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Introduction

Let the finite field of order g = p*, where p is the prime number is denoted by K. Consider
KG as the group algebra generated by G of order n over K and U(IKG) denote the collection
of units in KG. Here, U(IKG) is called the unit group of IKG. The study of unit groups is very
much interesting and demanding and used in so many fields. For example, convolution codes
were constructed by the units in [7],[8],[9] and unit groups were used to solve the various
combinatorial number theoretical problems in [4].

In the past few vyears, the unit groups of different group algebras were studied and
characterized. For G being a p-group, the structure of unit group was discussed in [14].
R.K.Sharma classified the unit group of the group algebra of some non-abelian group in [16],
[17] and in [19], G.Tang also contributed to it. In [18], Swati Maheshwari characterized
U(KSL(2,Z3)). The unit group of the group algebra KA, was characterized by Gildea in [5]
and R.K.Sharma in [15]. In [2],[6],[10],[11] and [12], unit group of dihedral group algebra
were discussed.

In [20], for the symmetric group algebra KSs, the unit group was characterized. But, if the size
of the n in S,, increases, the complexity to solve the final equation n? + n3 + --- + n2 = |G|
will become very difficult. Therefore, Arvind (in [1]) introduced Brauer characters to estimate
n; rather than the usual methods.

In this paper, we characterized the unit group U(IKS,,) for the symmetric group algebra KS,,
over the finite field K, whenever the symmetric group algebra is semi-simple and we give an
easy way to find the n;’s by using Bratteli diagram of symmetric group. Also, we give the
complete classification of the unit group of IKS,. Section 2 deals with the preliminaries while
section 3 has the main result. The computation of the unit group of IKS- is given in section 4.
The last section concluding in nature.
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PRELIMINARIES

In this paper, K denotes the field of order g = p* and G denotes the finite group. The
definitions and results given below are as in [3].

Definition 2.1. An element x € G is called p’ elements, if p t |x|, where |x]| is the order of x
inG.

The least common multiple of the orders of all p’ elements in G is denoted by s. The primitive
st" root of unity over K is denoted by 6. Therefore, K(8) is the splitting field over K. Now,
define the set

Tex = {t|o(8) = 0, where o € Gal(K(6)/K)}

Definition 2.2. For any p’ element x € G, y,, = Ypec, h, Where C, is the conjugacy class of x.
Then, the cyclotomic K-class of y, is given by,

Sx(rx) = {th|t € TG,]K}

Note 1. The set T,k equivalently defined as T x = {g'mod s|0 < i < d — 1}, where d =
ordgq as in [20] and it is helpful to find the order of cyclotomic IK-classes.

Proposition 2.1. There is an one-to-one correspondence between the simple components of
KG

TKG) and the cyclotomic IK-classes in G, where J(IKG) is the Jacobson radical.

Proposition 2.2. Let the Galois group Gal(K(6)/K) is cyclic and k be the number of

KG
](KG)) and

S1,S2,+++, S, are the cyclotomic K-classes of G, then |S;| = [K;: K] with a suitable ordering of
indices.

cyclotomic K-classes in G. If K;,K,, -, K, are the simple components of Z(

Lemma 2.1. [13] Let KG be a semi-simple group algebra and G’ be the commutator subgroup
of G. Then, KG = KG, @A (G,G"), where KG,r = ]K(Gi) is the sum of all commutative

!

simple components of KG and A (G, G") be the sum of all others.
Lemma 2.2. The commutator subgroup of S,, is A,,,n = 3.

Lemma 2.3. Let o € S,, be the cycle of length I. Then, ¢, t € Z is also a cycle of length [ if
and only if (¢,1) = 1.

Proposition 2.3. For the semi simple group algebra KG, the set of irreducible representations
and the conjugacy classes of G are in one-to-one correspondence with each other.

Main Result

Consider the symmetric group S,,, where n! = p;* - p,* - p;*, where p;’s are prime number
and r;’s are their corresponding exponents. Let K, be a finite field of order g = p*, where

Vol. 72 No. 1 (2023) 1071
http://philstat.org.ph


http://philstat.org.ph/

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

char(K) =p and p t p;, for i = 1,2,---,4. Since p t n!, the group algebra K,S, is semi-
simple, by Maschke’s theorem. Equivalently, | (]Kan) =0.

Lemma 3.1. Let o €S, be a I- cyclic permutation. Then, o*, where t € T is also I-
cyclic, if (t,n) = 1.

Proof. Here, !=pI1-p;2---p;’1, where p;’s are prime number and 7;’s are their
corresponding exponents. And [ must be less than or equal to n. Also, by note 1, t =

g‘mod s,0 < i <d—1 where g =p*. Since t tn!,t+l. Hence the result follows from
lemma 2.3.

Theorem 3.1. For K,S,, defined above,
KySn = Ka@K,DOM,,, (Ky)OM,,(K,)D - &My, (K,)
where n,,n,, -+, n,_, are determined by Brateli diagram of symmetric group.

