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1.Introduction

Mathematicians use the random norm in cases where the usual norm is not appropriate.
Therefore, generalizing the normed space to random normed space is of special importance.
The subject of stability, which was inquiry from S.M.Ulam [10] in1940 expanded greatly in
multiple spaces and using different equations. Mathematicians scientists have reached good
result in different ways, including direct and fixed point method [1,2,3,4,6,7,8,9].

We discuss the stability of the cubic functional equation(0.1) RN —space. We reached good
results and confirmed the solution with a good example that we use lukasiewicz t-norm.

2. Preliminaries

Definition (2.1)[5]: " A mapping P: [0, 1]> — [0, 1] is called a triangular norm, if ® the
following four axioms are satisfies :

(DP&x,y) =P, x );

QP (xP(Y,0=P @, ¥) 2

(3) P (x, 1)=x, Vx,ye€ [0, 1];

4)P (x,y)<P(z,S)when x <z wherey <S,V x,v,7 S €0, 1]"

Definition (2.2)[5]:"" A random normed space (briefly, RN —space) is a triple (X, ¢, P),,
where X is a vector space. gis a continuous t—norm and g is a mapping from X into D*
satisfying the following conditions :
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D)o, @)= @) Vi>0=>x=0;Vx ER

2) @) = 0, (W) V x €, and A # 0;

(3) Pxay(®+K) =P (1), 0y(K) V x,y ERand t, k> 0",
Definition (2.3)[5]:" Let (X, g, P) be an RN —space.

(1) A sequence {x, }in X is said to be convergent to a point x € X if, for any € >0 and A > 0,
there exists a positive integer N such that g, _, (¢) >1—24,vn>N.

(2) A sequence {x, }in Xis called a Cauchy sequence if, for any € > 0 and A > 0, there exists a
positive integer N such that o, _, (¢) >1—-A,¥Vn>m=>N.

—Xm

(3) An RN—space (X, ¢, F) is said to be complete, if every Cauchy sequence in X is convergent
to a pointin x."

3-Main Results

Theorem 3.1 Let X be a real linear space, ('Y, g, B) be a complete(RN —space) where %: R —
y when W(0)=0 where there is @:X?->D* @(x,y) is know as
@, ,concerning the asset:

pg wixy) = Qyy () 3.1)

V x,y € Xwheret > 0. If

]lim P2y (-1, o(3331) = 1 (3. 2
and llm ((ngx’3my'(33mf') = 1 (3
m-—oo

3)
V x,y € X, 1> 0. Where there is a single cubic function

S: X — y where Pwio-sco () =
P2y (@1 o(330)). (3.4)

VxeXandt>0.

proof. Puttingy = 0in (3.1), where

ey () = @ (3°9) (35)

V x,y € R i >0. Therefore,

Fw(skx) w(sktix) (%)

33k 33+3k

> Qgx,0(3%1) (3.6)
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VxeX keNandt>0
Pw(ax) w(arix) ()
33k 33+3k
> @k, 0(337351) (3.7)
Vxe X, ke Nandr > 0. Sincel > § + -+ 3% as a result,
Fw(3kx) () = PR, Pw(3kx) w(3k+1x) (Z k+1>
T 33k w(x) 33K 33+3K
> PRY | Do) wisorsa) () | 2 PRoS (@yry0(33434) )
33k 3343k
> P, (-1, (3°D)) (3.8)
VxeX 1r>0.
w3lx)) . I .
Now show convergence of the sequence{ T } x is changed to 3’x in place of (3.8), for all j,
keN,
© ®) 2 P (Qqior, o (33791) ) (3.9)
W) i (1) = Prat Qg -
33k+3j 33]

V x e X and >0 . The inequality's right-hand side tends to have a value of 1,

wW(3lx)
33]

3lx)

as j,k— oo, { } is a Cauchy sequence know as S(x) = l1m { } V x € X. changing

x,y with 3™ x and 3™y, in(3.1) when the right side is multiplied byZ’Z—:, as a result

JO 1 —_DgW(3Mx,3My) @ = Q3m,, Smy(33mi>) (3.10)

Vx,y e X, meNandt > 0. Taking m— oo, we show S is satisfying. (0.1)

V x,y € X which is, S cubic function.Toprove (3.4) taking m — oo in(3.8), we obtain
(3.4)
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At last, to show the cubic function singularity S topic to (3.4) let us suppose there is z a cubic
function is satisfying.(3.4).

