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1. Introduction

A fascinating area of research in graph theory is labeling. Giving values to edges or vertices is
the process of labeling. It was Alexander Rosa [2] who first proposed the idea of graceful
labeling. Later, a few labeling techniques were presented. See Gallian's dynamic survey [3] for
further details. Golomb [4] proved that the complete bipartite graph is graceful. Kaneria and
Makadia [6] proved that star of a cycle is graceful. Kaneria et. al [7] proved that join sum of ,
path union of and star of are graceful graphs. Barrientos [8] proved that union of complete
bipartite graph is graceful. Here, we defined arithmetic sequential graceful and shown that
various types of graphs fall under this category in [8]. Here are the some of the definitions
which are helpful in this article.

Definition 1.1: A graph is considered bipartite if its vertices VV can be split into two separate
sets I/; and V5, and if each edge of the graph connects a vertex from V; to a vertex from V/,. A
graph is referred to be a complete bipartite graph if each vertex of V; and V, are connected to
each other. We denote the complete bipartite graph as K, ;.

Definition 1.2: Consider n copies of a graph G;. The graph obtained by adding an edge from
the graph G; t0 G;;4, 1 <i<n—1andn > 2 is called path union of G.

Vol. 72 No. 1 (2023) 1116
http://philstat.org.ph


http://philstat.org.ph/
mailto:Sumathipaul@gmail.com

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Definition 1.3: Consider 7 copies of a graph G;, 1 < i < 7. The graph obtained by joining two
copies of the graph G; and G;, 1,1 < i < 7 — 1 by a vertex is called join sum of graphs and it is
denoted by (G4, G,, G3,...G; ).

Definition 1.4: "Open star of graph™ refers to a graph that is created by substituting the graphs
G1 , Gs,..., G, for each vertex of K, other than the apex vertex. Such a graph will be
represented as S(Gy, Gy,..., Gy).

Definition 1.5: The open star of a graph that results when all the vertices of K, ,, except the
apex vertex are replaced by the graph G is denoted by S (n. G).

Definition 1.6: The star of a graph that results when all the vertices of K ,, are replaced by the
graph G is denoted by S(G).

2. Main Results

Theorem 2.1: The graph K, ; admits Arithmetic Sequential Graceful labeling.
Proof: Let G be a K, ¢ graph.

V@e)={w: 1< i <r}u {v(: 1<¢< S}and

EG) ={wv,: 1< i<r,1<{<s}

V= (r+s),|E| = rs

We define f:V(G) » {a,a +d,a + 2d,a + 3d, ...,2(a + qd)}

fu) =a+ ((—-1Dd,1 < i<r

fw) =a+ (s-((—-1))d, 1 <{<s

Table 1: Edge labels of the graph K, ¢

f*(uv),Yuv € E(G) |Edge labels

fruve) [rs—r((-1-(-1D]d, 1< i<r,1<{<s

It is clear that the function £ is injective and also table 1 shows that

fE —{d,2d,3d,4d, ..., qd} is bijective. Hence the graph K, ; admits arithmetic sequential
graceful graph.

Illustration 2.1.1: K3 5 and its graceful labeling shown in figure-1.
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Figure-1: K3 5 and its graceful labeling.

Theorem 2.2: The path union of complete bipartite graph is Arithmetic Sequential Graceful
labeling.

Proof: Let G be a path union of complete bipartite graph.
V) ={ue:1<i<t,1<¢
EG) = {ugcvy 1< i1<7,1

U {Uri Vig1n 0 1 S 1S 1—-13

T

VI=) Gi+s) IEl = @=1) + ) (@s)
i=1

i=1
We define a function f:V(G) - {a,a + d,a + 2d,a + 3d, ...,2(a + qd)}

fluye) =a+ ((—-1Dd,1 =7 <n

T
fie) = a+||(t-1) +Z(T151)]—T1(K—1) d,1<k<s
i=1
i-1
f(ui,§)= a+ ZT1+(Z—1)]d,ZS'LST,1SCSn
=1
T i-1
f(vi,;c) = qa+ (T - 1) + Z(risi)] - ZTI(SZ - 1) - (l — 1) il 4} (K — 1) d,
i=1 =1
2<i<t,1<K<s;
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Table 2: Edge labels of the graph < K. s , Ky, 5,s oo, K 5. >, T = 2

fr(uv),
Edge labels
VYuv € E(G)
- -[t-1D+ X (rns)] - - 1]d,
f*(ul,(vl,;c) :[l(; . S) Sl’[gTS () < z‘r:‘l 1(7'5 )] T(K )]
-1 N [t — 1)+ Xio1(is)] l
£ (wigvix) [Zl:l nr@Do| Zin( - -(G—-1D-nk-1 ]d’
ZS.lST,lS(Sn,].SKSSi

It is clear that the function f is injective and also table 2 shows that

fE - {d, 2d,3d,4d, ..., qd} is bijective. Hence f is arithmetic sequential graceful labeling
and the graph< K, 5., Ky, s, -, Kr s, >,T = 2 s arithmetic sequential graceful graph.

