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1. INTRODUCTION:

Graphical Evaluation and Review Technique commonly known as GERT, is a network analysis
technique used in project management that allows probabilistic treatment of both network logic and
estimation of activity duration. The technique was first discovered in 1966 by Dr. Alan B. Pritsker
of Purdue University. Compared to other techniques, GERT is only rarely used in complex systems.
GERT allows loops between tasks. GERT has been applied to modeling of sampling plans and
promises to be value in encouraging statistical quality control. GERT is a technique for the analysis
of a class of networks which have the following characteristics: (1) a probability that a branch of the
network is indeed part of a realization of the network; and (2) an elapsed time or time interval
associated with the branch if the branch is part of the realization of the network. Such networks will
be referred to as stochastic networks and consist of a set of branches and nodes. A realization of a
network is a particular set of branches and nodes which describe the network for one experiment. If
the time associated with a branch is a random variable, then a alization also implies that a fixed time
has been selected for each branch. GERT will derive both probability that a node is realized and the
conditional moment generating function (M.G.F) of the elapsed time required to tranverse
betweenany two nodes [7].

1.1 STEPS IN APPLYING GERT

1. Convert a qualitative description of a system or problem to a model in network form;
2. Collect the necessary data to describe the branches of the network;
3. Obtain an equivalent one-branch function between two nodes of thr network;
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4. Convert theequivalent function into the following two performance measures of the
network;

a. The probability that a specific node is realized; and

The M.G.F of the time associated with an equivalent network;

5. Make inferences concerning the system under study from the information obtained in 4
above.

=

1.2 W-FUNCTION OF A SAMPLING PLAN
For designing a sampling plan using GERT, first the sampling plan can be represented in a network
diagram. The network diagram consists of logical nodes and directed branches. The nodes are each
state of the plan and a branch has probability that the activity associated with it will be performed.
The sample size n associated with a branch is characterized by the moment generating function (m g
f) of the form

M, (0) = Xnexp(né) f(n)
1)
where f (n) denotes the density function of n and @ is any real variable. The probability ¢ that the
branch is realized is multiplied by the mgf to yield the W-function such that

w(o) = ¢M,(0) 2)

The W-function is used to obtain the information on the relationship which exists between the nodes
[2].
1.3 OPERATING PROCEDURE OF OF CSP-1 PLAN
The operating procedure of the CSP-1 plan as stated by Dodge is as follows [4,8] :
(a) Inspect 100% of the units consecutively as produced and continue such inspection until i units in
succession are found clear of defects.
(b) When i units in succession are found clear of defects, discontinue 100% inspection, and inspect
only a fraction f of the units.
(c) If a sample unit is found defective, revert immediately to a 100% inspection of succeeding units
and continue until again i units in succession are clear of defects.
(d) Correct or replace with good units, all defective units found.

2. GERT ANALYSIS FOR THE TESTING SEQUENCE OF CSP-1 PLAN
Suppose there are series of inspection tests T;(i = 1,2,3.....) costing Cr, per item tested with

average acceptance rate g; . If an item is found to be rejected at test T;, costing Cg, for the item to
be reworked. Assume that the C’s and q’s are unaffected by the order in which the tests are

executed and so mutually independent.
The possible states of the CSP-1 inspection system described can be defined as follows:

Sp : Initial state of the plan.

Si(k) : State in which k (= 1, 2..., i) preceding units are found clear of defects during 100%
inspection.

Sp : Initial state of partial inspection.

Sa : State in which current unit is accepted.
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Sg : State in which current unit is rejected.