_ (if\') = ] \I\‘)
Pato-s0 2@2(96) nggllx):W(:;Ix) S(X)(

S CORETC EYTEC)

33] 33J

By letting J— « we show that z=s. This completes the proof .

Corollary (3.2)

suppose X real linear space , (Y, ¢,B) be complete (RN —space) . When P=Byv or B = Pp and
W:X - yis a function satisfies

Ds w(xy) @)= ! Xo EX and ©>0. In this case a single cubic functionS

exists andS: X — y satisfying (0.1) also

r+ellxgll

“ o0 r
SO’#(x)—s(x) (I‘) = ?I=1 <m> :

331

Proof. We will arrive at the result directly, if put @, (¥) = ’

r+ellxll

Vx,yeX wheret >0, in Theorem (3.1).

Corollary (3.3)

suppose X real linear space , (v, ¢,B) be complete (RN —space) when B=By or P = Ppand
W: X — yis a function satisfies

P

ps wxy) @)= VR TII) , V= 0, where > 0, pe IR. In this case a single cubic function S
exists andS: X — y satisfying (0.1) also

.
P4+ V3I(P=3)=P | x|P

JO’#(x)—s(x) (i\') = ?f.i1 ( ),VX Y € X where p < 3,

by

PV (lxIP+IyIP) Vxyex,

Proof. We will arrive at the result directly, if put @, (i) =

r> 0, p<3,inTheorem (3.1).
Corollary (3.4)

suppose X real linear space where (v, ¢,B) be complete (RN —space) where P=Pw or B = Pp
and ¥:X - yisa function satisfies

. llxll
$pswicy) =1 — B+l

y satisfying (0.1) also

,and t > 0. In this case a single cubic function S existsand S: X —
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. o [l
SOW(x)—s(x) (I‘) = P:I=1 (1 - - ) :

321+1+||x||

llx|l

Proof. We will arrive at the result directly, if put @, , (f) =1 — i

> 0,inTheorem (3.1).

, V x ye X where

Example 3.5 suppose (X , II. |l ) be a Banach algebra where
1l iow
0. (F) = {max{l —T,O},lfr >0
0 ifr<o0

Vx,y eX,i>0,let

Q) () = max{l _ 120(||x\f||+llyll), 0}
and @, ,(¥) = 0if F <0, @,y (P)is distribution function

lim 3Mx, 3My(33M}) = 1

m-—oo
Vx,y e X ,i>0, itsimple to prove that (X, o, B.) is (RN —space). And

o llxl
p:B)=1=>—"=1ex=0

Vx,y € X >0 and, obviously,(§,,({) = gox(;) )Vx,yeX wheret>0.

Next, we have

= llx+yll
Prry(E+0) = max{l - ,0}
=max{1—|| :C% I ,0}
>max{1-11 £ =1 £ 11,0}

=P, (9, (}), oy (n))

SO (X, g, Py) is complete since g, (¥) = 1 — =yl

N

r

Vx,y eX,t>0and (X , |I.Il) is complete
Il 3% (x + 3y) — WGBx +y) — 12W(x +y) — 12%W(x — y) — 80W(y) + 48%W(x) |
Bl x+3y I =lI3x+y Il =12l x+y 1-121lx—=y I =80 Iy Il +48 [l x Il | Il xo |l
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<120 x I +0y 1)
V x,y € X hence
Ppswixy) ()= @y (1)

V x,y € X wheret > 0. Now

(P2 1 (Qaro1-1,5 (349 (8) ) = max{E2, (Qqe1-1,,o(33+91) — 1) + 1,0}

120131+ -1y 120]1x|l

:maX{Zf‘il(l —W— 1) + 1,0} :maX{l —W,O} VX,YEN ,\1’\‘>0
And lim (P72, = (cogm_l o (33I+3]‘1‘~)) -1
V x,y e X wheret >0, all the axiom of Theorem (3.1) verified Since

(Pur24 ((031_1)(,0,(331?)) - max{Zf":l((Qsl_lX'o'(me\f‘) -1)+ 1‘0} - max{l B %' 0}

V x,y € X where ¥ > 0, Inferring that@ (x) = x 2 is the single cubic function
©: X — X where
. 5llx
Pw(x)-qe (1) = max{l i 0}
vxeXandt>0.
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