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1. Introduction

L. Nachbin in his famous book ‘Topology and Order’ published in 1965 [9] studied the
relationship between topological and ordered structures. To study of the interdependence
between fuzzy topology and order, Katsaras [7] inroduced fuzzy topological ordered spaces
in 1981.Here fuzzy topological ordered space is a triplet (X, T, <) where T is a fuzzy
topology on X and <is a crisp order on X. Various separation axioms on fuzzy topological
ordered spaces were studied by Bakier and Saady [13],Chaudhari and Das [12], Nikumbh
[14][15]. J.C.Kelley [1] introduced bitopological spaces in 1963, since then the
bitopological spaces have been subject of intensive investigation for many topologists.
Fuzzy bitopological spaces were introduced and studied by A. Kandil et.al. [5]. Bitpological
ordered spaces were given by M, K, Singal and A. Singal [4] in 1971. In this paper we
introduce Fuzzy Bitopological Ordered Spaces. We develop various separation axioms for
fuzzy bitopological ordered spaces. Here we followed Chang’s definition of fuzzy topology
while ordering used on the space is crisp

2. Preliminaries

Let X be a nonempty set and | be the closed interval [0, 1] with its natural order.

Note: I is a complete completely distributive lattice with order re- versing involution
defined bya=1-a,a €l.

Definition 2.1: A fuzzy set u on X is a function on X into I.

Let IX denote the collection of all fuzzy sets on X.
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Definition 2.2: A fuzzy topology T on X is a collection of subsets of I* such that
1. 0,1eT
2. if A,LMET then AANET

.IfLET forallieAthenvi eT
(X, T)is called a fuzzy topological space. Members of T are called fuzzy open sets and
complements of fuzzy open sets are called fuzzy closed sets.

Definition 2.3: Let X be a nonempty set. A fuzzy topological ordered space is a triple
(X, T,<) where T is a fuzzy topology on X and <is a partial order on X.

Definition 2.4: A fuzzy set)gi in a fuzzy topological space (X, T %1 is called a
neighborhood of a point x € X if there exists an fuzzy open set pi,with p1 < p and

) = pux) > 0.
A fuzzy set p is open iff p is a neighborhood of each x €X for which p(x) > 0.

Definition 2.5: A function f from a fuzzy topological space(X, T) to a fuzzy topological
space (Y, S) is called fuzzy continuous if f 1(jn) isopen in X for each open’set p in Y .

The function f is continuous at some x& X if f(u) is a neighborhood of x for each
neighborhood p of f(x).
f is continuous on X iff f is continuous at each x € X.

Definition 2.6: A fuzzy set y on an ordered set X is called
i) increasing if x <y = p(x) <p(y)
ii) decreasing if x <y = p(x) > u(y)
iii) order convex if X <z <y = u(z) > p(x) Ap(Y)
Note that : Constant functions are increasing, decreasing and order convex.
If pis increasing then 1 —p is decreasing. {Mi | i € A} is increasing (resp. decreasing) then
M= A {ui |1 € A}is also increasing (resp. decreasing).
Definition 2.7: Let u be a fuzzy set in a ordered set X then the smallest increasing set
containing W, smallest decreasing set containing i and smallest convex set containing
K will be denoted by i(p), d(p) and c(u) respectively. Katsaras shown that
i) (W) =V {uy)ly<x.
i) d()(x) =V {uy) |y =x}.
i) c(U)(X) = V {u(x1) Ap(X2) | X1 <X <x2}
Note that: c(u) = i(1) Ad(p).
The smallest increasing closed set containing |, the smallest decreasing closed set containing
K and the smallest convex closed set containing 1 will be denoted by I(u), D() and C(l)

respectively.
Definition 2.8: Let A be a fuzzy set of X and u be a fuzzy set of Y

then A x 1 is fuzzy set of X xY ,defined as
(A X)X, Y) = Mx) Ap(y) for each (x,y) EX XY

Definition 2.9: Let X,Y be ordered sets and f be a function from
X to Y .Then f is called increasing (resp. decreasing) if x <y in X

implies f(x) < f(y)(respectively f(y) <f(x)).

