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1 Introduction

We refer to a finite undirected graph with many edges and no loopsas G = (V, E). We consider
connected graphs that have two or more vertices. The order |V| and size |E| of G are denoted
by p and q respectively. For graph theoretical terms, we refer to Harary[3]. The detour distance
D(x,y) for vertices x and y is the longest x —y path within a connected graph. A path of
length x — y[1] is a detour of length D(x,y). Every vertex x in the set G, commonly known as
a detour set, is on a detour connecting two vertices in that set. A minimum detour set is defined as
any detour set of order dn(G) [2].
It is considered to be a dominating set of the graph G if every vertex that is not in S is adjacent
to at least one vertex thatisin S. A y-set of G isreferred to be any order y(G) dominating set.
The lowest order of G’s dominating sets is represented by the domination number y(G) [4]. The
idea of detour domination number of a graph was first established in [5,7]. Relatively prime
dominating sets in graphs was a concept that Jayasekaran et al. introduced in [6]. In this paper, we
indicate that yg,-set is a minimum detour dominating set. In this paper, we introduce the concept
relatively prime detour domination number of a graph and find the number y,,,4, (G).

2 Preliminaries
Theorem 2.1 [5] Every end vertex of a graph G belongs to every detour dominating set of G.
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3 Relatively Prime Detour Dominating Set

Definition 3.1 Aset S € V is said be relatively prime detour dominating set of a graph G ifitis a
detour set and a dominating set with at least two elements and for every pair of vertices u and v
such that (deg(u),deg(v)) =1. The minimum cardinality of a relatively prime detour
dominating set is called the relatively prime detour domination number of a graph G and is
denoted by Yypan (G). If the relatively prime detour dominating set does not exist, then the
relatively prime detour domination number is zero.

Example 3.2 For the graph G given in 3.1, S = {v,v3,V6} is a detour dominating set and

(deg(v1),deg(vs)) = (3,1) = 1,(deg(v1),deg(ve)) =1, (deg(vs),deg(ve)) =1. Therefore
S is a minimum relatively prime detour dominating set and hence V4, (G) = 3.

Figure 3.1
=

Theorem 3.3 Every end vertex of a graph G belong to every relatively prime detour dominating
setof G.

Proof. Every relatively prime detour dominating set is a detour dominating set of G and so the
result follows from Theorem 2.1.

Theorem 3.4 Let G be a connected graph of order p. If V,pan (G) exists, then dn(G) <
Vrpdn (G) < p.

Proof. Let G be a connected graph of order p such that y,,4, (G) exists. Since every relatively
prime detour dominating set is a detour set, dn(G) < V,pan (G). Also any relatively prime detour
set can have at most p vertices and hence V4, (G) < p. Thus dn(G) < ¥ypan (G) < p.

Remark 3.5 For the path P,, dn(G) = ¥,pan (G) = p = 2. Hence all the inequalities in Theorem
3.4 become sharp. Now consider the graph in figure 3.1. Here S = {vy,v¢} is a minimum detour
set of G and so dn(G) = 2. The set S; = {vy,v3,V6} is a minimum relatively prime detour
dominating set of G and SO Ypan (G) =3 and number of elements p = 6. Thus all the
inequalities in Theorem 3.4 become strict.

2 if 2<p<4
Theorem 3.6 If G is a path graph P, , then yp4n, (Pp) =13 if 4<p<7
0 otherwise

Proof. Let v1v,...v, be the path B,. We consider the following three cases.
Casel. 2<p<4
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Let S be a detour dominating set of P,. By Theorem 3.3, {vl,vp} C S. Clearly {vl,vp} itself is
a minimum detour dominating set of P, and (deg(vl),deg(vp)) =1, S={v, 1} is a

minimum relatively prime detour dominating set and hence ¥4, (Pp) = 2.
Case2. 5<p<7
If n=75,6, then {vy,v3,1,} is a minimum detour dominating set. Also (deg(vy),deg(v3)) =

1,2)=1, (deg(vl),deg(vp)) =(11)=1 and (deg(v3), deg(vp)) =(2,1) = 1. This
implies that {vy,v3,1,} is a relatively prime minimum detour dominating set and hence
Vrpdn (Pp) = 3.

If p=7, then {vy,v,,v,} is a minimum detour dominating set. Also (deg(vy),deg(v,))=
(deg(v4), deg(vp)) = (deg(vl), deg(vp)) = 1. Therefore {v{,v,,v7} is @ minimum relatively

prime detour dominating set and hence ¥4 (Pp) =3.

