Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Minimal and Maximal Sets uses.

Raad Aziz Hussain Al-Abdulla®, Raghad Adnan Shanshool ?

12 Department of Mathematics, College of science, University of Al-Qadisiyah, Diwaniyah,
Iraq

raad.hussain@qu.edu.ig ! , raghadadnan996@gmail.com 2

Article Info Abstract: The aim of this paper is to introduce new types of sets
Page Number: 1186-1195 maximal open set (M-open) and maximal closed set( M-closed) and
Publication Issue: minimal open set( m-open ) and minimal closed set( m-closed) with
Vol. 72 No. 1 (2023) examples and theorems The relationships between them and other will

be studied like M-compact ,M-compact sub space ,continuity function
Article History Keywords:m-open,m-closed, M-open,M-closed,M compact.

Article Received: 15 October 2022
Revised: 24 November 2022
Accepted: 18 December 2022

Definition('1.1). [1]: Let X be a topological space. A proper nonempty open subset

U of X is said to be:
a m- open set if any open set which is contained in U is ¢ or U, and
a m-closed setif any closed set which is contained in U is ¢ or U.

Definition( 1.2). [2]: Let X be a topological space. A proper nonempty open subset

U of X is said to be:

a M- open set if any open set which contains U is X or U, and
M- closed set if any closed set which contains U is X or U.
Example (1.3): [4] Let X={1,2,3,4} with a topology

o= {8,X,{1}.{1,2},{3,4},{1,3,4}}, then the set {3,4} is m- open and the set{1,3,4} is M-open
.Also the set {2,3,4} is M-closed and the set {2} is m-closed.

Theorem(1.3). [1] Let X be a topological space and U < X. Then, U is m- open set if and only
if X\ U M- closed set.
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Theorem(1.4). [2] Let X be a topological space and U € X. Then, U is m- closed set if and

only if X\ U M- open set.

Corollary (1.5) [4]. Let X be a topological space with a, b € X. Then we have the

following:

(1) if {a}is an open set in X, then {a}is a m- open set and so X\ {a} isa M- closed set.

(2) if {b}is a closed set, then{b} is a m- closed set and so X\{b} is a M- open set.

Lemma 1.6. [1] Let (X,T) be a topological space.

(1) If U is a m- open set and W is an open set such that U n W= ¢, then
UcW.

(2) If U and V are m- open sets such that UN V# ¢, thenU =V .
Lemma (1.7). [1] Let (X,T) be a topological space.

(1) If U is a M-open set and W is an open set such that UNW#X, then
wWcUu.

(2) If U and V are M- open sets such that UNVX#,thenU =V .

Theorem(1.8) : Let Y openin X, if U M-open in X ,then UNY M-openinY.

Proof: LetU M-openinY. Let UNYS W
W3 openinY , UcWuUU
U M-open in X either U=WuUU or WuU =X
If UNY=(WuUU )NY
=(WNY) U (uUNY)
W U (UNY) =W
Or
YN(WuUU)=Y
YIW)u(YNnU) =Y
Wu((YnU)=Y

W=Y , then UnY=Wor UNnY=Y
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Theorem (1.9) : if U M-openinY ,then U is not M-open in X

Example : | et X={a,b,c,d,e}

v={0,X,{a,b,d},{a,b,d, e},{a,b,c,d}}

Y={a,b,c,d}

t,={0,X {a,b,d},}

{a,b,d} M —openinY, but {a,b,d} not M- open in X

Definition(2.1) : Cover & Finite Cover &M- Open (resp.,M- Closed) Cover

Let {AJ}Jel]be a family of subsets of the space (X, [1). We called the family {AD} el
cover of X iff X equal the union of elements of the family {AC} eI 0.

(i.e., X = ULEDAL)

If {A}0e0is finite and cover X, then {A}Je[Jis called a finite cover of X.

If each AL], [Jel], is M-open (resp.,M- closed) in X and {AU}elllJcover X, then
{AD}YO€eOUis

called an M-open (resp.,M- closed) cover of X.

