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Abstract
A flourishing and application-oriented area of research in graph theory is graph

labeling. Researchers have been studying graph labeling since the mid-20" century.
A new variation of graceful labeling was introduced in 2001 called triangular
graceful labeling which builds on Rosa's 1967 § -valuation and Goloumb's graceful
labeling. In our recent study, we noticed a variation of triangular graceful labeling
introduced in [4] in 2020. It is called odd triangular graceful labeling. We use
throughout the paper in short form as OTGL . In our study , we establish odd
triangular gracefulness of a few classes of tree graphs and found odd triangular
graceful number of few families of graphs which we have introduced recently. A
graph G with |V (G")| = vand |E(G")|=¢ is called an OTG graph if there is an one-
one function ¢:V(G)—{0,1,2,3...T,._;} Where T,._, denotes (2&-1)%

k(k+1)
2

namely ¢ :E(G") = {T;,Ts,Ts ... Toe_,} defined by ¢ (xy) = [¢p(x) — p(¥)| for
every edge xy of G' is bijective. The function ¢ is called an OTGL. Here,

triangular number, (in general T, =

) such that the induced function on E(G")

we establish odd triangular gracefulness of a few classes of tree graphs and found

odd triangular graceful number introduced recently by us for few families of graphs.

Keywords: Odd triangular graceful trees, Odd triangular graceful number.

1. Introduction

The graph theory has had a huge impact on the development of applied mathematics. There

have been many fascinating results obtained in graph theory this decade, and they have also had

applications in the fields of Chemistry, Biology, Mathematics, Computer Science and in
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Engineering. Graph labeling is one of the active research areas within graph theory. The goal of this
paper is to prove the existence of a particular type of graph labeling as well as to investigate if a
particular graph can have such a labeling or how to get it to have one. A graph labeling is an
assignment of integers to the vertices or edges or to both of a graph. There are certain conditions
that must be met in order to assign integers to the vertices or edges of a graph. In 1967, Rosa [3]
proposed a labeling scheme for graph G’ known as B -valuation, which was later renamed graceful
labeling by Golomb [2]. Throughout this paper we considered simple undirected graphs. Devaraj et
al. [1] introduced an analog of graceful labeling called triangular graceful labeling in 2001. In
2020, OTGL was introduced in [4], a variant of triangular graceful labeling. In our earlier article
established that a few classes of trees are odd triangular graceful. With this study, we have proven
the odd triangular gracefulness of some graphs and found graphs that were not triangular graceful
could become triangular graceful by introducing a novel concept called the triangular graceful
number. Labeling of this type finds application in fields such as coding theory, X-ray

crystallography, and communications networking.

2. Preliminaries

Definition 2.1: Triangular graceful [1]
A graph G'of order v and size ¢ is called triangular graceful if there is an 1-1 function

e(e+1)

Y:V —{0,1,2,3,... T.} where T.is the etriangular number T, = such that induced

function on edge set namely ¥ :E(G") > {Ty, Ty, Ts,.... To}defined by ¢ (vv)) = [p(v) —
w(vj)|f0r every edgev;v; € E(G') , is injective. The function wis called triangular graceful

labeling.

Definition 2.2: Odd Triangular graceful [4]

A graph G'with |V(G"| =v and |E(G"|=¢ is called an odd triangular graceful graph if
there is an 1-1 function ¢:V - {0,1,2,3...T,._;} Where T,._; denotes (2&-1)Mtriangular
number, (in general T, = @) such that the induced function on E(G") namely ¢ :E(G") —

{Ty,Ts,Ts ... T,e_, Ydefined by ¢ (xy) = |p(x) — p(v)|for all edge xy of G’ is 1-1 and onto. The
function ¢ is called an OTGL .
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3. Existing Results
The following results are already proved in [4] and proved by us in our recent
article [5]

Theorem 3.1: All paths P, are OTG graphs.[4]

Theorem 3.2: All stars Ky ,are OTG graphs.[4]

Theorem 3.3: The double star S(n,m) is an OTG graph.[4]
Theorem 3.4: Y, Trees are OTG.[5]

Theorem 3.5: Comb graph Pn@Kl (nZZ) is odd triangular graceful.[5]
Theorem 3.6: A Coconut tree CT(m,n) consisting of path B, with a leaf of

Kin (M= 2, n> 1) is odd triangular graceful .[5]

Theorem 3.7: F,(n = 3) Trees are odd triangular graceful.
Observations 3.8 [5]:

(1) Graceful graphs need not be triangular graceful or OTG.
(if) Some graphs are graceful, triangular graceful and OTG.

