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Abstract 

In the present paper, we introduce and define new two subclasses 

ℋΣ
𝓆(α, β, γ, Π) and 𝒥Σ

𝓆(β, Π) of the function class Σ of bi-univalent 

functions in the open unit disk U, by using quasi-subordination conditions 

and determine estimates of the coefficients |𝑎2| and |𝑎3| for functions of 

these subclasses. Also, consequences of the results are pointed out. 

 

Keywords: Bi-univalent function, analytic function, coefficient estimate, 

quasi-subordination. 

 

 

1. Introduction 

Let 𝔾(U) be a class of analytic functions 𝑓 defined in an open unit disk U = {z ∈ ℂ ∶ |z| < 1} and 

normalized by conditions 𝑓(0) = 0, 𝑓′(0) = 1 in U. An analytic function 𝑓 ∈ 𝔾(𝑈) has Taylor 

series expansion of the form: 

𝑓(𝑧) = 𝑧 +∑𝑎𝑗𝑧
𝑗

∞

𝑗=2

      , (𝑧 ∈ 𝑈).                                                 (1) 

The well-known Koebe-One Quarter Theorem [12] state that the image of the open unit U under 

each univalent function in contains disk with the radius  
1

4
. Thus every univalent function 𝑓 has an 

inverse 𝑓−1is satisfying such that: 

𝑓−1(𝑓(𝑧)) = 𝑧  , 𝑧 ∈ 𝑈 

and 

𝑓(𝑓−1(𝜔)) = 𝜔, 𝜔 ∈ 𝐷𝑟0 = {𝜔 ∈ 𝐶, ∶ |𝜔| < 𝑟0(𝑓), 𝑟0(𝑓) ≥
1

4
} . 

Let Σ denote the class of all bi-univalent functions in U. Since 𝑓 in Σ has the form (1), a computation 

shows that the inverse ℊ = 𝑓−1 has the following expansion, 

ℊ(𝜔) = 𝑓−1(𝜔) = 𝜔 − 𝑎2𝜔
2 + (2𝑎2

2 − 𝑎3)𝜔
3 − (5𝑎2

3 − 5𝑎2𝑎3 + 𝑎4)𝜔
4 +⋯ ,𝜔 ∈ 𝑈 
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Let B be the class of all analytic and univalent functions in the unit open disk. These univalent 

functions are invertible but the inverse function may not be defined on the entire disk U, for 𝑓  in 

𝔾(U). An analytic function 𝑓 is called bi-univalent in U if both 𝑓 and 𝑓−1are univalent in U. The 

class of bi-univalent functions was introduced by Lewin [14] and proved that |𝑎2| ≥ 1.51, for the 

function of the form (1). Subsequently,  Brannan and Clunie[9] conjectured that |𝑎2| ≥ √2. Later, 

Netanyahu in [17], on the other hand, showed that 𝑚𝑎𝑥
𝑓∈𝛴

|𝑎2| =
4

3
. Also several authors studied classes 

of bi-univalent analytic functions and found estimates of the coefficients estimate problem for each 

of the following Taylor-Maclaurin coefficients |𝑎2| 𝑎𝑛𝑑 |𝑎3| for functions in these 

classes([1,2,3,4,5,6,7]). For functions 𝑓 ∈ 𝔾(𝑈) and h ∈ 𝔾(U) of the form (1) in the following form: 

ℎ(𝑧) = 𝑧 +∑𝑏𝑗𝑧
𝑗

∞

𝑗=2

      , (𝑧 ∈ 𝑈).                                                            (2) 

in the year 1970, the concept of quasi-subordination was first mentioned by [19]. For two analytic 

functions 𝑔 𝑎𝑛𝑑 𝑓 in 𝑈, we say that the function 𝑓 is quasi subordinate to 𝑔 in U , if there exist 

analytic functions 𝜙 𝑎𝑛𝑑 𝐹, with |𝜙(𝑧)| ≤ 1, 𝐹(0) = 0 𝑎𝑛𝑑 |𝐹(𝑧)| ≤ 1, such that 𝑓(𝑧) =

𝜙(𝑧)𝑔(𝐹(𝑧)), also denote this quasi-subordination by [13], as follows: 

𝑓(𝑧) ≺𝓆 𝑔(𝑧),   𝑧 ∈ 𝑈.                                                                   (3) 

