Mathematical Statistician and Engineering Applications
ISSN: 2094-0343

Common Fixed Point of Mappings Satisfying Rational Inequalities in

Complete Complex Valued Generalized Banach Spaces

Rakesh Kumar Jaiswal and Arihant Jain
Department of Mathematics,
Dr. A. P. J. Abdul Kalam University, Indore (M.P.) - 452016, India

Corresponding Author Email : rakeshjaiswal210@gmail.com

Article Info Abstract
Page Number:845 - 851 In the present paper we have defined the concept of complex valued
Publication Issue:

generalized Banach spaces. Some common fixed-point theorems involving
Vol 70 No. 2 (2021)

rational inequalities have been proved. We also prove work periodic point

property of common fixed-point problem for two rational type contractive
Article Received: 05 September 2021
Revised: 09 October 2021
Accepted: 22 November 2021 Keywords: Weakly Increasing Map. Common Fixed Point. Complex

Publication: 26 December 2021 Valued Generalized Banach Spaces. Partially Ordered Set.

1. INTRODUCTION AND PRELIMINARIES
The most important Banach contraction principle is proved by Stefan Banach in 1922. His valuable
work has been elaborated via generalizing the metric conditions or by imposing conditions on the
metric spaces. As a consequence of those generalizations so many metric spaces were introduced
namely uniformly convex Banach spaces, strictly convex Banach spaces, cone metric spaces,
pseudo metric spaces, B-metric spaces, fuzzy metric spaces etc. introduce the concept of a complex
valued generalized Banach Space. Also, we present certain common point result for such
contraction. We illustrate some fixed-point theorems in generalized Banach space with rational type
contractions.
Consistent with [1] and [2] , following definitions and result will be needed in the sequel.
Let C be the set of complex numbers and let z;, z, € C. Define a partial order < on C as follows :
71 < z, if and only if Re(z;) < (z;),Im(z;) < Im(z,).
It follows that z; < z, if one of the following conditions is satisfied:
(1) Re(zy) = (z2),Im(z1) < Im(zy),
(2) Re(z1) < Re(zz),Im(z1) = Im(zy),
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(3) Re(z1) <Re(zp),Im(z;) < Im(zp),

(4) Re(z1) = Re(zz), Im(z;) = Im(zy).

We will write z; < z, if one of (1), (2) and (3) is satisfied and we will write z; < z, if only (3) is
satisfied.

Some elementary properties of the partial order < on C are the following:

(i) If 0< z; < z,, then |z;| < |z,].

(ii) 71 < 7 isequivalenttoz; —z; < 0.

(iii)  Ifz; <z andr = 0 is a real number, thenrz; < rz,.

2
(iv) If0<z;and 0 <z, withz; +z, # 0, thenZ ZJ:Z < 7.
1 2

(v) 0 <z;and 0 < z, do notimply 0 < z;z,.
(vij 0 < zydoesnotimply 0 < Zi Moreover, if 0 <z; and 0 < Zl then Im(z;) = 0.
1 1

Definition 1.1[3] :Let (X, <) be a partially ordered set. A pair (f, g) of self —-map of X is said to be
weakly increasing if fx < gfx and gx < fgx for all x € X. If f = g, then we have fx < f2x for
all x in X and in this case, we say that f is a weakly increasing map.
Definition 1.2 [5] :If K # @ is a linear space having s = 1, Let||. || denotes a function from linear
space K into R that satisfy the following axioms:
@vx € K,|x||=0,[|x]| =0 ifand only if x = 0.
bvx,y € K,lIx+yll < s{lx]l + llyll}
(c)vx € K,a € R,,||lox || =lal ||x]l.
||x|| is called norm of x and (K, || ||) is called generalized normed space. If for s = 1, it reduces to
standard normed linear space.
Definition 1.3[5]: A Banach space (K, I. I) if a normed vector space such that is complete under the
metric induced by the I. | .
Definition 1.4 [5] : A linear generalized normed space in which every sequence is convergent is
called generalized Banach space.
Definition 1.5 [5] : Let (K, ||.|]) be a generalized normed space then the sequence { x,} in K is
called
(@) Cauchy sequence iff foreache > 0,3 n(e) € Ns.t. vm,n > n(e) we have

lx,, — x|l < €.
(b)Convergent sequence iff there exists x € K s.t. € > 0,3 n(e) € Nfor every

n=>n () we have ||x, — x| <e
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Definition 1.6 [5] : The generalized Banach space is complete if every Cauchy sequence converges

