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Introduction

In the literature on queuing theory, the study of queuing systems with server vacation has expanded
in scope and interest. Server vacations are used to make better use of downtime. Vacation queuing
models have been successfully used to a variety of situations, including production, financial
services, telecommunication networks, internet technology, etc. Many researchers are interested in
researching queuing models with various vacation rules, including single and multiple vacation
policies.

In [1], we examine several elements of the M/G/1 queuing model with possible second service. We
looked at a group arrival queuing system with an extra service channel in [2]. We investigated at an
M/G/1 queuing system that included two phases of service and D-policy in [3]. We studied at an
M/G/1 queue with two phases of service and numerous efforts at moving the queue into a steady
state in [4]. In [5], we looked into a vacation queuing system with service interruptions. An M/G/1
Queuing model under the second optional service, general service time distribution was examined
in [6]. We investigated batch arrivals queuing model with system failures, start and closed timings
and vacation rules in [7].
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We looked at the "optimal management policy" for heterogeneous arrival queuing model with
system interruptions and vacations in [8]. We looked at the M* /G/G,/1 retrial queues for Bernoulli
vacations times with repeating efforts and Initial breakdowns in [9]. In [10], we looked at bulk
arrivals queuing model using service vacations. We investigated at a second optional services in an
M/G/1 queuing model and servers vacation under Bernoulli timing in[11]. We studied at the
possible re-service on M[x]/(G1;G2)/1 queuing model in [12]. We analyzed two M,/M [a; b]/1
queuing systems having stochastic breakdown using steady state modeling in [13].

We investigated at a second optional services in an M/G/1 queuing along with server breakdowns in
[14]. An M/M/1/N system including encouraged arrivals was investigated in [15]. Reduction of
waiting time in an M/M/1/N encouraged arrival queue with feedback, balking and maintaining of
reneged customers in [16]. We investigated M/M/C/N queue including encouraged arrivals,
reneging, retention and Feedback consumers in [17]. We investigated the behaviour of M ([X])/G/1
using Second Optional Services, Multi Vacation, Breakdowns and Repairs in [18].

Main model premises
The following assumptions are follows,

) In an encouraged arrival procedure, customers enter the system in batches of various size,
and they are serviced one by one according to the principle of "first come, first served.”

. Let us consider, Y D;dk,t = 1,2,3,... be the 1st order likelihood a batch of encouraged ‘I’
customers enters the systems due to a period of time “[k,k + dk], where 0 < D, <1 and XD, = 1
andA = (1 +9) > 0, is the average encouraged arrival process.

. Assume that t= 1,2,3, ... be the 1st order likelihood of encouraged arrival of ' k ' customers
enter the systems due to a interval of time “[k,k 4+ dk]” where 0 < D; <1 and £D; = 1 andA *
(1+9) > 0, is the average encouraged arrival process.

. There is a one server which givens the first important service to all encouraged arrival
customers. Let us assume [ (¥)&i;(v) being the initial service times distribution function and
density function respectively.

. Let us the 1st services of a customer is finished, then will need for the 2nd services with
our likelihood of customerr or will consider to depart from the systems with likelihood of
customers 1 —17.

. The 2nd services periods as consider to be general distribution & the density functions

I,(9)&i, (). Then, Let us consider u,(y)dy using the conditional - density functions of b™
services finished due to the period of time [y,y + dy ] produced that the service time is y.

. If no customers waiting in the line, server go away for a vacations. The vacations timings
are identically distribution with average vacation periodi. On re- joining from the vacations if

server repeats no customers in the line, then it is go -away for next vacations. So the servers serve
the dual vacation.
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. If serves the systems will consider the break -down at irregular and break-downs are
consider will occurs to a encouraged streams under the average break-down standard for Y > 0.

. The serves the systems ones breaks- down, it arrivals a repair processing instantly. The
repairs periods are identically distribution with average repairs standard for & > 0

Different of stochastic model involving in serve the systems are separate of all others.

1. Governing of system of equations:
. P2 (y,t.) = Probability at period ' t. " the serve the servers producing b™ services & the ' m '
customer in the line adding the one serve the customer & the delayed service period customer’s in

.

o Let us P2(t.) = represents the likelihood that period ’t.” and 'm' customers in the line
neglect the customers in b™ serve the services ofy.

