14. For a connected graph G of order n > 2, mq(G) = m(G) if andonly if
there exists a minimum monophonic set of G such that V (G) -Sis
eitheremptyoranindependentset.

Proof of theorem 2.14. Assumethatmq(G)=m(G).LetS={v1,Vv2,
..................................................................................... ,Vk}beaminimummonophonic
vertexcoverofG.ThenSisalsoaminimummonophonicsetofG.

Ifn=k,then V(G)— Sis empty. Let n >k. If not, there exist twoverticesu, veV (G) —
SsuchthatuveE(G). ThentheedgeuvhasnoneofitsendverticesinS,whichisacontradiction.Hence
thereexistsaminimummonophonicsetofGsuchthatV(G) —
Siseitheremptyoranindependentset.

Conversely assume that there exists a minimum monophonic set of G such thatV(G)-—
Siseitheremptyoranindependentset. Let S = {vi, vz, .., W} S0
thatm(G)=|S|.SupposeV(G)— Sisempty.Thenn=kandS=V(G).HenceSisaminimum
monophonic vertex cover of G so that m«(G) = m(G). If not, let V(G)— She
independent. Then every edge of G has at least one end in V(G)—(V(G)-S) =
SandsoSisavertexcoverofG.ThusSisaminimummonophonicvertexcoverof G.  Thus
My(G) = m(G).

Theorem.2.15.ForthecycleCn(n>4),m.(Cy) = BW

Proof of theorem 2.15.LetCn:viva....vavibeacycleofordern.HereS={vi,vs,vs,...,v m
2= -1
2

FisaminimummonophonicvertexcoverofCn.Hencemq(Cy) = [ﬂ

Theorem.2.16.LetTbeatreeofordern>2.Thenthefollowingstatementsareequivalent.
()M (T)=m(T).

(2) T is a star.

(3)a(T)=1.
(@)) Thesetofallendverticesof TisavertexcoverofT.
Proof of theorem

2.16.LetSbethesetofallendverticesof T.SinceTisatree,fromtheTheorem1.2,wehave,Sis
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theuniquem-setofT.

(1)=(2) Assume that mo(T ) = m(T ).We claim that T is a star. If not,
thendiamT>3.ThenThasatleastoneedgeotherthantheendedges.LetS bethesetofalledgesof T
whicharenotendedges. ThenclearlynoedgesofS haveitsendverticesinS.HenceSisnotaverte
xcoverofT.ByTheorem?2.7,anymonophonicvertexcoverof T containsS.Hencemq (T)>|S|
=m(T),whichisacontradiction tomq(T)=m(T).

(2)=>(3) Assume that T is a star. If n=2, then an end vertex of T will cover the
edge of T. If n > 3, then the cut vertex of T will cover all the edges in T.
Henceoa(T)=1.

(3)=(4)Assumethata(T)=1.ThenthereexistsavertexsayxinTsuchthatxisanendvertexofallt
heedgesinT.HencealltheedgesinTaretheendedgesinTandsoSformsavertexcoverofT.

(4)=(1)AssumethatSisavertexcoverofT.ThenbyTheorem1.2,Sisam-setofT
andbyTheorem?2.7,Sisam,-setof T.Hencemq(T)=m(T).

Remark.2.17. The results in Theorem 2.16 are not equivalent for any
connectedgraphGofordern>2.

HereS={v1,v2,v3}isbothm-setandm,-setofG.Som.(G)=m(G)=3.

Also,Sisaminimumvertexcoveringsetandsooa(G)=3.AndhereGisnota

star.

G

Figure2.6 - |
3. Conclusion

In this paper we analyzed the monophonic vertex covering number of a graph. It is more
interesting to continue my research in this area and it is very useful for further research.
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