Proposition 2.1: Let X, Y be ordered fuzzy topological spaces .A function f: X — Y is
increasing if and only if f'(u) is increasing in X for every increasing set pin Y .
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Proof: First, sup]p(fse that f: X —)Y |s mcreasmg and B is mcreasmg set |n Y. Let X<y
in X The (K(y) p(f ince f is increasing,
p%f X)) < (F ( Y Séj IS |ncrea3|n we have 1 f(x))< ?
(M (x) < £ p)(y) o,f1(u) is an mcreasmg functlon imilarly, we can prove the
conv

2.1 Fuzzy Bitopology

Definition 2.10: Let X be a_nonempty set, T1, T> be fuzzy topologies on X .Then,
(X, Ty, T2) is called a fuzzy bitopological space.

A topological property can be generalized to the bitopological setting in several ways:
Let (X, Ty, T2) be a bito olo ical space and T = TV T». For a topological
property P, we say (X, 2) IS

- bi-P if both (X, T1) and (X,Tz) are P.
- join-Pif (X, T) is P.
-(1,2)P if P for Ty w.r.to To.
-(2,1)P if P for To w.r.to Tu.

- pP (pairwise) if (1,2)P A (2, 1)P

Definition 2.11: (X, Ty, T2) be a fuzzy bitopological space. Then

i) (X, Ty, T2)is p—Ty iff X is bi—
ii) (X, Ty, T2)is p—Ta if for each pair of distinct points x, y € X there
exists a T1 open set A and a T2 open set p such that AAp = 0.

iii) (X, Ty, T2) is (i, j) regular if for each point x € X and each i- closed set
v such that v(x) = 0 there exists an i-open set A and j-open set 1 such

thatx EA, v<H andkAt}J
iv) X T1, Tz) is p-normal if for every pair of fuzzy sets A, 4 in X such
that A /\{1 0 ,where ) is Ticlosed and p is T2 closed there exists a T>
open set v such that A <v and a T1 open set & such that p <5 and v A

V) (X, Ty, T2) is hereditary p-normal if its every bitopological sub- space
is p-normal.

Note That: If (X,T,<) is a fuzzy topological ordered space,then we can show that
Tu={u €T | u is increasing}
and
={u €T | W is decreasing}

are fuzzy topologies for X ,called respectively the upper and lower fuzzy topologies.
Then, (X, Ty, Ti) is a fuzzy bitopological space.

3. Pairwise T1 Ordered Space

Definition 3.1: Let X be a nonempty set. A fuzzy bitopological ordered space is a
qua<)j<ruple (X, Ty, T2 <) where Ty, T2 are fuzzy topologies on X and <is a partial order
on

Definition 3.2: A fuzz b|topolog|cal ordered space (X, Ty, T2, <) is said to be lower (resp.
upper) pairwise Ti-ordered if for each x, X such that X < y, there exists a decreasing
(resp. increasing) T1 or T2 neighborhood A of y (resp. of x) such that x €A (resp.y £2),

(X, Ty, T2, <) is said to be pairwise T1 ordered if it is both upper and lower pairwise
T1 ordered.

Definition 3.3: (X, T1, T2, <) is said to be pairwise To ordered if it is either upper or
lower pairwise T1 ordered.
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Lemma 3.1: If (X, T1, T2, and <) is pairwise T1 ordered space then it is pairwise To
ordered space
Proof: Follows from the definition.

Proposition 3.1: (X, Ty, T2, <) is a pairwise T1 ordered space if for each x € X, x,
and yu, are Ti closed sets.

Proof: Suppose (X, Ty, T2, <) is a fuzzy bitopological ordered space such that for each x
€ X, yx andyux are Ti fuzzy closed sets. Leta,b € X with a £ b.

By hypothes1s A =yxx-1, €T and A(a) > 0,A(b) = 0. Now let x <y we want to show
Mx) <MY).

If Mx) = 0 then the result is obvious.

If A(x) >0 then A(x) = 1.S0, X € X —lp.» XK b which imply y<b (because if y <b then
x <Yy = x <b, which is a contradiction)

Hencey € X — Iy that is A(y) = 1.

- Mx) = My).