2. MAIN RESULTS
Theorem. Let(X, <)be a partially ordered set such that there exists a complete complex valued
generalized Banach Space on X and (S,T) a pair of weakly increasing self — maps on X. Suppose

that for every comparable x, y € Xwe have either
[, SO Ce, TN + 11, TV, S 117

I(Sx, T < G, TV + 1 (v, Sx) 12
1, T, Sl I1Ge, TY)II? + 11 (v, S) 112
eI+ 10,501 ™ ° G T+ 1, S
+p{max||(x, SOl Ily, Tyll. Ilx, y[I} (1)
In case [|Ce, TVl + |, S # 0, 14,7, 8,p = 0,11(Sx, TY)|| = 0
if |, TY)I| + 1 (v, Sx)1l = 0. (2)

If S or T is continuous or for any non-decreasing sequence x, with x,, — z in X we necessarily have
x, < zfor alln € N. Then S and T have a common fixed point. Moreover, the set of common fixed

points of S and T is totally ordered iff S and T have one and only one common fixed point.

Proof: First we shall show that if S or T has a fixed point, then it is a common fixed point of S and
T. Let u be a fixed point of S. Then from (1) with x = y = u we have for u # Tu.
I, TWIl = I(Sw, TW|

[l G, SwI{ @, TWIIY + 1l (w, TWI (Il (w, Sw )]

=H (1w T + (1w, Sw2
e Tl sl (G TwID? + (@, swly?
"l Tl + 1w, Sw)l ICw Tl + 1w, Sw

+p{max|| (w, SWI. | (w, TWI. Il (w, Wl

< plll G w3l @ TwI + 1l @ Twll Al w D]
- {1, TwI}? + {ll (w, SwWI}?

I Tl wll e Tw D+l wly?
" T T+ (w wll 1w, Tl + 1w, W

+ pmax{|| (w, w||. || (w, w)||. 0}

<p.04+7y.0+ 68w Twl +p.0
| (w, TWIl < 6(lI(w, TWID
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which implies that || (u, Tw)|| < §(|[(u, TwW||).
As § < 1sowe have || (u, Tw)|| = 0 and u is a common fixed point of S and T. Similarly, if u is a

fixed point of T, then it is also fixed point of S.

Now let xobe an arbitrary point on X. If Sx, = xythen the proof is finished. Assume that Sx, +#
Xo- Construct a sequence {x, } in X as follows:

x1 = Sxog < TSxy = Tx; = x, and

Xy =Tx; < 8Txy = Sxy = x3.

Continuing this way we have x; < x, < - < x,, < X414 < +--. Assume that d(x,,,, X2,,41) > 0 for
every n € N. If not, then x;,, = x,,,1 for some n. For all those n,x,, = x3,.1 = Sx,and the
proof is finished. Assume that d(x;,X2,4+1) > 0forn=0,1,2,3...Asx;,andx,,, are

comparable, so we have

| x2n41,%2m22) || = 1(Sx2n, T2 11)

[”(x2n+1'5x2n)”{”(xanTx2n+1)”}2 + [ (20, Tx2n+ ) I (2041, Sx20) 1]
{||(952n,7"9€2n+1)||}2 + {Il(x2n+1'5x2n)”}2

| (X200, Tx20 4 D) I (X200 41, Sx20)
| (x2n, Tx o+ DI+ 12041, Sx20) I

({11 Cean, T2 )3 + {1 Ce2nr1, Sx2n) 13
d(x2n, Tx2n11) + d(X2p41, SX21)

+p max{ll Cezn, Sx2) . (1241, Tx2n+ D Cezn X200 4113

+4

[”(x2n+1ﬂx2n+1)”{”(xZn:xZn-i-Z)”}z + d”(xZn'x2n+2)”{”(x2n+1'x2n+1)"}2]
{1 Ce2ns X242 1132 + 12041, X204 113}

| (X200, X2 +2) Ml (X201 5 X2n4+1) I
| (X200, X242 1l + 1 Ce2n 41, X2n41) |l

{1 Gezns X242 13> + {1 G2ns1, X2n ) 132
d(X2n, X2n42) + d(X2n41, X2n41)

+ pmaxifl| (xzn, X2n+ D 12410 X2n42) | 11 (X2, X204 113
= 6{ll Ce2n+1, Xan+2) | + 11 (x2n, X2n+ D13
+ p max{ll(Xzn, X2n+1 D1 Oc2n+1, X2n +2) 1 (X2, X204+ 11}
| Ce2nt1, X2n42) 11 = p = 6) = (O) | (x2n , X241l
(6)

| (xz2n+1, X242l < a=p-9) | (320, X2n +1)

+vy

+6
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which implies that [| (xzp+1, X2n+2) | < kll(x25, X2n 1) lIfor alln = 0,

(%)

< =
where 0 < k P

< 1. Similarly || (2, X2+ DIl < k[ (%25-1, 22, || for all n = 0. Hence for

alln = 0, we have || (%, 11, Xn+2) 1l < kll(x,, x,,41) 1l - Consequently,
1 (xps1, Xna) I < kIl Cens X2 DI < -0 < K[ (X0, x1 ) Ifor all n > 0. Now for m > n, we have

”(xnrxm)” < ”(xn:xn+1)” + ”(xn+1'xn+2)” + et ”(xn+11xm)”

< k™| (g, x ) + KM (g, ) |1+ -+ + ™[ (g, 21 |l

n

1-k

< d”(xo,xl)”.