Note that if 𝜙(𝑧) = 1, then 𝑓(𝑧) = 𝑔(𝐹(𝑧)), hence 𝑓(𝑧) ≺ 𝑔(𝑧), [16]. Furthermore if 𝐹(𝑧) = 𝑧, 

𝑓(𝑧) = 𝜙(𝑧)𝑔(𝑧) and this case 𝑓 is majorized by 𝑔 , written 𝑓(𝑧) ≪ 𝑔(𝑧) in 𝑈. Ma-Minda [15] 

defined a class of starlike function by using the method of subordination and studied classes 𝒮∗(Π) 

and 𝒞(Π) which is defined by: 

𝒮∗(𝛱) = {𝑓 ∈ 𝔾: 
𝑧𝑓′(𝑧)

𝑓(𝑧)
≺ 𝛱(𝑧), 𝑧 ∈ 𝑈}, 

and 

𝒞(𝛱) = {𝑓 ∈ 𝔾: 1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
≺ 𝛱(𝑧), 𝑧 ∈ 𝑈}, 

where 

𝜙(𝑧) = ℬ0 + ℬ1𝑧 + ℬ2𝑧
2 +⋯,                                                 (4) 

and, 

𝛱(𝑧) = 1 + ∁1𝑧 + ∁2𝑧
2 +⋯ , ∁1> 0,                                             (5) 

where Π(z) is an analytic and univalent function with positive real part in U, Π is symmetric with 

respect to the real axis and starlike with respect to Π(0) = 1 and Π′(0) > 0. A function 𝑓 ∈ 𝒮∗(𝛱) 

is called starlike or convex of Ma-Minda type respectively [10] and [22]. 
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We introduce and study here certain new subclasses of class Σ. 

Brannan and Taha([10] and [11]) “obtained initial coefficient bounds for certain subclasses of bi-

univalent functions, similar to the familiar subclasses of univalent functions consisting of strongly 

starlike, starlike and convex functions. Later Srivastava et al. [21] introduced and investigated 

subclasses of bi-univalent functions and obtained bounds for the initial coefficients. Recently, Ali et 

al. [3] obtained the coefficient bounds for bi-univalent Ma-Minda starlike and convex functions”. 

Some more important results on coefficient inequalities can be found in, 

([3],[8],[13],[20],[23],[24]). 

We need the following Lemma in achieving results. 

𝐋𝐞𝐦𝐦𝐚 (1) [18]: If 𝑝 ∈ P, then |𝑝𝑖| ≤ 2 for each i, where P is the family of all analytic functions 𝑝, 

for which 𝑅𝑒{𝑝(𝑧)} > 0, 𝑧 ∈ 𝑈 where  𝑝(𝑧) = 1 + 𝑝1𝑧 + 𝑝2𝑧
2 +⋯ , 𝑧 ∈ 𝑈. 

2. The Subclass 𝓗𝚺
𝓺(𝛂, 𝛃, 𝛄, 𝚷) 

Definition (1): Let a function 𝑓 ∈ 𝛴, with 𝛽 ≥ 0, 𝛼 ∈ ℂ\{0}  𝑎𝑛𝑑 0 ≤ 𝛾 ≤ 1, such that 𝑓 belong to 

the class ℋΣ
𝓆(α, β, γ, Π), if the following are holds: 

(
𝑧𝑓′(𝑧)

𝑓(𝑧)
)(
𝑓(𝑧)

𝑧
)

𝛽

+
1

𝛼
(𝑓′(𝑧) + 𝛾𝑧𝑓′′(𝑧) − 1) ≺𝓆 (𝛱(𝑧) − 1) 

and, 

(
𝜔ℊ′(𝜔)

ℊ(𝜔)
)(
ℊ(𝜔)

𝜔
)

𝛽

+
1

𝛼
(ℊ′(𝜔) + 𝛾𝜔ℊ′′(𝜔) − 1) ≺𝓆 (𝛱(𝜔) − 1), 

where ℊ = f−1. 