. V,,(t.) = Probability that period at ' t. ' and ' m' customer in the line and the serve the
servers is on vacation of y.

o R, (t.) = Probability that period at ‘t.” and the serve to be the servers not active during the
break- down & the serve to the systems due to repairs are ' m ' customer in the line.

The governed differential-difference equations as follow:
Let us MU(t.) represent the line size at period t. and Z(t.) are as follows

1, if the serve the system is busy under 1st important service period at t.
2, if the serve the system is busy under 2nd serve the service period at t.

3, if the serve the system is on vacation at period t.
Let us length of(t) represent
19(t.) = if Z(t.) = 1 Delayed service period for the 1st delayed service period at t.,
1)(t.) = if Z(t.) = 1 Delayed service period for the 2nd service period at t.,
v0(t.) = if Z(t.) = 1 Delayed vacation period of the serve the servers at period at t.
The processing{My (t.), Length of (t.)}. We represent the likelihood for b = 1,2.
P2 (y,t.) = ProbabilityfM (t.) = m,Lengthof (t.) =12y <) <y +dy}y >0,m >0

The steady state solution we follows,
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Pn()dy = lim Pi(y,t.), b=12y>0;m20
Vo = lim F (£.);m 2 0

R, = tlim R,(t.);m=0
Let us consider,

Vy(0) =1,V,,(0) = 0,and forb = 1,2
1,(0), 1, (e0) = 1, Also V (y)&I, (y) are all continuous at y = 0.
The governed differential-difference equation as follows that:

0 0
dy SR, t) + 5 PV, e) + (A L+ 9) + i 0) + DR t.)

=,1*(1+19)Z DPY (yt)m=1 —————————— (1)

0 d
@Po(l)(y, t.) + EP”?)@’ t)+@Ax A+ +u M+ VPP, t)=0———(2)

0 0
3y b 0+ A0 t) + A (L4 0) + () + VBP0t
= A+ (1 +9)X DPO (y,t)m=1—————————— (3)

aayp(Z)(W )+ PPt + @ (140 +m0) + DRI (L) = 0 ——— (&)

d Ax(1+9 V, A) D >1 5
ZTn(t) + (A (149) + &) (t) = Z Tpa(t), m21-==(5)

%Vo(t-) +(Ax(1+9)+e)(t)

=YVo(&) + (1= 1), POty + 3 PE O, t )iy ()dy ——— ==~
—==(6

%ﬁo(t.)+(A*(1+19)+6)§0(t.)=O ————————— %)

%ﬁm(t.)+(l*(1+ﬁ)+6)ﬁm(t.)
= 2+ DRy )+ Y[, BB t) + Y[, PP, (), m

Following boundary conditions are:
PV(0,t.) = eVy(t.) + SRy (t) + 1 =)y B, t)ady + [ PP, t )y () dy — —
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BV (0) = ey (t) + 6Rmyr (t) + (1= )[4 PLL (0, t e (v)dy

+ [, P& 0t dy,m>1—— —— — — — (10)
PO = [ B0y mz0-————— - - (11)
0
2. Time varying result:

To create function of queue line

Now, if we represent the P.G.F as following below,

PDO(y,t) =¥ PP (y,2,t)2™ POz, 6.) =X PP ()™, 12| < 1,y > 0

PO(y,z,t.) = BE PO, )2 PO(3,t.) = TF B (©)2™, 121 < 1,y > 0

V(zt)=332"Va(t) ; R@EZt)=3XF2"Ry(t.) ; D(@)=3X7Dnz™ 2|
<1---—-(12)

Taking the Laplace equations (1) to (11) as follows,

J =(1 (1 o) (1

SR O ) + (H+ 25 L+ 9) + i) + VBV, H) = A+ A+ DI DA, 0, H), m>

0 S 5(1) P
ayPO GH)+H+A+A+9)+u )+ VB (v, H) =0 (14)
5 OOV + (H 4+ 2 (14 9) + () + VAP0, ) = A+ (1 + LT DR, ), m
S PP (15)
iﬁ(z) H+H+A%(1+9 POy H)=0————— — — — 16
oy 10 WH)+H+AxA+9)+u(y) + VPR (v, H) (16)