Proof. The group algebra K,S, is finite and so, Artinian. Therefore, by Wedderburn’s
theorem,

Kan = Mnl (Dl )@an (D2)® @MnT(Dr)
qun ~ Mn1 (qul)@an (qu2)® @Mnr (]qur)

In the above decomposition, each component is pairwise inequivalent irreducible simple
components of the group algebra. Use lemma 2.2, i—’} ~ C,, the cyclic group of order two.

n

Therefore, by lemma 2.1,
KqSn = K @K DM, (Kymi)OM,, (Kgm2)®D - OM,,_, (Kymr—2)

The value of r is the number of simple components in the Wedderburn decomposition and by
proposition 2.3, the value of r is equal to the number of partitions of n. By lemma 3.1,
|5Kq()’a)| =1, for all ¢ €S,,. Therefore, by proposition 2.2, m; =m, =+ =m, = 1.
Hence,

KySn = Ka@K,DOM,,, (Kq)OM,,(K;)D - &My, (K,)

The value of n;’s in the above decomposition can be computed from the Bratelli’s diagram of
symmetric group.
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[N

n=
n=3

n=4

In the above figure, dot represents the partitions of n arranged in the Lexicographic order
from left to right. The number of paths from n = 1 to the desired partition gives the value of
Tll"S.

Corollary 3.1. Notations as above. The group U(K,S,,) is isomorphic to,
U(KySn) =~ K@K DGL,, (K )DGL,, (Kp)D - DGLy, _, (Kg)
Corollary 3.2. Notations as above. The order of U(IK,S,,) is equal to,

[q — 1] x [q — 1] x [(g™ — q®)(@"™ — q") -+ (g™ — g™ 1)] X
| UK, S| = [(q™ — q°)(q"™ — q*) -+ (g™ — q"2"1)] X - X
[(g"2 —q°) ("2 —q") -+ (g"r2 — q"r271)]

Note 2. The numerical values of nq,n,,---,n,._, are determined by Brateli diagram of
symmetric group.

UNIT GROUP OF KS,

Let G =S, and the order of G = 7! = 7' x 5! x 3% x 2* and let K, be the finite field of
order g with characteristic p(# 7,5,3,2). By Wedderburn decomposition theorem,

KqS7 = My, (D1 )OMy, (D2)® -+ OM, (Dr)
By Wedderburn little theorem,
K;S7 = My, (Kgmi )®M,,, (Kym2)D --- ©M,, (Kgmr)
U(K,S7) = GLy, (Kgm1)BGL,, (Kgm2)D -+ BGL,, (Kymr)
The number of partitions of 7 is 15 and thus, r = 15.

U(K,S7) = GLy, (Kgm1)BGL,, (Kgm2)D -+ BGL,,  (Kgmis)

Cyclic structure Order
7 7
6+1 6
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5+2 10
5+1+1 5
4+3 12
4+2+1 4
4+1+1+1 4
3+3+1 3
3+2+2 6
3+2+1+1 6
3+1+1+1+1 3
2+2+2+1 2
2+2+1+1+1 2
2+1+1+1+1+1 2
1+1+1+1+1+1+1 |1

Since none of the order of the element in S, divides p, every element of S, is p’ element.
Therefore, the value of s = 420. For every o € S, v, is the sum of all conjugates of o € S,
that is, the sum of all elements in S, having same cyclic structure with o. By the definition of
the set Ts i, observe that t does not divides n (refer note 3). Therefore, by lemma 3.1,

|Sk(¥,)| =1, forall 0 € S, whichgivesm+i=11<i<r.

Note 3. For g = 13,d = ord,,,13 =Smallest positive integer ¢ such that 13¢ = 1 mod 420.
The value of d in this case is 4.

Ts, x = {13 mod 420]i = 0,1,2,3} = {1,13,97,169}

For g = 41,d = ord,,,41 =Smallest positive integer ¢ such that 41¢ = 1 mod 420. The
value of d in this case is 2.

Ts, x = {41 mod 420]i = 0,1} = {1,41}

The Bratteli’s diagram for n = 7 is given below.
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n=6

Therefore, from left n, =1,n, = 6,n; = 14,n, = 15,nc = 14,n, = 35,n, = 20,ng =
21,”9 = 21, N = 35, Ny = 15, Ny = 14‘, niz = 14‘,"14 = 6,"15 = 1. Hence, by COI’O||aI’y
1,

U(K,Sn)
o {K;‘,@K;@GL6(KC,)®GL6(Kq)®GL14(Kq)€BGL14(Kq)EBGL14(Kq)€BGL14(Kq) ®
GL15(Ky)BGL1s(Ky )DGLyo (K, )DGLy (K, )DGLy (K, )DGLss (K, )BGL3s (K, )

By corollary 3.2, the order of the unit group is given by,

flg—=11x[g—-1]1x[(q®-1D(@G° - q) - (q° = g°)] x - X
sl ~{ (@7 = D@ = )+ g — )

Conclusion

This paper characterized the unit group of the semi simple symmetric group algebra K,S,
uniquely using the Bratelli's diagram of symmetric groups. With this, the unit group of group
algebra generated by all finite groups can be computed uniquely according to Cayley's
theorem. This work paved the way for the researchers to find the restriction of symmetric
group to its subgroups in order to compute the dimensions of irreducible representations of
the subgroups of symmetric group.
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