Definition(2.2) :[9] Sub cover

Let C = {AJ}JeIbe a cover of X and {Bi}i€[][Jbe a sub family of C and
cover X, then
{Bi}ieJJis called sub cover from C.

Definition(2.3) : M- Compact Space

A space X is called M-compact iff each M- open cover of X has a finite sub cover for X.
i.e.,

X is M- compact O 00OC ={U0}ell; UDDe DOODOOOOOX =ulel Ul
000001, 02, ..., 0n; X=UL, Uy

X is not M-compact 00 0OC={UD}ell; Ule DOO0DOOOOX = vdel Dednul
O0A 01,02, ..., 0n; X=U, UyO0.

Example(2.4) :If X is infinite set . Show that (X, [Icof) is M- compact space

Solution : Let G={U}J€l] be an M- open cover for X

Teor = {d} U{ AC X:AC is finite}
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Chose any sub set of §

Let Uy, € G is M-open set of, Then (U, ©) is finite 3 (U, ©)

={b;,b, ....b,}

v XCEVjer Uj

Since UypN(Ugo®) =, Ugg U (Uyo©) =X

“br €EX, k=1,...,n

by € Ui U; , then there exist

Uyq Ug....Up, by €U k=1,....n

Let G*={U;; Upy....Un}

G ={Uu, k= 1,....,n}is M-open cover of X

+G* € G and G* has finite members of X ,then G has finite sub cover of X
Hence (X, CJcof) is M- compact space.
Remark (2.5) Every M-open cover is an open cover ,but convers is not true

Definition(2.6) : M-Compact Subspace

Let (X, [J) be a topological space and W be a subspace of X. We called a space W is
M-compact space iff every M- open cover from X cover W has a finite sub cover. i.e.,
W is M- compact 0O 00{UD}Y e I; UDDe D000 OOOOW DOUded DU
DO00001, 02, ..., 0n; W OOUR, Uy

Theorem (2.7): Every compact space is M-compact

Proof: let X be compact space

Let {U}0 € 00; UE © be [IJopen cover of X
(since every M-open cover is an open cover)

Then {UJ}0 € [J is an open cover of X

Since X is compact ,then has finite sub cover
{Uy:a€n,i=1,..,n}

Thus every M-open cover has finite sub cover

Hence X is M-compact
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Theorem(2.7) : If A and B are M- compact sets in a space (X, [1), then A U B is M- compact
set.

Proof : LetC={U0O}0 € 0J; Ue v U OO OO open cover of AU B
To prove C has a finite sub cover

~AUB OOUDOeOdOUOOOODA OOvDOedouooooB dubedous
(since ALJLJAUB,B[[1AU B)

[101C cover of A and B, but A and B are M- compact

OO000oL, ..., 0n; A DDUR, Ug

and 0001, ..., Om; B OOUL, Ug

OOAUB DOURE™ Uay

[10JC has finite sub cover for AUB 1A U B compact set.

Remark(2.8) : If A and B are M- compact sets in a space (X, [1), then A NB is not necessary
M- compact set.

Solution :

v={X,8,[0,1), (0,1],0.1)}U {(-, 1), n€ N}

(X,w) be a topological space

A=[0,1) ,(0,1] are M-compact

But A NB =(0,1) is not M-compact

Let c:{(ﬁ, 1), ne N} is an M-open cover of A NB
Since n— o0, (-, 1) - (0,1)

A ay,ay ....ap, then has no finite sub cover

ANB Z UL, Uy ~ A NBis not M-
compact

Theorem(2.9) : A space (X, [1) is compact iff every family of m- closed subsets of X satisfy

With the finite interaction property has a non- empty interaction .