Theorem (1): If 𝑓 is given by (1) belongs to the subclass 𝑓 ∈ ℋ𝛴
𝓆(𝛼, 𝛽, 𝛾, 𝛱) (for 𝛽 ≥ 0, 𝛼 ∈

ℂ\{0}  𝑎𝑛𝑑 0 ≤ 𝛾 ≤ 1), then: 

|𝑎2| ≤ 𝑚𝑖𝑛 {
𝛼|ℬ0∁1|

𝛼(1 + 𝛽) + 2(1 + 𝛾)
, √

2𝛼ℬ0(∁1 + |∁2 − ∁1|)

𝛼(𝛽 + 1)(𝛽 + 2) + 6(1 + 2𝛾)
} 

and  

|𝑎3| ≤ 𝑚𝑖𝑛

{
  
 

  
 

2𝛼ℬ0(∁1 + |∁2 − ∁1|)

𝛼(𝛽 + 1)(𝛽 + 2) + 6(1 + 2𝛾)
+

𝛼|∁1||ℬ0 + ℬ1|

𝛼(2 + 𝛽) + 3(1 + 2𝛾)
,

|𝛼3|(2 − 𝛽 − 𝛽2)|ℬ0|
2|∁1|

2

2(2𝛼 + 𝛼𝛽 + 3 + 6𝛾)(𝛼(1 + 𝛽) + 2(1 + 𝛾))
2 +

|𝛼|(∁1|ℬ1 − ℬ0| + ℬ0|∁2 − ∁1|)

𝛼(2 + 𝛽) + 3(1 + 2𝛾) }
  
 

  
 

. 
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𝐏𝐫𝐨𝐨𝐟: Since 𝑓 ∈ ℋ𝛴
𝓆(𝛼, 𝛽, 𝛾, 𝛱), then there exist an analytic functions 𝔯, 𝔰: U → U with 𝔯(0) =

𝔰(0) = 0, |𝔯(z)| < 1 and |𝔰(z)| < 1, the function 𝒫 defined by (2) satisfied: 

(
𝑧𝑓′(𝑧)

𝑓(𝑧)
)(
𝑓(𝑧)

𝑧
)

𝛽

+
1

𝛼
(𝑓′(𝑧) + 𝛾𝑧𝑓′′(𝑧) − 1) = 𝜙(𝑧)[𝛱(𝔯(𝑧) − 1)]                      (6) 

and 

(
𝜔ℊ′(𝜔)

ℊ(𝜔)
)(
ℊ(𝜔)

𝜔
)

𝛽

+
1

𝛼
(ℊ′(𝜔) + 𝛾𝜔ℊ′′(𝜔) − 1) = 𝜙(𝜔)[𝛱(𝔰(𝜔) − 1)].                  (7) 

Define the functions 𝓊 and 𝓋 as an analytic and have positive real parts in U by: 

𝓊(𝑧) =
1 + 𝔯(𝑧)

1 − 𝔯(𝑧)
= 1 + ℒ1𝑧 + ℒ2𝑧

2 +⋯                                                    (8) 

𝓋(𝜔) =
1 + 𝔰(𝜔)

1 − 𝔰(𝜔)
= 1 + 𝓀1𝜔 + 𝓀2𝜔

2 +⋯,                                             (9) 

which are equivalently: 

𝔯(𝑧) =
𝓊 − 1

𝓊 + 1
=
1

2
[ℒ1𝑧 + (ℒ2 −

ℒ1
2

2
) 𝑧2 +⋯]                                               (10) 

and 

𝔰(𝜔) =
𝓋 − 1

𝓋 + 1
=
1

2
[𝓀1𝜔 + (𝓀2 −

𝓀1
2

2
)𝜔2 +⋯].                                           (11) 

Now; in view of (6), (7), (10) and (11): 

(
𝑧𝑓′(𝑧)

𝑓(𝑧)
)(
𝑓(𝑧)

𝑧
)

𝛽

+
1

𝛼
(𝑓′(𝑧) + 𝛾𝑧𝑓′′(𝑧) − 1) = 𝜙(𝑧) [𝛱 ((

𝓊 − 1

𝓊 + 1
) − 1)]                   (12) 

and 

(
ωℊ′(ω)

ℊ(ω)
)(
ℊ(ω)

ω
)

β

+
1

α
(ℊ′(ω) + γωℊ′′(ω) − 1) = ϕ(ω) [Π((

𝓋 − 1

𝓋 + 1
) − 1)].                  (13)  

It is clear that the series expansions for 𝑓 𝑎𝑛𝑑 ℊ given by (6) and (7) as follow: 

(
𝑧𝑓′(𝑧)