Therefore || (x,,, %)l < % || Gxo xD)||- Soll(xn, x|l = 0 @s n,m — oo gives that {x,} is a Cauchy

sequence in X. Since X is complete the sequence {x, } converges to a point u in X.
If S or T is continuous, then it is clear that Su=u=Tu.
If neither S nor T is continuous, then by given assumption x,, < u for all n € N. We claim that u is
a fixed point of S. If not then || (u, Sw)|| = z > 0 from (1), we obtain
lzIl < 1, X4+ DI+ 1 G2, Xn 42D T+ 12, SW
= 1w, xn 4+ DIl + 1 Cer, X 42D I + 1S, Txn 41
< 1w x4 D+ [t Xn12)

pll Cenrr, SWINT Qs Txn ) I3 + 1@ Tx 4 ) 1 Genga, SWIDY
{1, Txp DY + {d (X041, SW)}

Y, Txp DI G0, SW {lw T, D3 + (Ul Cepgr, SWIIF
I, T )+ (g1, SW Il (w, Txp 1)1+ 1 (X1, SW

+ pmaxif]| (u, SWl. (X1, Txn11)- (W, X5 41)}

and so

I1(d Gen 1, STt ) I3+ LT 2+ DI G 41,5 132
QT 41 12+l Gen 415w 1)

I, Tt s DI | Gt 1, SWI| N 5{|I(u, T+ )13 + {ll Gonrr, SWIIY?
1w, T DI+ |G 1, SW| l(w, Txn+ Dl + 141, SW

+ p maxifil|d (u, SWI| | (11, Txn DI - 1@, %0 410113
which on taking limit as n — « given ||z|| < p ||z||a contradiction and So, u = Su. Therefore

llzIl < N1 Qu, X DI+ 1 Cer, Xn a2+ 1

Su=u=Su.
Now suppose that set of common fixed points of S and T is totally ordered. We prove that common
fixed point of S and T. By supposition, we can replace x by p and y by q in (1) to obtain.

lp, qll = I(Sp, Tl
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@S BUE, TOI? + 1G. TGS 1e Tl @ SHI
=H M@ TN + {1(q, Sp)I "o, TON+ 11(g, Sl
) 2 ’S 2 -
s U@ TOD+ M@ SOI oo, 5o 1@, T I I

I, Tl + 1I(q, Sp)l

— [{1(q. D)@, DI} + I, DIl (g, P I1}] I, DIlII(g, Pl

{IIe, DI} + {ll (e, DI} Ty I, DIl + (g, P
I, OII” + 1l (g, PII? -

21, I 211, @)l 2l i | P

= ullp. I+ 1. Il + 61, 9l

_ [ZII(P,Q)II‘Q’l+VIII(P;CI)II* ”(p’q)nl+5[2“(p’q)”2

= (u+Z+8) @l

which implies that || (p, @) || < (u + % + 6) Il(p, @)l a contradiction. Hence p = q.

Conversely, if S and T have only one common fixed point then the set of common fixed point of S
and T being singleton is totally ordered.

Although we studied a common fixed-point problem for two mapping to consider a more general
result, we could use even one and yet the result would have been new. In theorem (1) take S=T, to
obtain the following corollary.

Corollary: Let (X, <) be a partially ordered set such that there exists a complete complex valued
generalized Banach Space on X and let T be a weakly increasing self — map on X. Suppose that for
every comparable x,y € X, either

[, TG TV + 11 G TG, T) 1]

AT Tyll < QG THIZ + (10, TP
IO, TON (G Ty + (IO, Tl
Tl + 10,100 T2 1w T+ 1o, Tl

+p max{l| (x, Tl [ v, TVl 1 e, )11}

11 G, T+ 1 TNl # 0, wy,6,p20.

|(Tx, TY)Il = 0if ||(x, TY)Il + ||(y, Tx)|| = 0 if T is continuous or for a non decreasing sequence
{x,} with x, = Z in X we necessarily have x, < Z for all n € N then T has a fixed point.
Moreover, the set of fixed point of T is totally ordered if and only if T has one and only one fixed

point.
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3. CONCLUSION

The concept of a complex valued generalized Banach spaces is defined and prove the fixed-point

theorem involving rational inequalities,work periodic point property of common fixed-point

problem for two rational type contractive mappings were also discussed.
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