H+A+x(1+9)+ V)Vo(s)
=1+ -7, B0 D dy + [, B (v, H)uz 0)dx + V x Vo (H)

H+A+QA+D+ e, (H)=Ax1+DH)m>21——————— —— — (17)
H+1xQ+9)+ORH) = Y[, BV, Hymdy + Y[, B (v, ) (v)dy — — — (18)
(H+ A1+ (1+19)+6)Em(H) :A*(1+19)Rm_1(H),m2 1- - - --—-——- (19)

A (0, H) = XVy(H) + 8Ry (H) + (1= ) PV 0, ey +f " B (v, Da () dy —

———————— (20)
B (0, H) = eV (H) + SRy (H) + (1 =) [, B (v, Hu(n)dy + [, P, (v, H)pa (v)dy, m
>l-—-————————- (21)
B (0 H) = [ B0 M)y, m 20— — — = — = — = —— (22)
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We multiplication on two sides of the equations (13) and (14) by appropriate powers of z, add over
m and using equation (12) and explain ,algebraic formulations

0 iy, . . S(1) /e
@P()(y,z,H)+[H+/'l*(1+19)—/1*(1+19)D(Z)+u1(y)+Y]P()(y,z,H)zO———(ZB)

Effecting then as well operation on the equations (15) and (16) and utilizing equation (12), We
follows,

%P@(y,z',H) +[H+2x1+9) =21 +9)DE) + ) +YIPA(y,z,H) = 0 — — — (24)

Consequently operations on the equations (17),(18),(19) and (4.9) produce.
[H+2x(1+9)—Ax(1+9)D(2) + ]V (z,H)
=1+ 1 -1/, BP0 Dr)dy + [ B2 D () dy + eV (He) — -
= (25)
[H+Ax(1+9)—A*x(1+9)D(2) +6]R(z, H)
=Yz[, PD(y, 2, H)dy +Yz[, P®(y,z H)dy — — — (26)

Now, we multiplication two sides of the equation (20) by z, multiplication on two sides of the
equations (21) by z™*1 add over m from 1to oo, sum of the both solutions and using equation
(12)&(17).Thus we obtain after mathematical adjustments

z2PM(0,2,H) =

1=, PO,z D )dy + [, PPy, 2, H)uy (v)dy + eV (2, H) — (1
-1 J, BP0 B )dy = [, B2 (v, K (v)dy + SR(2,H) — — — (27)

P@(0,z,H) = [, PO (y,2 H)uy (y)dy — — — (28)
Using (25) in (27), we obtain

2PD(0,2,H) = (1= 1)y PO, 2 Hym@)dy + [ POy, 2, M (y)dy + 1= [H + 2% (1

+9) —Ax (1 +9)DEZV (2, H) + 6R(z,H) — — — (29)
ing equations on (13), (14) & (15) in the middle of 0 and y, we obtain
g €q y
PO (y, 2, H) = PD(0, 2, H) e HHAU+)=Ax(1+NDDAD+0y=[g kiserar — — — (30)
P@(y,z,H) = P?)(0,z, H)e—(H+/1*(1+19)—/1*(1+19)D(2)+Y)y—f0°°uz*(t)*dr - ——(31)

Again [ ing equations (20) with respect to “y", we get

1-LH+2x1+9)—2Ax1A+9)DE)+Y)

H+1+(14+9) -2« 1+9)DE)+Y)
Where T (H+ A% (1+9) =2 (1+9)D(2) +Y) = [, e HHA=A+0)-2A+)DDONY G, () —
——(33)

PO (z,H) = P1(0,2,H)

- ——-(32)
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is the Laplace equation of the 1% stage of service period.
Now, from the equation (20) afterwards few conspectus and using the equations (12 ) , we get

[y POy, 2, Ky 0)dy = PO, 2, H)L(H + A+ (1 +9) — A (L +9)D(2) +Y) — — — (34)