𝑓(𝑧)
)(
𝑓(𝑧)

𝑧
)

𝛽

+
1

𝛼
(𝑓′(𝑧) + 𝛾𝑧𝑓′′(𝑧) − 1) = 1 + (1 + 𝛽 +

2(1 + 𝛾)

𝛼
)𝑎2𝑧 
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+(
(𝛽 + 2)(𝛽 − 1)

2
𝑎2
2 + (2 + 𝛽 +

3(1 + 2𝛾)

𝛼
)𝑎3) 𝑧

2 +⋯        (14) 

(
𝜔ℊ′(𝜔)

ℊ(𝜔)
)(
ℊ(𝜔)

𝜔
)

𝛽

+
1

𝛼
(ℊ′(𝜔) + 𝛾𝜔ℊ′′(𝜔) − 1)

= 1 − (1 + 𝛽 +
2(1 + 𝛾)

𝛼
)𝑎2𝜔

+ [(
𝛽2 + 5𝛽

2
+
6(1 + 2𝛾)

𝛼
+ 3) 𝑎2

2 − (
𝛼(2 + 𝛽) + 3(1 + 2𝛾)

𝛼
)𝑎3]𝜔

2−. .. 

.(15) 

By using (8) and (9) with (4) and (5): 

𝜙(𝑧) [𝛱 ((
𝓊 − 1

𝓊 + 1
) − 1)]

=
1

2
ℬ0∁1ℒ1𝑧 + [

1

2
ℬ1∁1ℒ1 +

1

2
ℬ0∁1 (ℒ2 +

ℒ1
2

2
) +

1

4
ℬ0∁2ℒ1

2] 𝑧2 +⋯     (16) 

and 

𝜙(𝜔) [𝛱 ((
𝓋 − 1

𝓋 + 1
) − 1)]

=
1

2
ℬ0∁1𝓀1𝜔 + [

1

2
ℬ1∁1𝓀1 +

1

2
ℬ0∁1 (𝓀2 +

𝓀1
2

2
) +

1

4
ℬ0∁2𝓀1

2]𝜔2

+⋯  .                  (17) 

Now equating (14) and (16) and comparing the coefficients to z and z2: 

(1 + 𝛽 +
2(1 + 𝛾)

𝛼
)𝑎2 =

1

2
ℬ0∁1ℒ1                                                   (18) 

and 

(𝛽 + 2)(𝛽 − 1)

2
𝑎2
2 + (2 + 𝛽 +

3(1 + 2𝛾)

𝛼
)𝑎3

=
1

2
ℬ1∁1ℒ1 +

1

2
ℬ0∁1 (ℒ2 +

ℒ1
2

2
) +

1

4
ℬ0∁2ℒ1

2.            (19) 

In the same steps (15) and (17) 

−(1 + 𝛽 +
2(1 + 𝛾)

𝛼
)𝑎2 =

1

2
ℬ0∁1𝓀1                                                          (20) 
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and 

(
β2 + 5β

2
+
6(1 + 2γ)

α
+ 3) a2

2 − (
α(2 + β) + 3(1 + 2γ)

α
) a3

=
1

2
ℬ1∁1𝓀1 +

1

2
ℬ0∁1 (𝓀2 +

𝓀1
2

2
)

+
1

4
ℬ0∁2𝓀1

2 .                                                                      (21) 

By (18) and (20) we obtain: 

ℒ1 = −𝓀1                                                                               (22) 

yields: 

|𝑎2| ≤
𝛼|ℬ0∁1|

𝛼(1 + 𝛽) + 2(1 + 𝛾)
                                                   (23) 

adding (19) and (21), we get: 

𝑎2
2 =

1
2ℬ0∁1

(ℒ2 + 𝓀2) +
1
4ℬ0

|∁2 − ∁1|(ℒ1
2 + 𝓀1

2)

((𝛽2 + 3𝛽 + 2) +
6(1 + 2𝛾)

𝛼 )

                                           (24) 

implies 

𝑎2
2 ≤

2𝛼|ℬ0|(∁1 + |∁2 − ∁1|)

(𝛼(𝛽2 + 3𝛽 + 2) + 6(1 + 2𝛾))
 .                                                  (25) 

Next, to find the upper bound for |a3|, by subtracting (21) from (19) : 

(
𝛼(2 + 𝛽) + 3(1 + 2𝛾)

𝛼
)2𝑎3 = 𝑎2

2 +
1

2
ℬ0∁1(ℒ2 − 𝓀2) +

1

2
ℬ1∁1(ℒ1 − 𝓀1). 