(iii) Some graphs are triangular graceful but not OTG..
4. Main Results

Definition 4.1:

Treet, t, (=1 IS atree constructed by adding n pendant edges to all pendant vertices of
star graphk, ,. The cardinality of vertex set |V (t,)| = 2n + 3 and since it is a tree it will have
(2n+2) edges.

Theorem 4.2:

t,, trees are odd triangular graceful.
Proof:

Let t,, be the tree ,then |V(t,)| =2n+ 3 and |E(t,)| = 2n + 2.
LetV(t,) = {vo, v v, wi i wy ' oowy ue, ug L uy U

Define w: V(t,) - {0,1,2,...Ty,,3}as follows: (where T} = @is the k™ triangular number)
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W) = Tapss =8n2 +14n + 6
I.l(vzr) = T4n+1 == 8112 + 671 + 1

uw;) =8+ 1Dn—2i*+3i+5

1<i<n)

n(w;)=6n?+ 4i+7)mn—-2i’—-i+10<i<n-—-1)

Clearly the above function is one —one as the labels of vertex are different. Also the induced

function [ on the set edges is injective. Since the induced function gives the label on it’s edges as

u(xy) = [n(x) —u(y)| foreveryedge xy € E(t

").Also checked the validity of above statements

by writing python coding and executing it. The python coding and a sample output is given below:

n=int (input())

v0=0
vli=(8*n*n)+(14*n)+6
v2=(8*n*n)+(6*n)+1

w=[]
u=[]
w.append (0)
for 1 in range(l,n+l):
w.append( (8* (1+1)*n)—-(2*i*1i)+(3*1)+5)
for j in range(n):
u.append( (6*n*n)+((4*3)+7) *n—-(2*3*3)-j+1)
print ("vO: "+stx(vO0))
print ("vl: "+str(vl))
print ("v2: "+str(v2))
for i in range(l,n+l):
print ("w +str (i)+": "+str(w[il]))
for j in range(n):
print ("u"+str(j)+": "+str(uf[il))

Output : when n=5

5
vO:

T e
vis

w <
= m

va2:
wl:
w2:
w3:

wa:

(R VI S s VI ¥ B S8 e )
oW

h)
o™

w

" o,

NN NN N BMEEBEOONDNDNDO

W N
s
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Hence the graph G = t,, trees are odd triangular graceful.

Figure 1 below shows a OTGL of the ¢5 tree:

Figure 1
We have shown in the figure above the edge labels that are determined by following the vertex

labels defined in the theorem, shown in figure 2

231

Figure 2

Definition 4.3: Multi-star graph
The graph K, , ,(n = 1) having (2n+1) vertices and 2n vertices as shown below in figure 3

is called a multi star graph.
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Figure 3: Multi star graph K; ,, ,,

Also, the graphs Ki , ,n(n = 1) (n-3 times) and in general K ,, . » (N= 1) (where n some m

times) are multi- star graphs  with 3n+1 vertices and 3n edges and (mn+1) vertices and mn edges

respectively.

Theorem 4.4:

The multi-star graphs K; ,, ,(n = 1) are Odd triangular graceful.
Proof:
Let V(Kinn) = (Vo' v, v, ..o s wy Ywy oo owy, '}

k(k+1)

Define p:V(Kynn)) = {0,1,2,3,...,Ty,—1} as follows: (where T, = is the k™ triangular

number)

p(ve) =0

p(;) = Tyn_(zi-1) = 8n* = 8ni+ 6n +2i* =3i+1 (1<i<n)

p(w) =6n*—(4i—3)n(1<i<n)

Due to the distinct vertex labels, the function above is clearly one -one.

Furthermore, the function p induced on the set edges is injective. Since the induced function gives
the label on its edges as p(xy) = |p(x) — p(y)| foreveryedge xy € K; , .

When the induced function gives the label on its edges, it is injective.

Hence, K ,, nadmits OTGL, making K, ,, , odd triangular graceful.