Again [ ing equations (21) with respect to “y", we have

_ _ 1-LH+A+xA+9)—-AxAQA+I9)D(2)+Y

PO H) = PR(0,2,H) (;(+ Ax (1 -(|-19) —)/1 * (1 -(l- ﬁ)Dgz')(+)Y) (--- (35
Where LH+A+x(1+9)—-2+x(A+9)DE)+Y) =] 0°° e~ (HHAx(A+0) =+ A+)D@D+Y g, (y) —
——(36)
is the Laplace equation of the 2 stage of service period..
Now, from the equation (21) afterwards few conspectus and using the equations (12 ) , we get
[ POy, 2, By (y)dy = PP (0,2, H)p(H + A+ (1 +9) — 1+ (1 +9)D(Z) +Y) — — — (37)
Using the equations (34) and (37) in (26) we have,
[H+A*(1+9)—A+x(1+9)D()+ S]R(2)

1-LMH+A+*A+9)—=Ax(1+9D)DE) +VL(H+A+(1+9) —
Ax(1+9)D(2)+Y)

=YzPM(0,2 H) (H+2x(1+9)—2*(1+9)D@)+Y) o

—(38)
Now, using the equations. (28) (31), (33),(34),(36) & (37) in the equation (29) and working for
P (0, z) we obtain

L@@ -H+A+A+9)-A+A+ ND(@)V (2, H)]

PMD(0,2,H) = °F

——(39)

Where CR=f2)L@D{z- A —-"DLH+-2AxA+9)«DE)+Y)—7L(H+ A1+ (1+9)—
A*(1+9)D(2)+Y) 2(H+A*(1+0)—A+(1+8)D(2) +Y =Y IA 1= 1—r/1 A+ A*(1+8)—A+(1+I) Dz
+Y =71+ A*(1+0)—A*(1+8)Dz4+Y 2 H+A*(1+8)—A*(1+)Dz+Y

fi) =H4+A+A+9) -2+ 1 +9)D@+Y and  fr(2)=H+Ax(1+9)—A*(1+
9)D(2) + & — — — (40)

Substitute value of the term P()(0, z) from the equations (32) into the equation (23), (26) & (28)
we obtain  PD(z H) = LOUMERA)AARNDONO) 1 py 4 3w (1+9) — A% (1 +

CR
9)D(2)V(z, H)] — — — (41)
P®(z,H)
_L@ALHEHAAx(1+9)—Ax1+DD@+ N[ —LH+Ax(1+9) — 1+ (1+9)D(2) + V)] o
- CR
—H+21+1+9) =21 +9)DE)V(z,H)] — — — (42)
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1-A-DLHHEH+A+xA+9) —-2AxA+9)DE)+Y) —
Yz FLH+Ax(1+9)—2x(1+9)D(E)+Y)
LH+Ax(1+9)—Ax(1+9)D(Z)+Y)
CR
—Ax(1+9)D(2))V(z,H)] ———(43)

R(z H) = [1—(H+A*(1+09)

In this part we have elaborate steady -state probability —distribution function for the queuing
model. To description of the steady- state probability. By —using the Tauberian property,

Jim (H) = lim £ (¢.)
P2 — L@ -L@Ax(A+9) -2 A+ND@ +N] 1+ 9YD@ - D) — -

CR
— (449

P®(2)
@A (1+9) =2 (1 +DDE@ +V[1 - LA*(1+9) =1+ (1+9)D(2) +Y)]
Bl CR

Ax(1

+9)(C(2) — DV (2) — — — (45)
1-Q-MLH+A+x1A4+9) A« A +9)DE)+Y) —
Yz FLCH+Ax(14+9)—Ax(1+9DE)+Y)
LH+A«A+9)—Ax1A+9)D(2)+Y)
CR

R(2) = x 1% (1+9)(D(2)

— 1DV (z) — — — (46)
In sequence to define P (z), P@(2),R(z) entirely, we get to define the un-known V(1) which

shows in the right- sides of the equations (44), (45) and (46). We have use the normalizing -
condition.