By using Lemma 1 and (24): 

|𝑎3| ≤
2𝛼|ℬ0|(∁1 + |∁2 − ∁1|)

(𝛼(𝛽2 + 3𝛽 + 2) + 6(1 + 2𝛾))
+

𝛼|∁1|(|ℬ0 + ℬ1|)

𝛼(2 + 𝛽) + 3(1 + 2𝛾)
 .                            (26) 

Now by (18) and (19), we find: 

|𝑎3| ≤
|𝛼|

𝛼(2 + 𝛽) + 3(1 + 2𝛾)
[
|𝛼2|(2 − 𝛽 − 𝛽2)|ℬ0|

2|∁1|
2

2(𝛼(1 + 𝛽) + 2(1 + 𝛾))
2 + ∁1|ℬ1 − ℬ0| + ℬ0|∁2 − ∁1|] ,

(27) 

applying Lemma (1) in ((26) and (27)), we get the result. The proof is complete. 
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Taking β = 1 and γ = 0, in theorem (1), we get the following result. 

𝐑𝐞𝐦𝐚𝐫𝐤 𝟏: If a function 𝑓 is given by (1) belongs to the subclass ℋΣ
𝓆(α, 1,0, Π), then: 

(
𝑧𝑓′(𝑧)

𝑓(𝑧)
)(
𝑓(𝑧)

𝑧
) +

1

𝛼
(𝑓′(𝑧) − 1) ≺𝓆 𝛱(𝔯(𝑧) − 1)                                                (28) 

and, 

(
𝜔ℊ′(𝜔)

ℊ(𝜔)
)(
ℊ(𝜔)

𝜔
) +

1

𝛼
(ℊ′(𝜔) − 1) ≺𝓆 𝛱(𝔰(𝜔) − 1) .                                          (29) 

 

𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟏: If  a function 𝑓 is given by (1)  belongs to the subclass ℋΣ
𝓆(α, 1,0, Π), then: 

|𝑎2| ≤ 𝑚𝑖𝑛 {
𝛼|ℬ0∁1|

3𝛼 + 2
,√
𝛼ℬ0(∁1 + |∁2 − ∁1|)

3(𝛼 + 1)
} 

and  

|𝑎3| ≤ 𝑚𝑖𝑛 {
𝛼ℬ0(∁1 + |∁2 − ∁1|)

3𝛼 + 3
+
𝛼|∁1||ℬ0 + ℬ1|

3𝛼 + 3
,
|𝛼|(∁1|ℬ1 − ℬ0| + ℬ0|∁2 − ∁1|)

3𝛼 + 3
}. 

𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟐: : If  a function 𝑓 is given by (1) belongs to the subclass ℋΣ
𝓆(1,0,0, Π), then: 

|𝑎2| ≤ 𝑚𝑖𝑛 {
|ℬ0∁1|

3
, √
ℬ0(∁1 + |∁2 − ∁1|)

4
} 

and  

|𝑎3| ≤ 𝑚𝑖𝑛

{
 

 
ℬ0(∁1 + |∁2 − ∁1|)

4
+
|∁1||ℬ0 + ℬ1|

5
,

|ℬ0|
2|∁1|

2

45
+
(∁1|ℬ1 − ℬ0| + ℬ0|∁2 − ∁1|)

5 }
 

 
. 

3. The Subclass 𝓙𝚺
𝓺(𝛃,𝚷) 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐: Let a function 𝑓 ∈ 𝔾, is said to be in the class 𝒥Σ
𝓆(β, Π), (0 ≤ β ≤ 1),   if it 

satisfies the following quasi-subordination: 

(1 − 𝛽) (
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
+ 1) + 𝛽 (

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
+ 𝑧2𝑓′′′(𝑧)) ≺𝓆 (𝛱(𝑧) − 1),                                 (30) 

and, 
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(1 − 𝛽) (
𝜔ℊ′′(𝜔)

ℊ′(𝜔)
+ 1) + 𝛽 (

𝜔ℊ′′(𝜔)