Example 2.2.1: Path union of G = < K34,K33,K,3 > and its graceful labeling shown in
figure-2.

Upg Ujp Uz Upg Uzp Uzg Us
a d

Vu Vi Vi Vi Vay Vo A Vi Vaz Vas
a+28d a+25d at+22d a+20d at+17d a+10d  a+8d

Figure-2: Path union of ¢ = < K34, K33, K, 3 > and its graceful labeling.

Theorem 2.3: The join sum of complete bipartite graph is Arithmetic Sequential Graceful
labeling.

Proof: Let G be a (K, s, K, s, -, Kr s ) Qraph, T = 2.
V@) =f{we:1<i<t,1<{<njufy,,:1<i<tl<k<s)

Ufw,: 1<i<t-—1}and
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E@G) = {usvy:1<i<7t,1<{<n,1<k<s}ufw, whi<i<t-—1

Ui{w,us,1<i<t—1}

VI=@=1D+ D Gits) Bl = 2G—1) + ) (:5)

We define a function f:V(G) - {a,a + d,a + 2d,a + 3d, ...,2(a + qd)}

flupg) =a+ ((—-1d,1 ={<n

frid) = a+ 2@—1)+§}mmrqﬂx—n d1<k<s,

[ T ¢-1
fwee)) =a+ |2(r—1) + ) (ris) — n(s;—D|-R2(+3)|d,2<(<Tt

ri—1

flug)= a+ Zrl+({—1)]d,2SlST,1S(§si

L (=1

f(vie) = a+ [2(1—1)+ (nsi)]— rn(s;—1)—2(i—-1)—-nrk-1)|d,
; ;l l

2<i<71,1<Kk<s;

Table 3: Edge labels of the graph < K. s, Ky, 5,) oo, Kr s, >, T = 2

1,51’

f"(uv),vuv € E(G) | Edge labels

[(( =D =[2(z =D + X, (ns)] = (e = D]d,

1<k<s,1 < <.

fr (u1,g'771,x)

€= - 26— D+ 3,501 - [[ 2 s -

fr(uewe1)
n}@g+$”¢2szsa1353q

£t + @ - D - [2G - 1 + 50501 - Sizknts -
f*(ui,{vl,x) 1) —-20—-1) —ri(k— 1)” d,

2<i<71,1<{<1n,1<k<sy
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It is clear that the function f is injective and also table 3 shows that

fE - {d, 2d,3d,4d, ..., qd} is bijective. Hence f is arithmetic sequential graceful labeling
and the graph< K. s, Ky, s,, -, Ky 5. >, T = 2 s arithmetic sequential graceful graph.

Illustration 2.3.1: Join sum of G =< K34,K33,K,3 > and its graceful labeling shown in
figure-3.

Vi Vip Vis Vie  Vy Vi \ Vi Vi Vs
a+31d at+28d ai2sd  a+22d  at20d a+17d at+14d a+12d a+10d a+8d
Figure-3: Join sum of G =< K34, K33, K, 3 > and its graceful labeling.

Theorem 2.4: The graph S(z.K,.) is Arithmetic sequential graceful labeling.
Proof: Let G be a S(z. K, ¢) graph.

V) ={uy: 1<l <s7,1<i<7r}jU{yg:1=<1 <7,1<<s}U{ug}
and

EG) ={veuy:1<l<7,1<{<s,1<i<sr}jU{uyy,:1=<1=<r1}
V| =t(r+s) + 1, |E| = t(rs + 1)

We define a function f:V(G) » {a,a + d,a + 2d,a + 34, ...,2(a + qd)}

f ) =a

f(eg =a+dd, 1 <J<s

fu) =a+[t@rs+1)-(—Dsld,1 <i<r

fa) = fvie) + [t (s+1)-(s+1)]d, 1 <{<s

Vol. 72 No. 1 (2023) 1121
http://philstat.org.ph


http://philstat.org.ph/

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

fu) = fu)-[t@s+1)-(s+1)]d,1 <i<r
fg) = fO2)-[Dirs+1D]d,1<{<s,3<1<1
fu) = fu)-[D'os+D]d,1<i<r3<l<z

From the function f*: E(G) — {d, 2d,3d,4d, ...,qd} we get the edge labels of the graph
S(t.Kys),s = 1as follows