The above states enable us to construct GERT network representation of the inspection of CSP-1
plan as shown in Fig. (1). Suppose that the process is in statistical control, so that the probability of
any incoming unit being defective is (p) and the probability of any unit being non-defective isq =1
— p [6]. Now by applying Mason’s (1953) rule for the representation of w-function from the initial
node So to the terminal nodes S, and Sk [5,8] are respectively found as

So

Fig 1|

The w-function from the initial node Sy to the terminal Saand Sk are respectively given as
CT6’+ 1— CT&Ni
WA(H)= fqe (1-1)(qe 19)
1-[(1-)pe CT+CRY(1-(qeCT))/(1-qeCTY)]

(3)

and
(CT+CR)6
Wr(6) = fpe :
1-[(1-f)pe CT+CRIO(1-(qeCT0)") /((1-qeCTo)]
(4)
_ _ fa+(1-£)(q)* _ fa+(1-f)q
Therefore Pa = [Wa(6)lo=0 = T pia—@b ]~ 1+a-pa ()
— _ fp _ fo
Pr = [W(0)lo=0 = T oia-@bacal - ra-pd ©6)

where P, and Pr stands for probability of acceptance and rejection (of a unit) by CSP-1 plan
respectively. Since P, fraction of accepted units are defective with probability p and (1 — Pp)
fraction are non-defective with probability g = 1— p.

From (5) and (6) the mean E (C(T;) and V(C(T;) of the total cost per item at test T; [3] is
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E(C(TY) = Pal5g Ma(8)] 6=0 + Prlos Mz (6)] 6=0 (7)
and
d? d 2
VCD = Pa [lgs Ma(®)] 0= — {[5 Ma(®)] o0}
d2 d 2
+Pr |23 Mr ()] 6=0 — {[55 Mr ()] 6=0} (8)
M(0) = ON faeCT%(1-1)(qeT! 1+(1-f)q" 9)

Pa 1—[(1—f)pe(C”CR)9[(1—(quT9)i)/((1—qeCTH)] fa+(1-1)qt

4y ) = 1+(1-f)q"  d fqeT+(1-)(qe Ty’
ag’ 4 fa+(-qt " o | 1-[(1-f)peCT+CRIG(1—(qeCTO)")/((1-qeCTY)]
d _ {(a-9-a-np(-aY))(-2f2qcr+facr+i-qt cr-1+)(1-F)q™** ¢r))
Pal5 Ma(0)]9=0 = — -
(a-o-a-np(1-0)))
{(fa+(1-1)q' (1-a)((1=pq'(iCr+Cr+Cr)—qCr—(1-p(Cr+Cr)} (10)
.\ 2
(a-@-a-np(1-a?))
w (CT+CR)O ((1_oCT Al
©)_ fpe ((1-qe 1+(1-f)q
o) = £0= o Ll T (11)
PR [(1_quT9)_[(1_f)pe(CT+CR)H(1_(quT9) )] fp
d _ 1+(1—f)qi d fpe(CT+CR)9( 1_quT d _
L) = BODE L Ocaer) Py [ My(0)]g=o =
d fp d [(1_quT9)_[(1_f)pe(CT+CR)9(1_(quT6) )] a

{(a--a-pp(1-4Y))(-fracr+fra-a)Cr+cr)))
(a-p-a-pp(i-q1)°
{(Fp(1-q)) (1= )pq‘(iCT+Cr+Cr)—qCr—(1—f)P(CR+CT)}
(@-0-a-pp(i-q)°

(=fp*Cr+fp®(Cr+CR+(=F)fp?aCr—(1=)fp?q™* Cr-(A-)fp* (Cr+CR)I+f(1-)g™ p (Cr+CR)-
f=Pa'p* (+DCr+CR)+/P*Cra+f(1-Ip*(Cr+Cr)} (12)

(@-p-a-pw(1-q)°
Adding equation (10) & (12) gives the mean E(C(T;) of the total cost per item at test T; .

3. DETERMINATION OF LEAST COST TESTING SEQUENCE

For finding the least cost testing, the following lemmas and theorem should be known.