So, A is an increasing neighborhood of a such that A(a) > 0, A(b) =0 . The other case may
be treated similarly taking p = yx-u,) -

Conversely (X,T1,T2,2) is fuzzy pairwise T1 ordered.

thé)trﬁ?é:h pair a < b in X, there exists a decreasing Ti-open neighborhood p of b such
For eac% b € X —ua,we have xx-ua (b) > 0 SO, M <xx-ug -

Hence, yx-u, IS a neighborhood of b so that y, is closed.

Similarly, y, is closed for each a € X.

PropOSItlon 3.2: (X, T1, T2, <) is a pairwise lower glgesp upper) T1 ordered space if for
each a, b € X such that a < b,there exists a fuzzy open set ‘A containing a(resp.
b)such that x < b(resp a £x) forall xea

roof Suppose (X, Tz, T2, <) iS a pairwise Iower T1 ordered space and a, b € X such thata <

Then b|¥ defrnrtron there exists an increasing uzz%/ T1 open set A such that A(a) > 0 and

k b =0, For each x € A we have A(x) > 0.If x < b then we have A(b) > A(x) > 0,which is a
contractron Hence, x £ b.
Conversely, suppose for each a € X consider 1 —yu, . Then b € 1 —yu,

implies a < b. Then by hypothesis there exists a fuzzy open set A containing a such that x
for all x € L. So, A is an open set such that a € A <1 —yu, Hence, yu, IS a closed set.

Hence, (X, T1, T2, <)

isa pairwise lower T ordered space

Proposition 3.3: If (X, T1, T2, <) is a a|rW|se lower (resp. upper
T oFdered space an(g Ti <1'T’%fo)r| =1,2) then (X, T1* (T *p<) W al)so

pairwise lower (resp. upper) T1 ordered
Proof: Let (X, Ty, T2, <) be a lower pairwise T1 ordered space.

Then for every x, y € X such that x £y, there exists a decreasing T1 (or T2) neighborhood A
of y which doés not contain x.

Since T1<Ty* ((T2<T2 *), there is a decreasing T* neighborhood (resp. T * neighborhood) of
y which do not contain x. Hence X is lower pairwise Ty ordered space.

Similar, proof for upper pairwise T ordered space.

Theorem 3.1: If (Y, S1,S2,<) is a_pairwise T1ordered space, (X, T, T2, <) — (Y,
SlaSZ,d) is order preserving continuous function. Then (X, T1, T2, <) is pairwise T1
ordered Space.
Proof: Lgt x <y in X. Since f is order preserving f(x) < f(y) in Y .Hence, there
exists an mcreasm(%L (decreasing) Ti nelghborhood X* such that X*(f (x)) > 0
%k*(f(y))>0) and A*f(y) = O(A*F (X ). Let L = f1(A) .As f is order preservm and
uzzy continuous A is an mcreasrng decreasing) T; nerghborhood in X. Also, A ?
O(X(y) >0) and A is not a fuzzy Ti neighborhood of y (reésp x). Thus, X is fuzzy T1
ordered
efinition 3.4: Let{(Xt, T1, th, t) |t € A} be a family of ordered fuzzy b itopological
aces Let X ){[g t|t € A} and let Ty and T2 be the product fuzzy topologies on
Let<cxx edefrned as for x = g() and y = () € X, X <y Iff Xy <t »t
for allt € A .Then, <is a partral order on The ordered fuzz?]/ brtopologrcal space
(X, T1, T2, <) is called the ordered fuzzy topological product of the family
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{(Xt, Tat, Tat, <) [t € A}

Theorem 3.2: The product of a family of pairwise T ordered fuzzy bitopological spaces is

a pairwise T1 ordered fuzzy bitopological space.

Proof: Let {(Xt, T1, T2, <1) |t € A} be a family of fuzzy pairwise T1 ordered fuzzy
bitopological spaces and (X, T1, T2, <) be the fuzzy bitopological product ordered space.

Let X =(xt),y =(yt) € X be such that x Ky .Then, there exists a € A such that XX Y.

Since (X, T1a, T2a, <a) is fuzzy pairwise T1 ordered ,there exists an increasing open set Aq

in Tiq such that Aq(X¢) > 0 and A«(Yo) =0 and an decreasing open set L, in Tia such that
ua(xab: 0 and Ha(Yos) > 0. Define'A = [[{A;|t € |A} where A, = X, if t # a and

le_ = [T{u:|t € |Afwhere u, = X, ift # « )
Pe)n 6ncreasmg or decreasing 'Iti open set such that A(x) > 0, AM(y) = 0 while p(x) =0,
Hly) > 0.
My) = TIfat|t € ANy)
=min {M(yr) |t €A}

=min {{M(yy) |tE o}, Ma(Ya)}
=min{1, 0}
=0
Hence, (X, Ty, T2, <) is pairwise Ty ordered fuzzy bitopological space.