The above statements are validated by executing the following python coding. Python coding and

sample output are displayed below:

Vol. 71 No. 4 (2022) 10987

http://philstat.org.ph



n=int (input())
v0=0

v=[1

w=[]
v.append(0)
w.append(0)

Mathematical Statistician and Engineering Applications

or 1 in range(l,n+l):
v.append( (8*n*n) - (8*n*i)+(6*n)+(2*1*i)-(3*i)+1)
0r j in range(l,n+l):
w.append( (6*n*n)-((4*3)-3) *n)
print ("vO0: "+stx (v0))
0r 1 in range(l,n+l):
print ("v"+stxr(i)+": "+stxr(v[i]))
for j in range(l,n+l1):
print ("w"+stxr(j)+": "+stxr(w[il))

Sample output when n=3:

3
vO:
e B

v2:

(e}

R0 e Y

v3:
wl:
w2:

1)

[ S TPV ) B OV IRV SSs 1Y
=

w3:

In fact, we checked for many values of n like 50,100 etc.

Figure 4 below shows a triangular graceful labeling of the multi-star graph K; 5 3

OO O

Figure 4

ISSN: 2094-0343
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we have shown in the figure above the edge labels that are determined by following the vertex

labels defined in the theorem, shown in figure 5
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B ® @

Figure 5

Theorem 4.5:

The Multi-star Graphs K ,, , ,(n = 1) are odd triangular graceful.
Proof:
consider Ky pnn(n = 1), then |V(Kynnn)| =3n+1 and |E(Kynnn)| = 3n.

Let V(Kl,n,n,n) = {v'(),v'l, 17'2, e vln, W,1, W’z, ey W,n, ulo, u’l, ey u’n_l}

Define :V(Kynnn) = {0,1,2,3,...,Ten—1} asfollows: (where T =@is the k™ triangular

number)
T(vy) =0
T(v) =18n* - (12i—-9n+ (- 1DQRi—1) (1<i<n)
tw) =10n* - (4i—-3)n (1<i<n)
T(uy) =8n? — (2i%+i) (0<i<n)

The distinct vertex labels indicate that the function above is one -one.
Furthermore, the induced function on the set edges T on the set edges is injective. Since the
induced function gives the label on its edges as T(xy) = |t(x) — t(y)| foreveryedge xy €
E(Kinnn)
When the induced function gives the label on its edges, it is injective.
Hence, K; ,, n, admits OTGL, making K; , ,, OTG.
Here again , we used python coding to check the above statement truthfulness. Python coding and

sample output are given below :
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n=int (input())
v0=0
v=H
w=[]
u=[]
v.append(0)
w.append(0)
for i in range(l,n+l1):
v.append( (18*n*n)-((12*1)-9)*n+(i-1)* (2*i-1))
for j in range(l,n+l1):
w.append( (10*n*n)-((4*3)-3) *n)
for k in range(n):
u.append( (8*n*n)-((2*k*k) +k))
print ("v0: "+str(v0))
for i in range(l,n+1l):
print ("v"+str(i)+": "+str(vil]))
for j in range(l,n+l1):
print ("w'+str(j)+": "+str(wlil))
for k in range (0,n):
: print ("u"+str(k)+": "+str(ufk]l))
Output :when n=3
3
vo: O
vl ‘I53
v2: ‘120
v3: 91
wl: 87
w2: 75
w3: 63
ud: 72
ul: 69
uz2: 62
The following figure 6 shows the Odd triangular Graceful labeling of K; 5 3 3
66 45 28
W W W
15 6 1
Figure 6
10990
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Theorem 4.6:

The Multi-star Graphs K; , , nn.n(n = 1, m times n) are odd triangular graceful.
In the same manner as the previous two theorems, the above theorem can be proved.
Here, we are introducing a new definition called odd triangular graceful number of a graph G.
Definition 4.7: Standard Banana tree (SB™)

Chen W C, LU H Iand Yeh Y N defined Banana tree as follows:
Standard banana tree is constructed by using the family of stars (Kiq,Ki,,Ki3,...K14) by
connecting one leaf of each star to a single root vertex that is different from all star vertices and is
denoted by SB™.

The graph shown below is Standard banana tree SB3

igure 7: SB
Theorem 4.8:

The Standard banana tree SB™ is odd triangular graceful only for 1 < n < 24.
Proof:

Consider the standard banana tree SB™(1 < n < 24). Then,

n(n+1) _ n?+3n
2 2

V(SBY|=1+n+ +1.