Case3. p =38
Clearly any dominating set contains at least two internal vertices v;, 1,3 <i#j<n—2 and

(deg(vi), deg(vj)) = 2 which implies that y,,4y (Pp) =0.

The theorem follows from above three cases.

Theorem 3.7 If G is astargraph Ky ,_1(p = 3), then Vypan (Kl,p—l) =p—1.

Proof. Let G be the star K;,_; with V(Kl‘p_l) = {v,v:1<i<p-1} and E(Kl,p—l) =
{vvi:1<i<p-—1}. let § be a detour dominating set of K;, ;. By Theorem 3.3,
{vl,vz,...,vp_l} C S. Clearly, {vl,vz,...,vp_l} itself is a minimum detour dominating set of

Kip—1 and (deg(vi), deg(vj)) =1 for 1<i#j<p—-1, S={v,vy...,vp1} is a

minimum relatively prime detour dominating set and hence ¥4 (Kl,p—l) =p-—1
Theorem 3.8 If G is a bistar graph B, ,, then Y pq, (Bm’n) =m+n.
Proof. let G =B,, with V(Bm,n) ={vr,uy:1<i<ml<j<n} and E(Bm,n) =

{uv,u,vv;1<i<m1<j<n} and so |[V(Bpn)|=m+n+2. let S be a detour
dominating set of By, . By Theorem 33, {v,u:1<i<m,1<j<n}cS. Clearly

{vi,v2, ..., U Ug, U, .., U, ) itself is @ minimum  detour dominating set of B, ,, and
(deg(vi), deg(vj)) = (deg(ux), deg(uy)) = (deg(v)),deg(u,)) =1 where 1<i#j<
ml<x#y<n, S={v,v,...,Vy U, Uy,..., U, } is a relatively prime detour dominating set

and hence ¥,pan (an) =m+n.

Theorem 3.9 If G is the complete graph K,(p = 2), then
2 ifp=2
Vrpan (Kp) = {0 ifp>2
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Proof. Any two vertices in K,, p =2 is adjacent. Hence a minimum detour dominating set is
vy}, 1<i#j<p and (deg(vi),deg(vj)) =p-1p—-1)=p—-1. If p=2, then
{v1,v,} is the relatively prime detour dominating set and hence y,,4n (Kp) =2 and if p > 2,
then {v;,v;} is not a relatively prime detour dominating set and hence ¥4 (Kp) = 0.

Theorem 3.10 If G is the complete bipartite graph K, ,,, then

2 ifm=n=1and (mn) =1wherem,n =2
n ifm=1n2>2

m ifn=1m=>2

0 if (mn)#1landm,n=2.

yrpdn (Km,n) =

Proof. Let V; UV, be the bipartition of V(K ,) where V; = {uj,u,,...,u,} and V; =
{vi,v,...,1,} andso |V(Kp )| =m+n.

Casel. m=n=1

The graph K, , is P, .ByTheorem 3.6, Vyrpan (Km,n) = 2.

Case2. m=1 and n=>2

The graphis Kj,.By Theorem 3.7, ¥ypan (Kl,n) =n.

Case3. n=1 and m=2

The graphis Ky, 1. Also K, 1 = Kj . By Theorem 3.7, ¥,pan (Km,l) =m.

Cased. m=n=2

A minimum detour dominating set is {u;,v;} where 1 <i,j<n and (deg(ui),deg(vj)) =
m = 2. This implies that K,,, has no relatively prime detour dominating set and hence
Vrpdn (Km,n) = 0.

Case5. m#n and mn =2

A minimum detour dominating set is {w;v;} and (deg(ui),deg(vj))=(m,n). Clearly
S ={w;,v;} is a minimum relatively prime detour dominating set if (m,n) =1 and not a
relatively prime detour dominatind set if (m,n) # 1. Hence ¥,pan (Km,n) =2 if imn)=1
and Yypan (Km,n) =0 if (m,n) #1

The theorem follows from cases 1, 2, 3, 4 and 5.

Theorem 3.11 If G is a wheel graph W, then

_ (2 ifp = 1(mod 3)
Yrpdn (%) - {0 otherwise .

Proof. Let viv,...v,_1v; be the outer cycle C,_; and v be the central vertex of WW,. Then
deg(v) =p—1 and deg(v;) =3 foreach i € {1,2,...,p — 1}.

Consider, S ={v,v;}, 1<i<p-—1. Then § is a minimum detour dominating set of W,,.
Now (deg(v),deg(v;)) = (p —1,3) =1 ifand only if p — 1 is not a multiple of 3 if and only if
p = 1(mod 3). Hence ¥,pan (%) = 2 ifand only if p = 1(mod 3).