Table:4 Edge labels of the graph S(z. K5 ),s = 1

f"(uv),vuv € E(G) Edge labels

[ (uo, ug1) [t(rs +1)]d

[ (uo, uz,) (rs+1)d
flu—2) + [ (D' (rs + D]d,

1<i<rl1<{<s

[ (uo, ug)

[t(rs+1) —(i—1)s —(]d,

f*(vlc:uu)
1<i<r1<J{<s

f ) — f(vig) +2[t(rs + 1) — (rs + D]d,

f*(vz,('uz,i)
1<i<rl1<{<s

flui—ai) = f(vieae) + 2[ (D! (rs + D]d,

3<I<1t1<i<nrl<{<s

f (v ug)

It is clear that the function f is injective and also table 4 shows that

fE - {d, 2d,3d,4d, ..., qd} is bijective. Hence f is arithmetic sequential graceful labeling
and the graph S(z. K, ;) is arithmetic sequential graceful graph.

Illustration 2.4.1: S(3. K, 5 ) and its graceful labeling shown in figure-4.
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24

[

Us1 Cat26d Uy, a+20d Wsy a+17d

2
‘ 700/
Va

a+14d V., a+15d Vi, @ atl6d

Figure -4: §(3.K, 5 ) and its graceful labeling.
Theorem 2.5: The graph (K. ) admits Arithmetic Sequential Graceful labeling.
Proof: Let V(G) = {ug;: 1 < i < r}U {vos:1 < { < s}
U{um: 1<k<r+s,1 SiSr}
U{rge:l<k<r+s,1< {<s}and

E(G):{uo'ivo'(:]_ ZST;]-S(SS}

IA

U{uve: 1<k <r+s,1<i<r,1<{=<sj}
Ufuggi: 1 <k <r+s,1 <i<r}
U {vgete: 1<k <r+s,1 < {=<s}
V| = (r+s)(r+s),|E| = r+s+1)(rs) +(r+s)
We define a function f:V(G) - {a,a+ d,a + 2d,a + 3d, ...,2(a + qd)}
flug; ) =a+(@—-1Dd1 < i <r
f(veg) =a+ [(r+s+Drs + (r+s)-((—Drld,1 < { <5
fuy,) =a+ [r+s+D)rs + (r+s)-(rs+1) +ild,1 < i <r
fwie) =a+@W@rd1 < {<s

fue) = flug-2,) + rs+1)d,2 < k<r+s,1 < is<r
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From the function f*: E(G) — {d, 2d, 3d,4d, ..., qd} we get the edge labels of the graph as

follows

Table:5 Edge labels of the graph S(K, s ) s = 1

ff(uv),Yuv € E(G)

Edge labels

[(r+s+Drs +(r+s)- ((—Dr({i—-1)]d,

[ (Wo,co,)

1<i<r, 1< {<s

[(r+s+Drs +(r+s)-(rs+ 1)+ i—{r]d,
f*(vu Uy;)
1< i<r,1< {<s

[f (Ue—2),) — f(W(r-2)¢) + 2(rs + 1)] d,

f*(vx,( Uye,i)
2<k<r+s5,1<i1<r,1< {<s

[r+s+Drs + (r+s)-(rs+1)+i]d,
[ (ug )

1< i<r

[f(u(i_z),i) + (rs+1)d- (a+ (i— 1)d)]
[ (o i)

2<i<r

[ (o1 V(r+1),1)

[r+s+D)rs +r+s-r]d

[ Wos Var+o)g)

(r+s+Drs

[f (vg-2)¢)-(rs + Dd ]~ [a + [+ (r+s)-(C - 1)r] 4,

2< {(<s

It is clear that the function f is injective and also table 5 shows that

f"E —>{d,2d,3d,4d, ..., qd} is bijective. Hence S(K, ) is arithmetic sequential graceful

graph.

Illustration 2.5.1: (K3, ) and its graceful labeling shown in figure — 5.
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Vi, Vi, V. a+13d
21 22
a+3d yqd at+6d at+34d a+31d a+10d
%,»b 31d «b
0
u u
u;; 13 i a+8d 23 u Uz

u;q d +37d 1 a+9d uzy 32 2+30d
a+35d a8 4 at+7d a+28d a+29d

7d

35d

Ugq a+d {Up2 a2 Uop3

»4

Vou Voo a+17d

a+24d atald at+38d \ (
a+16d +21d
a a+22d a+23d

Uy3

a+20d

Figure -5: (K3, ) and its graceful labeling.

3. Conclusion

Here we demonstrated arithmetic sequential graceful labeling of some graphs obtained by
complete bipartite graphs. Present work contributes five new results. We discussed
gracefulness complete bipartite graph, Open star of graph, Join sum of graph, Path union graph.
The labeling patten is showed by means of illustrations which dispense better understanding of
attained results.
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