PUA) +PAM) + V() +RA) = 1 -~ — (47)
PI(1) = Ax(1+ ﬁ)&dcg)m -1 (Y)) (1) - — — (48)
P@(1) = Ax(1+ 19)50’(16111(1()(1 — L) (1) — — (49
R = A+ YD (A = (1 = HE (M) = Fh (DR V(1) —-—-(50)

cr
where cr = Y6(1 — CrI;(V)i,(Y) — (1 — ()DL (M)A = (1 + 19)D'(1)(Y +6)

PM (1), PP (1)&R(1) represent the steady- state probability, that the -server is giving 1¥&2nd
stage of the service and the server during a repair without neglect to the no. of customers in the
line. Now, we using the -equations (48), (49), (50) into, the normalized -condition (47) and
streamlining, we get
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71 = [1 _ A+ (1+9)D (1) _ A (1+9)D (1)
a S[(A—PLY) +7L (DLW YA =)L) + 7L (NDL(Y)]
Ax(1+9)D (1) A2x(1+9)D (1)
+ 5 + T -

- = (1)

and hence, using factor rho of the- system is provided by

" _l Ax(1+9)d (1) N Ax(1+9)d (1) A= +9d Q)
TSI = AL + L MEM] YA = AL + L 0DL)] 5
Ax(1+9)d (1)

Where rho < 1 is the stability- condition due to the steady- states condition exits.

3. The average queue line & systems size:

Let P,(2) represent the P.G.F of the queue line in especial of the -server state. Then sum of the
equations (34), (35) and (36) we get
_ M(z
P,(z2) = PD(2) + PD(2) + R(2)P,(2) = % ———(53)
1-A-PDHA*A+9) =21 +9)D(EZ)+Y) )

‘“_1(1*(1+19)—A*(1+0)D(2)+y)f2(ﬂ*(1+19)—

MZ)=A*(1+9)D(2) - 1)
D) +Y

(Yz+f(2)V (2)

(2= (=P (=A* (1+ODE) +Y) — LA+ (1+9)
C(Z)_fl(z)fZ(Z){ 2+ (1 +9)D(Z) + V(=2 * (1 + 9)D(2) + Y) }

—Y52'<1—(1—r‘)fl(/’l*(l+z9)—/1*(1+19)p(z)+\r)—ﬂ‘1< Ax(1+9) - ))

L(=A*(1+9)DE) +Y)

Let L,, represent the average no. of customer in the line with steady -state solution. Thus we obtain

d . .
L, = E[P”(Z)] atz=1

c'(HM (1) - M (DC" (1)
2C"(1)2 a

L, =lim;_,4 ——(54)
Where primes & dual primes in the equation (46) represent 1% and 2 nd derivative at z = 1,
respectfully. Calling out the derivation at z = 1 we get

Vol. 72 No. 1 (2023) 1174

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

M'(1)=2%(1+9D (D + VD)L~ (1 -#)L) —Fh(NL)] =~ — (55)

o o . C" (D(a+ V) - 2(A= (1 +9)D (1)) (1)
M' (1) = [1 - (1 = HLOD = FLONLY)] { +§ s 19)(0' v s )
22 (1 +9)D (DY + 67 (1)} — 24+ (1 + 93 (D' (D)’ (¥ + &P (1) [ - A=PRM g
+r[L ()L, (V) +7I,(NI(Y)
@) =vol1 - + b0l - (15 IR0
———(57)
¢ (1) =2Ys(1 - DL + FL ML) + LONLO)] = (Y +8)A = (1 +9)D" (DA — (1 —PL(Y)
— L NL) = 2(Y + &)+ A+ 9)D (D[1 - (1 - DL — #I(NLY) + LML (Y) — —(58)

) [(Y 4+ &)1 (1 +9)D (1)]

Then. If substitute the values of from the equation (55), (56), (57)& (58) into (54) we produce L,
in the- closed form. Then we find the average system size “L “using Little's law formula. Thus we
get

LENGTH = L,
Ax(1+9)d (1) Ax(1+9)d (1)
S[(1—ML() +7L(NLM]  YIA =)L) + 7L (D)
AxA+9Nd D) 2x(+ ﬁ)d'(l)]
8 Y

+

where L,, have been established by the equation (54) and rho is produced from the equation (45).
6. Conclusion:

The encouraged arrival is very beneficial for a variety of organizations in terms of managing
operations, planning, implementing and developing services for customers and other areas. In this
study, a batch encouraged arrival Markovian queuing model due to a secondary optional- service,
break-down and numerous vacations.The P.G.F in the line established due to the arbitrary variable
methods. This method will be very much of the used in fabricate and tele-communication networks.
It’s comparatively Poisson arrival is encouraged arrival more effective.
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