Definition 3.5: Let (X, Ty, T2, <) be a fuzzy bitopological ordered space and Y c X.
Then (Y, Tiy, , T2y , <y )where <y =<N(YxY) and Ty = {aly |a € Ti} is called T;
compatible subspace of (X, Ty, T2, <) iff for each Tiy open increasing (resp. decreasing)
fuzzy set W , there exists a Ti open increasing (resp. decreasing) fuzzy set p* such
that W = Py .

Theorem 3.3: Every Ti compatible subspace of a fuzzy pairwise T ordered bitopological
space is a fuzzy pairwise T1 ordered bitopological space.

Proof: Let (Y, Ty, T2, <v) be a Ticompatible subspace of(X,T1,T2,<). Let a,b €Y such
that a £ b. So, a,b € X such that a £ b. As Xis fuzzy pairwise T1-ordered there exists an
increasing neighborhood A* of a in X such that A*(b) =0 and a decreasing neighborhood
p* of b in X such that p*(a) = 0.Then, A = A*|y is an increasing neighborhood of a in Y
such that A(b) = 0 and p = p*|v is a decreasing neighborhood of b in Y such that p(a) =
0. Hence (Y, T1y, T2y, <v) is fuzzy pairwise T, ordered.

4. Pairwise T2 ordered space

Definition 4.1: A fuzzy bitopological ordered space (X, T1, T2, <) is said to be pairwise
To-ordered if for each X,y € X such that x £y, there exists a decreasing T
neighborhood (or a T. neighborhood) A of y and a increasing T2 neighborhood (or
resp. a T1 neighborhood) pt of x such that A A =0.

Proposition 4.1: Let (X, T1, T2,<)bea fuz_zry pairwise T»-ordered space and Y < X.
Then, every T -compatible subspace (Y,Ti, T2y, <v) is also fuzzy pairwise T>
ordered.

Proof: Let (Y, Ty, T2y, <v) be a T compatible subspace of (X, T1, T2,<). Leta,b € Y such
that a £ b. So,a,b € X such that a £ b. As X is pairwise T»-ordered there exists an
increasing neighborhood A* of a in X and a decreasing neighborhood p* of b in X such
that A* Ap* = 0.Then, L = A*|y is an increasing neighborhood of a inY and p = p*|v is
a decreasing neighborhood of b in Y such that A A u=0.

Hence (Y, T1y Tay, <v) is fuzzy T ordered.

Proposition 4.2: If f is a order preserving fuzzy continuous map_Pinq_from (X, T1, T2,5)
to a fuzzy pairwise Toordered space (Y, 81, 82, <) then (X, Ty, T2, <) is also fuzzy
pairwise T, ordered.

Proof: Suppose f: (X, T1, T2, <) — (Y, 81, 82, <) is an order preserving fuzzy continuous
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map. Let x £y in X. Hence f (x) < f(y) in Y. But (Y, 81, 62,<) is a fuzzy T, ordered
space, so there exists an increasing fuzzy open set A and a decreasing fuzzy open set L such
that A is a fuzzy %)en neighborhood of T (x) and p is a fuzzy open neighborhood of f (x)
such that A A= 0. . . . . : .
Since, f is increasing, A is_increasing it fo}low_s that £ 1()) is increasing. Also, since f is
mgreasmg, His decreasing it follows that f *(p) is decreasing. Also, f is continuous, implies
f*(\) and T ~(u) are fuzzy open sets containing x and y respectively.

1) AFY() = £ Ap) = £1(0) = 0Hence, X is fuzzy T, ordered. Similarly we can
prove the result for decreasing function.

Theorem 4.1: The product of a family of fuzzy pairwise T, ordered bitopological spaces is
also fuzzy pairwise T ordered bitopological space.

Proof: Let {(Xt, Ty, T2, <t) |t € A} be a family of fuzzy T ordered spaces and

(X, Ty, T2, <) be the product of ordered fuzzy bitopological spaces.