Lemma |

Let test T;follow test T; and the mean E[C(T;;)] and variance V[C(T;;)] of the total cost per item

throughout both tests be given by
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E[C(T;;)]= E[C(T)]+ Pa,E[C(T;)] (13)
and V[C(T;;)]= VIC(T)]+ P, VIC(T;) (14)
Lemma 2
The optimum test is the test which minimizes the mean of the total cost
i.e E[C(T;;)] < E[C(T;;)] if and only if E[C(T]/Pg, < E[C(T})]/Pg, (15)
and E[C(T;;)] = E[C(T;:)]if and only if E[C(T;)]/Pg, = E[C(T;)1/P, (16)
Theorem
Testing sequence Tiy3 n (T; 2T, T3 —>T,—........T,) is a least — cost sequence of tests if and
only if
E[C(Ty)] < E[C(T,)] < E[C(T3)] < E[C(Ty)] o E[C(Tp)] (17)

PR, Pp, PR3 PR, PR

n

If some sequences have the equal minimum mean cost then the optimal testing sequence is the
sequence which has the smaller variance of the total cost [1,3].

ILLUSTRATIONS

The expected cost of testing sequences corresponding to different values of ‘i’ and ‘f” are to be
calculated and given in Table 1.

Test | AOQL i f Cr, Cr, Pr, | EL(Cr)] | EL(Cr)]/Pr,
T, 2 0.2341 |20 200 0.0645 | 175.4611 | 2714.274
T, 0.1373 | 17 170 0.00474 | 591.4959 | 124829.5
T, 05515 |13 199 0.23118 | 244.0284 | 1055.584
T. | o1 10 0.2987 |10 100 0.12461 | 263.0988 | 2111.433
Ts 12 0.0924 |20 200 0.220416 | 2233.32 | 10132.99
T, 10 0.1158 | 17 170 0.217752 | 1381.232 | 6343.153
T, 9 0.1409 |13 199 0.226642 | 1172.471 | 5173.219
Ty 8 0.1661 | 10 100 0.232663 | 525.9709 | 2260.658

Tablel. Expected cost of testing sequences

From the table, we can see that the expected cost of testing sequence is minimum is for T; . Then
the minimum cost is for T,, Tg, Ty, T;, Ts, Ts and T,. The optimum test sequence is the sequence
which minimizes the mean of the total cost. Therefore the least cost testing sequence
becomes Ts4g17652 (that is , T3 —>T, —>Tg—>T; T, »T¢—>Ts —>T,) . If the sequences have equal
minimum cost, then the rule enables optimum sequence having smaller variance of the total cost
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2
included in the test. For finding the variance of the total cost, the values of %MA(H) and

2
%MR (0) are to be calculated.

2,,CTO CTo,
1—geCTN_(1— (CT+CR)O( 1 _ 4l piCT < ) —_2f qe~""Cr+fqe Cr+ )}
{(( qe H) ( f)pe ( qe H)) i(1—f)q LeLCTH CT—(1+i)(1—f)q“'1 eCT(L+1)9CT

((1_qeCTH)_(1_f)pe(CR+CT)0(1_qi eich))Z

dZ

— 4
dezMA(H) T

((FaeCT+(1-F)qt eCT(1-qe T ) (1~ FIpe(HVCT+CRqi(iCr+Cp+Cr)-qeCTlCr
( A-Ppe(CT+Rcp+cr))) 1+(1-f)q*
((1_quTH)_(1_f)pe(CT+CR)H(1_qieiCT9))2 fa+@-£)qt

d o
E ((1 _ quTH) _ (1 _ f)pe(CT+CR)H(1 _ qlelCTQ)) (_ZfzquTBCT + fquTQCT + i(l _ f)
(q iiCTO Cr) — (1 + (1 - f)q”l eCT(i+1)QCT)) _ (fqecm_l_ (1- f)qi eicm(l _ qecm))
(1 = PpelEDTHERGi(iC, + Cp + Cp) — qeT9Cr — (1 = Flpe(CTHRU(Cy + Cp) )}
=—2fq*Cr?e*‘r? + 3fq*C;%e3T0 — (1 — (i + Dg 1 %eDrd — (1 - f)(i +2)