Theorem 3.12 If G is a helm graph H,, then Y,,q, (H,) = n.
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Proof. Let v v,...v,_1v; be the cycle C,. Add a vertex v which is adjacentto v;, 1 <i<n-—
1. The resultant graph is the wheel W,,. For 1 <i <n —1, add u; which is adjacent to v;. The
resultant graph G is the helm graph H, and so |V(H,)| =2n—1. Then deg(v) =n-—1,
deg(v;) =4 and deg(u;) =1 foreach i =1,2,...,n—1.

Let S ={v,uy,uy,...,u,_1}. Then S is a minimum detour dominating set of H,. Also
(deg(v),deg(u;)) =(n—11)=1 for each i=12,...,n—1 and (deg(ui),deg(uj)) =1
for 1<i#j<n-—1. This implies that {v,u;,uy,...,u,_1} is a relatively prime detour
dominating set and hence ¥4, (H,) = n.

2 if nis odd

Theorem 3.13 If G is a fan graph F;,, then V,pan (Fl,n) = {O if nis even

Proof. Let v,v,...v,be a path P, and let v be the Kj. The join K; + P, is the fan graph F;,
and so |V(F1,)| =n+ 1. Clearly deg(v) =n, deg(vy) = deg(v,) =2 and deg(v;) =3 for
2<i<n-1
Let S be a minimum detour dominating set of F; . Then § iseither {v,v1} or {v,v,}.

Case 1. n isodd
Then (deg(v),deg(v1)) = (n,2) =1 and (deg(v),deg(v,)) = (n,2) = 1. This implies that
either {v,v1} or {v,v,} is a minimum relatively prime detour dominating set and hence
Vrpdn (Fl,n) = 2.
Case 2. n iseven
Then (deg(v),deg(vi)) = (n,2) =2 and (deg(v),deg(v,)) = (n,2) = 2. This implies that
F;, hasno relatively prime detour dominating set and hence V4, (Fl,n) = 0.

The theorem follows from cases 1 and 2.

Theorem 3.14 For n > 2, C, O K; then ¥4, (C, © Kq) = n.

Proof. Let v v;...v,V; be the cycle C,. For 1 <i < n, add vertex u; which is adjacent to v;.
The resultant graphis €, O K; andso |V(C, © K;)| = 2n. Then deg(u;) =1 and deg(v;) =
3 for 1<i<n. Let S be a detour dominating set of C, ® K;. By Theorem 3.3,
{fu, uy,...,u,} € 8. Since {uq,uy,...,u,} itself is a minimum detour dominating set of
C,®K,, and (deg(ui), deg(uj)) =(1,1)=1 for 1<i#j<n, {u,uy...,u,} is a
relatively prime detour dominating set and hence y,,4y G)=n .

Theorem 3.15 For n. = 2,¥,pqy (B, © K1) = n.

Proof. Let viv,...v, be the path B,. For 1 <i <n, add vertex u; which is adjacent to v;. The
resultant graph is B, O K; and so |[V(B, ©® K;)|=2n. Then deg(u;) =1, deg(vy) =
deg(v,) =2 and deg(vj)) =3 for 1<i<n and 2<j<n-1 Llet § be a detour
dominating set of P, © K;. By Theorem 3.3, {u,uy,...,u,} €S. Since {uy,uy,...,u,} itselfis

a minimum detour dominating set of B, ® K;, and (deg(ui), deg(uj)) =1 for 1<i#j<n,

{u1,uy,...,u,} is the minimum relatively prime detour dominating set and hence ¥,pan (P, ©
Al=n
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Theorem 3.16 ¥4, (K10-1 O K1) = 1.

Proof. Let v,vq,v,,...,V,_1 be the vertices of K;,_; with central vertex v.For 1<i<n-—1,
add u; which is adjacent to v;. Add vertex u which is adjacent to v. The resultant graph is
Kino1 O K|(Ki O Kp)| = 2n. Clearly deg(u;) =deg(u) =1, deg(v;) =2 and deg(v) =
n for 1<i<n-—1.Let S be a minimum detour dominating set of K;,_; © K;. By Theorem
3.3, {w,u,up, ..., u,1} €S. Since {u,uq,uy,...,u,_1} itself is a minimum relatively prime

detour dominating set of K;, 1 O K; and (deg(ui), deg(u]-)) = (deg(u),deg(ui)) =1 for
1<i#j<n-1, {u,u;,uy,...,u,_1} is the minimum relatively prime detour dominating set
and hence V,pan (Kin—1 O Ky) =n.

4 Conclusion
In this paper, we have found the relatively prime detour domination of some standard graphs like
path graph, star graph, complete graph, wheel graph, helm graph.
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