If (X, yt) € X such that Xt < y: then there exists to € A such that xt, ¥ Yyt,.Then there
exists fuzzy open sets Ay, and i, in Xi, such that Ay, is increasing and Ly, is decreasing , A
is a fuzzy open neighborhood of xy,, My, is fuzzy open neighborhood of y, and

Mgl = 0.

Define 4 = []¢ea A Where 2 = 1y, when t # t, and

p = [lcen ue Where p = 1y, when't # t, .

Then A is an increasing fuzzy open set of X and is a decreasing fuzzy open set of X such
that A is a fuzzy open neighborhood of x; and pis a fuzzy open neighborhood of y: and
AAN=0.

Hence (X, T1, T2, <) is fuzzy pairwise T ordered bitopological space.

Proposition 4.3: Every fuzzy pairwise T» ordered bitopological space is a fuzzy pairwise
T ordered space.

Theorem 4.2: A fuzzy bitopological ordered sBace (X, Ty, T2, <) is a pairwise T2 ordered
space then for each pair a, b € X such that a < b, there exists a increasing Ti fuzzy open
set A and a decreasing T; fuzzy open set p such that A(a) > 0, u(b) > 0 and AM(x) > 0, (y)
> 0, together imply X £y.

Proof: Suppose (X, Ty, T2, <) is a pairwise fuzzy T ordered space. Let a, b € X such that a <
b, there exists a increasing Ti fuzzy open set A and a decreasing T; fuzzy open set i such
that A(a) > 0, u(b) > 0 and

AMx) > 0, p(y) > 0.

Suppose x <y. As Ais increasing and 1 is decreasing we have A(x) < A(y) and <H(x),we
getp8 <Mx) )//\ W(y) <My) A(x), Whl}(lzh isa contragdiction beca(lu)se X(XL = O.M(Y) HX)

Definition 4.2: A fuzzy bitopological ordered space (X, Ty, T2, <) is called fuzzy almost
ﬁ)_alrW|se T> ordered space If for any a,b € X such that a K b ,there exists a increasin

i fuzz(}/ open set A and a decreasing T; fuzzy open set p such that A(a) > O, u(b%
> 0 and A(x) > 0, u(y) > 0, together imply X £y
Remark 4.1: Above theorem shows that if (X, T1, T2, <) is a fuzzy pairwise T2 ordered
space then (X, Ty, T2, <) is a fuzzy almost pairwise T ordered space.

Definition 4.3: A fuzzy bit)o(poogical ordered sEace Is said to be pair- wise Urysohn
ordered space if for X, y € X such that x £ y ,there exists an increasing Tj open set A _
and afleé:reasmg T; open set W such that A(x) > 0, p(y) > 0 and Ij(A) ADi(n) =0,i£ j,
i,j=1,2.

Clearly, every fuzzy pairwise Urysohn ordered bitopological space is a fuzzy pairwise T»
ordered space.
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5. Pairwise Regular Ordered Space

Definition 5.1: A fuzzy bitopological ordered space (X, T1, T2, <) is said to be pairwise
lower (resp. upper)regular ordered if for each Ti- closed decreasing fuzzy set k%rg:s Ti-
closed increasing fuzzy set) and for each x € X such that A(x) = 0 , there exists an
increasing Tj open set W (resp. decreasing T; open set) and a decreasing Ti open set v
(resp. increasing Ti open sets) such that u(xf >0,A<Vv,uAV=0.

(X, T1, T2, <) is said to be pairwise regular ordered iff it is both pairwise upper and
lower regular ordered.

Definition 5.2: A fuzzy bitopological ordered space (X, T1, T2, <) is said to be pairwise T3
ordered if it is pairwise regular ordered and pairwise T ordered.