ℊ′(𝜔)
+ 𝜔2ℊ′′′(𝜔)) ≺𝓆 (𝛱(𝜔) − 1),                    (31) 

where  ℊ = 𝑓−1 

Theorem 2: If  𝑓 is given by (1) belong to the subclass 𝒥Σ
𝓆(β, Π), where 0 ≤ β ≤ 1,  then: 

|𝑎2| ≤ 𝑚𝑖𝑛 {
|ℬ0∁1|

2
, √
ℬ0(∁1 + |∁2 − ∁1|)

2(1 − 3𝛽)
}                                                      (32) 

and  

|𝑎3|

≤ 𝑚𝑖𝑛 {
ℬ0(∁1 + |∁2 − ∁1|)

2(1 − 3𝛽)
+
|∁1||ℬ0 + ℬ1|

6(1 − 𝛽)
,
|ℬ0||∁1|

3(1 − 𝛽)
+
∁1|ℬ1 − ℬ0| + ℬ0|∁2 − ∁1|

6(1 − 𝛽)
}.           (33) 

 

Proof: Let 𝑓 ∈ 𝒥𝛴
𝓆(𝛽, 𝛱), and 𝑔 = 𝑓−1, then there are analytic functions 𝔯, 𝔰: 𝑈 → 𝑈 with 𝔯(0) =

𝔰(0) = 0, |𝔯(z)| < 1 and |𝔰(z)| < 1, the function 𝜙 defined by (4) verify:  

(1 − 𝛽) (
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
+ 1) + 𝛽 (

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
+ 𝑧2𝑓′′′(𝑧)) = 𝒫(𝑧)[𝛱(𝔯(𝑧) − 1)]                   (34) 

and 

(1 − 𝛽) (
𝜔ℊ′′(𝜔)

ℊ′(𝜔)
+ 1) + 𝛽 (

𝜔ℊ′′(𝜔)

ℊ′(𝜔)
+ 𝜔2ℊ′′′) = 𝒫(𝜔)[𝛱(𝔰(𝜔) − 1)] .                (35) 

Define the functions 𝓊 and 𝓋 as an analytic and have positive real parts in U by: 

𝓊(𝑧) =
1 + 𝔯(𝑧)

1 − 𝔯(𝑧)
= 1 + ℒ1𝑧 + ℒ2𝑧

2 +⋯ 

𝓋(𝜔) =
1 + 𝔰(𝜔)

1 − 𝔰(𝜔)
= 1 + 𝓀1𝜔 + 𝓀2𝜔

2 +⋯, 

which are equivalently: 

𝔯(𝑧) =
𝓊 − 1

𝓊 + 1
=
1

2
[ℒ1𝑧 + (ℒ2 −

ℒ1
2

2
) 𝑧2 +⋯] 

and 
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𝔰(𝜔) =
𝓋 − 1

𝓋 + 1
=
1

2
[𝓀1𝜔 + (𝓀2 −

𝓀1
2

2
)𝜔2 +⋯]. 

Now; in view of (6), (7), (10) and (11): 

(1 − 𝛽) (
𝑧𝑓′′

𝑓′
+ 1) + 𝛽 (

𝑧𝑓′′

𝑓′
+ 𝑧2𝑓′′′) = 𝒫(𝑧) [𝛱 ((

𝓊 − 1

𝓊 + 1
) − 1)]                               (36) 

and 

(1 − 𝛽) (
𝜔ℊ′′(𝜔)

ℊ′(𝜔)
+ 1) + 𝛽 (

𝜔ℊ′′(𝜔)

ℊ′(𝜔)
+ 𝜔2ℊ′′′) = 𝒫(𝜔) [𝛱 ((

𝓋 − 1

𝓋 + 1
) − 1)].                    (37) 

It is clear that the series expansions for 𝑓 𝑎𝑛𝑑 ℊ given by (6) and (7) as follow: 

(1 − 𝛽) (
𝑧𝑓′′

𝑓′
+ 1) + 𝛽 (

𝑧𝑓′′

𝑓′
+ 𝑧2𝑓′′′)

= (1 − 𝛽) + 2𝑎2𝑧 + (6(1 − 𝛽)𝑎3 − 4𝑎2
2)𝑧2 +⋯                  (38) 

(1 − 𝛽)(
𝜔ℊ′′(𝜔)

ℊ′(𝜔)
+ 1) + 𝛽 (

𝜔ℊ′′(𝜔)