Since SB" is a tree, number edges in it is nz+—3n.
2

Let V(SB™) = {u 1} Uv’1/i=1tonUv’/i=123.n
! ! ! ! 1A ’ ! ’ !
u{v 22V32,V33,V42,V43,V44,---VnaVnpsz...V n,n}

Define 6: V(SB™) — {0,1,2,3...T ;24 3,1 }0Y
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B(u'l) == 0
O(v'iq1) = Thzy3n—(2i-1) (i=123...n)
0V = Thzian—2i-1) — Tn24n-2i-1) (i=123,...n)

O('22) =0(W'2) —Th2_pnyq
O(W's, k) =0(W'%) = Th2pn_(2k-1) k=23

O(V'sr) =0(v'y) — Tnz—n—(2k+3) k=234
Ingeneral 6(v';x) = 0(v) — Tjz_j_(a+j2-3j-1y 2=k <j, j=3,45.n
The distinct vertex labels indicate that the function above is one -one.
Furthermore, the induced function on the set edges & on the set edges is injective. Since the
induced function gives the label on its edges as 0(xy) = |6(x) — 6(y)| foreveryedge xy €
E(SB™)
When the induced function gives the label on its edges, it is injective.
We checked infectivity by writing the python code and noticed that it is valid when and it fails

when n=25.Python code and a sample output is exhibited below :

pP=((n*n)+(3*n))/2+1
| =p-1
| ul=0
rows, cols = (n+l, n+l)
vi= ]
ver=[]
vv=[[0]*cols]*xows
ver.append(0)
v.append (0)
for i in range(l,n+l):
k=(n*n)+ (3*n) - (2*i-1)
T=int ((k* (k+1))/2)
v.append(T)
kl=(n*n)+n- (2*i-1)
Tl=int ((k1* (k1+1))/2)
ver.append (T-T1)
1= (n*n) -n-1
T2=intc ((1* (1+1))/2)
v22=ver[2]-T2
for j in range(3,n+l):
for k irn range(2,j+1):
S=(3*3)-3-((2*k)+(3*3)—-(3*3)-1)
x=intc((s* (s+1))/2)
vwijl[kl=ver[jl-x

princt ("ul: "+stxr(ul))
foxr i in range(l,n+l):

print ("V"+scx (i)+",1: "+stxr(v[il))
for 1 in range(l,n+l):

print ("V"+sctx (i)+": "+stx(ver[i]))
princ ("V2,2: "+stxr(v22))
for j in range(3,n+l):

for k in range(2,3+1):

princ ("VT+scx (J)+","tstx(k)+": "+str(vviilikl))

Sample Output: when n=3
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Hence, SB™ admits OTGL, making SB™ odd triangular graceful.

Definition 4.9: Odd Triangular graceful number
In the case of a simple graph G that is not odd triangular graceful, the odd triangular
graceful number of G denoted by 0/n(G) is defined as the number of minimum vertices removed

from G in order to make the resulting graph odd triangular graceful.

Theorem 4.10:
The odd triangular graceful number of Cycles €, (n = 3) is 0in(C,) = 1.

Proof:
As Cycles C,(n = 3) are not odd triangular graceful. when anyone vertex is removed from

C, it will result in a Path. i.e., C,\{v} for any vertex v it becomes a path which is odd

triangular graceful, as all paths are odd triangular graceful .Thus, minimum number of  vertices
removed from C,, to make it odd graceful graph is one.

Hence, 0f(C,) = 1.

Definition 4.11:

The generalized Theta graph 6(p4,p2,...p,) consists of n > 3paired internally disjoint
paths of length p,,p,,...p, that shares a pair of common end vertices u, and v,. The Theta graph
0(p1, 2, p3) When all p,’sare of same length say, Paths of length three then it can be denoted by

0(3P,).The graph 6(3P,) is shown below in figure 7
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Figure 8
Theorem 4.12 The odd Triangular graceful number of the Theta graph 8(mB,) i

0in(G) = 1.
Proof:

Theta graph 6 (m#P,) is not odd triangular graceful as it does not admit

odd triangular graceful labeling . If one of the end vertices u, or v, is removed from the Theta

graph ,it becomes a Multi-star graph which is odd triangular graceful by theorem 4.5 proved above.

Hence,the odd triangular graceful number of the theta graph is 0;(6(mP,) =1

5. Conclusion

As part of this study, we established the odd triangular gracefulness of several families of
graphs, as well as defined a new concept called the odd triangular graceful number and determined
the same for few families of graphs. Our study will continue to test the odd triangular gracefulness
of all trees, and find odd triangular graceful numbers for families of graphs such as Lobster, planar

graphs, cycle-related graphs, etc,.
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