Proposition 5.1: A fuzzy bitopological ordered space (X, T1, T2, <) is fuzzy pairwise lower
(resp. upper) regularly ordered iff the following condition holds: For each x € X and
an increasing (resp. decreasing)Ti- open fuzzy neighborhood p of X, there exists an
increasing (resp. decreasing) T; open set v such that v(x) > 0 and v <Ij(v) <p( resp. v
<Dj(v) < ).
Proof: Suppose (X, T, <) is fuzzy Io_vver_Fresp. upper) regular ordered space. Let x € X and
let 1 be an Increasing (resp .decreasing)Ti-open neighborhood of x, then 1 —  is Ti-closed,
decreasm%(ln_creasmg)lry Xand (1 —p)x)=0. ]
By hypothesis there exists mcreasm% decreasing) fuzzy T; open set v and decreasing
gncreasm%) fuzzy Ti open set A such that v(x) >0, I-u <A, A Av=0.Hence,v < 1-A <l
0, li(v) <Ti(I-A)=1-A. Since 1 —A Is Ti-closed, v <Ij(v) < u(v <Dj(pn) < p)
Converse is straightforward.

Proposition 5.2: A fuzzy bitopological ordered space (X, T1, T2, <) is fuzzy pairwise
regular ordered if and only if for every x € X and decreasing( resp. increasing) Ti-open
fuzzy set A containing X, there_exists a decreasing (resp. mcreasm?) Ti-open fuzzy set p
and a decreasing (resp. increasing) Tj-closed fuzzy set v such that p <v <A.

Proof: Follows from the above proposition.

Proposition 5.3: If (X, Ty, T2, <) is fuzzy pairwise regular ordered space then every T-
compatible ordered subspace (Y, Ty, <v) is also fuzzy regularly ordered.

Proof: Let (Y, T1y , T2y , <v ) be T -compatible ordered subspace of the fuzzy pairwise
upper regularly ordered space (X, T1, T2, <) and letx € Y and p be any Tiy open

decreasing fuzzy neighborhood of x in Y .Thus, there exists a Tj-open decreasing fuzzy
set A* such that A = A*[y with A*(X) > 0.Since,(X, Ty, T2, , <) is fuzzy pairwise u%per regular
%r(der)ed '&hen there exists a Ti-open decreasing fuzzy set p* such that p«(x) >0 and p* <
W) <A :
By restriction of p* and D(u*) by Y we have that p <D(n) <A and (Y, T1ly, T2y ,<vy) is

fuzzy pairwise upper regular ordered.

Proposition 5.4: If (X, Ty, T2, <) is fuzzy pairwise lower or upper T3

ordered then (X, Ty, T2, <) is fuzzy pairwise T2 ordered.

Proof: Let X <y in X and suppose (X, T, T2, <) is pairwise lower Ts- ordered then yy is
Ti-closed and decreasing and yy () = 0. Since, (X, Ty, Tz, <) is fuzzy pairwise regularly
ordered, there exists an increasing Ti neighborhood p of x and a decreasing T;j neighborhood
voflysuchthat uAv =0

Since, v is a Tj-neighborhood of ly, it is a Tj-neighborhood of y. So, (X, T1, T2, <) is fuzzy
pairwise T ordered.

Theorem 5.1: The product of a family of fuzzy pairwise regular ordered spaces is also
fuzzy pairwise regular ordered.
Proof: Let {(Xt, T1, T2, <t) |t € A} be a family of fuzzy pairwise regular ordered spaces and

(X, Ty, T2, <) be the product of fuzzy topological ordered spaces.

Consider, x € X in the product topology.
Let p be a decreasing fuzzy Ti-open set containing X. Since, the projection P, : X — X is
order preserving continuous function, the point x; is contained in a decreasing Tit -open set
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A for each t € A such that p = {P *(A) |t € A}. _ )
As (Xi, Tat, T2, <t) is fuzzy pairwise regular ordered, there exists a decreasing Tj, -open set
vt such that

Xt € vt <D(wt) < It
X € Pii(v) < PH(D(w) < W
Hence, (X, Ty, T2, <) is fuzzy pairwise regular ordered.

6. Pairwise Normal Ordered Space

Definition 6.1: A fuzzy bitopological ordered space (X, T1, T2, <) is said to be
pairwise normal orderéd if for each decreasing fuzzy Ti closed set A; and each
Increasing fuzzy Tj closed set A2 such that A1 AX2 =0, there exist fuzsz,- open
decreasm% set 1 and fuzzy Ti open increasing set Lo such that A1 < i, A2 <2 and

Hi A2 =
Definition 6.2: A fuzzy bitopological ordered space (X, T1, T2, <) is said to be pairwise T4
ordered if it is pairwise normal ordered and pairwise T ordered.