ℊ′(𝜔)
+ 𝜔2ℊ′′′)

= (1 − 𝛽) − 2𝑎2𝜔

+ [4(2 − 3𝛽)𝑎2
2 − 6(1 − 𝛽)𝑎3]𝜔

2−. . .   .                                        (39) 

By using (8) and (9) with (4) and (5): 

𝜙(𝑧) [𝛱 ((
𝓊 − 1

𝓊 + 1
) − 1)]

=
1

2
ℬ0∁1ℒ1𝑧 + [

1

2
ℬ1∁1ℒ1 +

1

2
ℬ0∁1 (ℒ2 +

ℒ1
2

2
) +

1

4
ℬ0∁2ℒ1

2] 𝑧2 +⋯     (40) 

and 

𝜙(𝜔) [𝛱 ((
𝓋 − 1

𝓋 + 1
) − 1)]

=
1

2
ℬ0∁1𝓀1𝜔 + [

1

2
ℬ1∁1𝓀1 +

1

2
ℬ0∁1 (𝓀2 +

𝓀1
2

2
) +

1

4
ℬ0∁2𝓀1

2]𝜔2

+⋯  .                      (41) 

Now equating (38) and (40) and comparing the coefficients to z and z2: 

2𝑎2 =
1

2
ℬ0∁1ℒ1                                                                           (42) 

and 
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6(1 − 𝛽)𝑎3 − 4𝑎2
2 =

1

2
ℬ1∁1ℒ1 +

1

2
ℬ0∁1 (ℒ2 +

ℒ1
2

2
) +

1

4
ℬ0∁2ℒ1

2 .                             (43) 

In the same steps (39) and (41) 

−2𝑎2 =
1

2
ℬ0∁1𝓀1                                                                      (44) 

and 

4(2 − 3𝛽)𝑎2
2 − 6(1 − 𝛽)𝑎3 =

1

2
ℬ1∁1𝓀1 +

1

2
ℬ0∁1 (𝓀2 +

𝓀1
2

2
) +

1

4
ℬ0∁2𝓀1

2 .                           (45) 

By (42) and (44) we obtain: 

ℒ1 = −𝓀1                                                                          (46) 

yields: 

|𝑎2| ≤
|ℬ0∁1|

2
                                                                    (47) 

adding (43) and (45), we get: 

𝑎2
2 =

1
2
ℬ0∁1(ℒ2 + 𝓀2) +

1
4
ℬ0(|∁2 − ∁1|)(ℒ1

2 + 𝓀1
2)

4(1 − 3𝛽)
                               (48) 

implies 

𝑎2
2 ≤

ℬ0(∁1 + |∁2 − ∁1|)

2(1 − 3𝛽)
  .                                                           (49) 

Next, to find the upper bound for |a3|, by subtracting (45) from (43) : 

12(1 − 𝛽)𝑎3 − 4(3 − 3𝛽)𝑎2
2 =

1

2
ℬ0∁1(ℒ2 − 𝓀2) +

1

2
ℬ1∁1(ℒ1 − 𝓀1). 

By using Lemma 1 and (48): 

|𝑎3| ≤
ℬ0(∁1 + |∁2 − ∁1|)

2(1 − 3𝛽)
+
|∁1||ℬ0 + ℬ1|

6(1 − 𝛽)
  .                                             (50) 

Now by (42) and (43) we find: 

|𝑎3| ≤
|ℬ0||∁1|

3(1 − 𝛽)
+
∁1|ℬ1 − ℬ0| + ℬ0|∁2 − ∁1|

6(1 − 𝛽)
                                         (51) 

This the proof is complete∎ 
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Corollary 3: If f is given by (1) belongs to the class  JΣ
q(0, Π), where 0 ≤ β ≤ 1,  then, we have : 

|𝑎2| ≤ 𝑚𝑖𝑛 {
|ℬ0∁1|

2
, √
ℬ0(∁1 + |∁2 − ∁1|)

2
} 

and  

|𝑎3| ≤ 𝑚𝑖𝑛 {
ℬ0(∁1 + |∁2 − ∁1|)

2
+
|∁1||ℬ0 + ℬ1|

6
,
|ℬ0||∁1|

3
+
∁1|ℬ1 − ℬ0| + ℬ0|∁2 − ∁1|

6
}. 
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