qi*2C 2 DCr0 4 FCqelrl — 2Fq2Cr2e20r0 — 2q2Cr2e2CT0 4 3Fq3C,2e3Cr0 — (1 — f)
quTZeiCTe_ 1=+ 1)qi+1CT2€(i+1)CT¢9_ 1-H0G+ 1)qi+1CTZe(i+1)CT¢9+ (i+2)
(1= )g2C 2D+ f(1 = HpCr(3Cr + Cp)eCrren? — f(1 = Hp((3 + DCr + Cr)
q'CreGHDr+CR0 1 (1 — £)p((i + 2)Cr + Cr)q" " CreHDr+CR0 — (1 — £)2p((2i + 2)
(20 + 2)Cr + Cg)q* ! Cre(CHATHRO — (1 — flpqCr(2Cr + Cr)ePT*R + f(1 ~ f)
pq"*Cr((i + 2)Cr + Cp)eHDTHRIO 4 £(1 — flpq®Cr(3Cr + Cr)eBTHm? — f(1 — f)
(i +3)Cr + CR)pq™+?Cre T+ — (1 — £)2pq'Cr((i + 1)Cp + Cp)eHDTHRI0 4
(1= f)?pq* Cr((2i + 1)Cr + Cp)e(GHDT* R0 + (1 — £)pq™** Cr((i + 2)(Cr + Cr)

e (H2ICT+CR)O _ (1 — F)2pg2i+1C, (20 + 2)Cp + Cg)e (G+DCT+CRIO 4 £ a2 20200 _ f
(1= FIpig"*Cr((i + 2)Cr + Cp)eHDTHRIC 4 £(1 — f)pq(Cr + Cr)(2Cr + Cp)eFeTHer)?
~f(1 = Fpg"(Cr + CR)((i + 2)Cr + Cp)eHACTHRIO — 3£q3(12e B0 4 f(1 — f)pg'+?
(Cr + CRI((i + 3)Cr + Cr)e TR — £(1 — fpq?(Cr + Cg)(3Cr + Cr)eBTHRO + f
(1= g™ *(Cr + Cr)((i + 3)Cr + Cp)e T+ 4 (1 — £)q™* Cr((i + 1) (Cr + Cp)
e(HDCT+CR)O _ (1 _ F)2pa2i+10, (20 + 1)Cp + Cp)e (@IFDEr+CR0 _ (1 — f)2pgi*1((,
+Cp)((( + 2)Cp + Cp)eHDT*CRI 4 (1 — f)2pq?™* 1 Cr((2i + 2)Cr + Cp)ePHAT+CR)0
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(18)
%((1 — quTe) - (1 — f)pe(CT+CR)9(1 _ qieiCTH)Z) _

2((1— qer?) — (1 = fpeCrew¥(1 — qleicr?) ) (=qCre™) — (1 - fIp(~iqiCy
e ((+1)Cr+CR)O 4 (1 _ qieicTe)(CT + CR)e(CT+CR)9))
%((1 _ quTﬁ) _ (1 _ f)pe(CT+CR)0(1 _ qieiCTH)z) /(0 — 0):
2{_qCT + (1= piCrq' — (1 = Hp(Cr + Cr) + (1 — Hpq'(Cr + Cr) + ¢*Cr(1 - f)}
2{piq"**Cr + (1 = Npq(Cr + Cr) — (1 = Hpg™™* + (1 = HpqCr — (1 — )*p*iCrq’ +}
2{(1 = H?p2i(Cr + Cr) — (1 — H?p?q' — (1 — PHpq™** Cr + (1 = H*p?iCrq* — (1 - )?}
2{p?q'(Cr + Cr) + (1 — )?p?q?'} (19)
Using equation (18) and (19) , we can find the value of dd—;MA(H) .
55 MR (6)] =

{(1_quT€)_(1_f)pe(CT+CR)6’(1_(quTg)i)(_fpe(ZCT+CR)HqCT+fpe(CT+CR)H(1_quTH)(CT_l_CR))}

~{(fpe TR (1-qeT) (1~ f)peCT+Rg!(icr+Cr+Cr)~qe T ICr—(1-pe TR U cptcr)) ;
- 1+(1-Ha
X

((1—qu”)—[(1—f)pe(C”CR)9(1—(q«e’CT9)i))2 fp

:_9{(1 — qeCT8 — (1 — fpe CT+CRIO(1 — (quTH)i)(_fpe(ZCT+CR)6'qCT n fpe(cm)}
{(fpe(CR)ﬁ(l _ quTH)(CT + CR))}{(fpe(CT+CR)H(1 _ quTH))((l _ f)pe(iCT+CR)9qi(iCT)} _