Definition 6.3: A fuzzy bitopological ordered space (X, Ty, T2, <) is called a fuzzy
pairwise normally ordered space iff the following condi- tion is satisfied : Given a
decreasing(resp. increasing) Ti-closed fuzzy set p and a decreasing (resp. increasingg
Tj-open fuzzy set p such thatp < p, there exists a decreasing (resp. increasing
Ti-open fuzzy set p1 and a decreasing(resp. increasing)Tj-closed fuzzy set pi such
that p<p1 <1 <p.

Definition 6.4: If pis a fuzzy set in a fuzzy bitopological ordered space X, we define

Drj(n)=inf {p |p =W, Ticlosed and decreasing} Clearly, Drj (1) is the smallest
decreasing fuzzy set in (X, Ti, <) which contains p.

Proposition 6.1: (X, Ty, T2, <) is a fuzzy pairwise normally ordered space iff the

following condition is satisfied:

Given a decreasing (resp. increasing) Ti closed fuzzy set p and a de- creasing (resp.

mcreasn}g) Tj-open fuzzy set p with u <p, there exisfs a decreasing (resp. increasing)

Tj open fuzzy set p1 such that p <p1 < D; (pl) <p(resp.u<p1<li(p1)<p). _

Proof:_Let (X, Ty, T2, p) be a fuzzy pairwise normally ordered space. Let 4, p be given as in

[:I)_roposmon. By definition, we have a decreasing fuzzy T; open set piand a decreasing fuzzy
i Closed set {11 such that u <p1<pu1<p.

Since, Y1 is a decreasing fuzzy Ticlosed set such that p1 <1 we have

U <p1<Di(p1) <p1<p. _

Conversely, suppose u is a decreasing fuzzy Ti closed set and p is a decreasing fuzzy T;

open set such that p <p. Hence by condition of proposition, there exists a decreasing fuzzy
j open set p1 such that p <p; < i(Bl)Sp. Clearly, Di (p1) is the smallest decreasing fuzzy

T: closed set contalmn% p1.Put p1 = Di (p1). Then, n < p1 < p1<p. Hence, (X, Ty, T2, p) is a

fuzzy pairwise normally ordered space.

Proposition6.2: Every fuzzy pairwise normally ordered bitopological space is fuzzy
pairwise regularly ordered space.

Proof: Suppose (X, Ty, T2, <) be a normally ordered space. Let x € X,

M be a decreasing Ti-closed fuzzy set and p be a decreasing Tj-open neighborhood of x with
M <p. By normality, there existsa decreasing Tj-open fuzzy set A such that p <A <Di (L)
<p. So, (X, T1, T2, <) is fuzzy regularly ordered.

Definition 6.5: A fuzzy pairwise normally ordered bitopological space which is also fuzzy
pairwise T1 ordered is called fuzzy pairwise T4 ordered bitopological space.

Corollary 6.1: Every fuzzy pairwise T4 ordered bitopological space is fuzzy pairwise T3
ordered bitopological space.
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Proof: follows from proposition

Proposition 6.3: Every biclosed subspace of a fuzzy pairwise normally ordered

bitopological space is fuzzy pairwise normally ordered bitopological space.

Proof: Let (Y, T1,, T2, .<v) be abiclosed subspace of a fuzzy pairwise normal ordered space

X, Ty, T2, ).

Let p* and p* be a decreasing T1y -closed and T2y -open fuzzy sets respectively such that
* < *

gincg, p*and 1 —p* are T1v-closed and T2y -closed fuzzy sets respectively and Y is closed,

so,u*and 1 —p*are T1-closed and T»- closed fuzzy sets.

~ u* and p* are Ti-closed and T2-open fuzzy sets respectively with p* <p*.

Since (X, T, <) is fuzzy normal ordered there exists a decreasing Ti- open fuzzy set p1 and
a decreasing Tj-closed fuzzy set p1 such that p* < p1 <p1 <p*

It follows that, p* = p1]y is a decreasing Tiy open fuzzy set and p* = pjy isa
Toy -closed fuzzy set such that p*1'< p*1 and p* < p*1 < p*g < p*.

Hence, (Y, Ty, Tav, <v) is fuzzy pairwise normally ordered.
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