(Ca+ Cr) = qeTCr — (1= FpeT+MICy + Cr)} = —2fq*Cr*" + 3£ g3Cr 7€ —

(1= G+ D Cr*e DTl — (1= )i +2)q™2Cr"e WD + fCr?qer’ — 2fq° Cr
e2Crt _ (1 _ f)quTzeiCTH— i(l _ f)(i + 1)qi+1CTZe(i+1)CT9— zquCTZeZCT9+ 3fq3CT2
3T —i(1 = )+ D' Cr*e VT +i(i + 2)(A - gt Crte T —3f(1 - fHp
CT2q26(36T+cR)9 _ f(l _ f)pqzCTCRe(3CT+CR)9f + (1 _ f)f p(i + 1)CT2qi+2CTe((i+1)cT+cR)0
_|_(1 _ f)qui+1CTCRe((i+2)CT+CR)9_ (1 _ f)zp(Zi + 2)q2i+1CTZe((2i+2)CT+CR)0 _ (1 _ ]c)zp
pqPtC Cre(@HDCT+CRO _ 2 ¢(1 — f)quTze(ZCT+CR)9— F(1 = pqCrCre@CT+CRIO 4 £
(1= g™ Cr((i + 2)Cr + Cp)eHPT*CRI — (1 — £)?pq' Cr((i + 1)Cp + Cg)e DT
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eCR? 1+ i(1 - £)?pq? Cr((2i + 1)Cr + Cr)eFHDETHERIO 4 £(1 — fpq?Cr(3Cr + Cr)e3cT?
eR?— f(1 = fHpq"*?Cr(B + D)Cr + Cr)eHITHRI —i(1 — £)2pq™Cr((i + 2)Cr + Cp)
e((i+2)CT+CR)9 _ i(l _ f)zqui“CT((Zi + Z)CT + CR)e((2i+2)CT+CR)¢9 _ zquCTZe(ZCT)0 _ 3f
q3Cr2eCl +if (1 — Fpq ™ Cr((i + 2)Cr + Cp)e DRI — jf(1 — Fpqit2Cr(Cr +
(i +3)Cp)e TR0 4 f(1 — FHpq(2CrCr + 2Cr* + Cp* + CrCr)e T+ f(1 — f)
pq(2CrCr + 2Cr% + Cp% + CrCR)eCCT+CR0 4 £(1 — fpq*'((2 + i)CrCr + (2 + i)Cr°
+Cr% + CpCr)e+ACT+CRIO 4 £(1 — Fpq?(3CrCx + 3Cr* + Cr° + CrCR)eCCTHCRO 4 £
(1= FIPq"2 (B +D)CrCr + B+ D)Cr” + Cp® + CrCp)eHITHR0 —2(1 — £)Crq?3

3(1 - f)CT2q3e3CT9_ (1- f)ZPCI(CT + Cr)(Cr + ZCR)B(ZCT+CR)9(1 - f)zpqiﬂ + (Cr + CR)

(Cr+ (2 +1)Cp)e@HDCr+CRIO 4 (1 — *pq(Cr + Cx)(Cr + 3Cg)eGCrtird — (1 — f)?pq'+?
(Cr + Cr)(Cr + (i + 3)Cg)e(+3Cr+CrIO (20)

%{(1 — qeT% — (1 — f)pe ML — (qeTY)")(—fpe TRy + fpe €M)
(1= qeT)(Cr + Cr)} = {(fpe“T*P(1 = qe ™) (1 = F)(Cr + Cg + Cr)pelcT+R
q' = qe"%Cr — (1= flpeCTHPCq + Cr)} /(0= 0) = =2f¢*Cr” + 3f¢°Cr* — (1 = f)
i+ Dg™*Cr” + —(1 = O +2)q™?Cr” + fCr’q — 2f*Cr* = (1= fa'Cr” — i(1 = f)
(i +1q"*'Cr? = =2fq*Cr* +3fqCr” — i(1 = I+ Vg™ Cr* +i(i +2)(1 - flg™*2c,”
=3f(1 = ACr’q* = fF(1 = pa*CrCr f(L = O)f p(i + DCr*q™*2Cr + (1 = f)f pCrCr
q"*2Cr + (1= H2p(i + 2)g™ Cr*+(1 = £)*pq™* ' CrCr — (1 = f)*pq'** CrCr — (1 = £)?
p(2i +2)q**Cr* = (1 = )?pg* ' CrCr — 2f (1 = fIpqCr® = f(1 = fIpqCrCr + f(1 = f)
pq"*1Cr((i +2)Cr + Cp) — i(1 = £)?pq Cr((i + DCr + Cp) + i(1 = £)?pg* Cr((2i + 1)Cr
+Cr) + f(1 = FIPg*Cr(3Cr + Cr) = f(1 = /pg™*2Cr((3 + D)Cr + Cp) — i(1 — f)*pg™?
Cr((i +2)Cr + Cr) = i(1 = [)*pq*** Cr((2i + 2)Cr + Cp) — 2fq°Cr” = 3f¢°Cr” + if
(1= Apq™'Cr((i + 2)Cr + Cp) — if (1 = Hpq™?*Cr((i + 3)Cr + Cr) + f(1 = f)pq(2CrCr
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+2Cr% 4 G+ CrCr) + (1 = pqHL(2 + D)CrCr + (2 + D)Cr? + Co% + f(1 — )pg?
(3CCr + 3Cr% + Cr%2 + CrCR) + F(1 = pq+2((3 + i)CrCr + +CrCR)(B + ) Cr? + Cr% +
CrCr)—2(1— f)CT2 +q%+3(1 - f)CTZ — (1= f)?*pq(Cr + CR)(Cr+2CR)+ (1 — f?p

q"* 1 (Cr + Cr)(Cr + (2 + DCr)+(1 — f?*pq(Cr + Cr)(Cr + 3Cr) — (1 — )*pq™*2(Cr + Cg)
(Cr+ (i +3)CR) (21)

Using equation (18) and (19), we can find the value of dd—;MR(e). Therefore the variance of the
testing cost, V(C(T;) is easily calculated using the equation (8).

CONCLUSION

This paper explains a new approach for evaluating the efficiency of Continuous
sampling plan of type CSP-1. This is done by minimizing the total cost of inspection included in the
testing sequence. This approach can be applied to any sampling plans. For the analysis, an
optimization technique GERT is introduced for finding the expected cost of inspection of testing
sequence. The effectiveness of a sampling plan can be measured by different methods and based on
different performance measures like AOQ, MAAOQ, and AOQL e.tc. But this paper explains the
way of finding the effectiveness of a sampling plan based on the cost of inspection included in the
testing sequence. For the study, a series of 8 test sequences Ty, T, ...... Tg is taken corresponding
to a fixed AOQL 0.01. Based on this AOQL, the expected cost of testing sequence E [(Cr,)] and E

[(Cr,)]/Pg, for a given clearance number ‘i” and sampling fraction ‘f” are calculated. The optimum

test sequence is the sequence which minimizes the expected cost of the sequence. Therefore the
least cost testing sequence based on the above illustration is obtained and s
T34817652 (that is , T3 >T, —»Tg—>T; »T, >T¢—>Ts—T,). If the sequences have equal minimum
cost, then the rule enables optimum sequence having smaller variance of the total cost included in
the test. In this paper the variance of the total cost included in the testing sequence is also evaluated.
The formula evaluated for variance is too lengthy so it will be easier if a software program can be
developed using MATLAB. This approach can also be applied to other Continuous sampling plans
of the type CSP-2, CSP-3, CSP-5 and also for skip lot sampling plan. The speciallity of this paper is
the introduction of a new optimization technique GERT in the field of acceptance sampling and
explains the simplicity of evaluating the performance measures compared to other methods. The
GERT approach explains the problem in an algorithmic way and therefore developing programming
is very simple.
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