Proof : ([1) Suppose that X be M-compact space and F= { C,:[J[J€[1}[1[1be a family of m-
closed sets of M-compact with finite interaction property

To prove Ngep Co OO,
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Suppose Ngep Co LT
0 Let 0G ={0,:X\ C4:a € A}
G is family of M-open set in X
Uaen 0a=X
(101G is M- open cover of X, since X is M-compact then must be have
finite sub cover
OOX= UL, 0= U{X\ Co}=X\NL, Cy
l.e
NiL; Cq must be empty
This is contradiction the fact that F has finite interaction property
Thus F has the finite members of F must to be non-empty
(O)) every family m-closed subset of X with finite interaction
Let G={U,: o € A} be an M-open cover of X, so that
X=Ugep Ug
Taking complements
X-X=X-(Ugep Ua )
b =N{X-(Uy:a € A}
Thus { X-(U, : a € A} is family of m-closed sets with empty interaction
Suppose this family does not have a finite interaction property
There exist a finite number of sets
X=Ugi i=1....,n 3 G=N{X-Uygi:a€A:=l...n}
X-G= X-N{ X-Uyi: a € A:i=1...n }
Hence X is M-compact
Theorem (2.10) Each m-closed subset of a M-compact space is M- compact.
Proof: Let A be a m- closed subset of the M- compact space X and
let C={UD}0 € O1J; ULJ€ © be M-open cover of A
let { U, : a €A JU{X\ A} be M-open cover of X
. Since X is M- compact
Vol. 72 No. 1 (2023) 1191
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A{U, :a€en,i=1,..,nJu{X\ A} be a finite sub cover of X
Then{Uy,; NA:a €A ,i=1,..,n} be a finite sub cover of A
Hence A is M-compact

Remark (2.11) M-compact -+ compact

Example if X infinite set ,a€ X

o={A: ae A}u{¢p}

Solution :

X is M-compact ,since every M-open cover has finite sub cove,
{8 Xa X1\ (X3}

U{a, X Xg ,...}\ {X;} 2j #1i , finite sub cover for every M-open cover of X ,but X is not
compact since X is infinite set, then has no finite

sub cover

theorem(2.12) if X is finite set and T is a topology on X ,then (X,t) is M-compact .

proof: let X={X;,X,, ....X,}

let G={U;,i€ N }isaM-open cover of X ,then
Vx; € X there exist Uj; € G 3 x; € Uy, then
G"={Uj;}i, is finite sub cover of X

Hence X is M- compact

Definition (3.1) [10]_a function f:( X,s) — (Y, Q) between two topological space is called
continuous if for every open set VC Y, itis f~(V) is open in X,

Definition (3.2):function f :( X,5) — (Y,Q) between two topological space is called M-
continuous if for every M- open set VCY, it is f~1(V) is open in X.

Definition (3.3):function f :( X,v) — (Y,Q) between two topological space is called M* -
continuous if for every M- open set VC Y, itis f~1(V) is M- open in X.

Definition (3.4):function f :( X,5) — (Y, Q) between two topological space is called M**-
continuous if for every open set VCY, itis f~1(V) is M- open in X.

Theorem(.) :[8] The continuous image of compact space is compact. i.e.,
If f: (X, ) O0O(Y, 0 is continuous function and X is compact space, then f(X) is

compact.

Vol. 72 No. 1 (2023) 1192
http://philstat.org.ph



http://philstat.org.ph/

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Theorem(3.5)The image compact space is M- compact. i.e.,

If f: (X, 00) OO0, 07 is M- continuous function and X is compact space then f(X) is M-
compact

Proof : Let f: (X, 1) CI1CI(Y, [1') be M- continuous and X compact space.
To prove, f(X) M- compact in Y

Let C = {VU}DeD I 0open cover for f(X)

OOf(X) Du, 0 € 0OVOD; VODE ' D000E O

Since fis M- continuous ,we know that each of f~1(\V[J) is open in X .since X is compact
there are exist finite sub cover (11, ..., [In

Uiny £ (Ve) = FOQUOR(UL; £ (Vo)) X O

0 Uity fCF7H (V) )

= )0 Uizg (V)

f(x) is M-compact

Theorem(3.6)The image M- compact space is M- compact. i.e.,

If f: (X, ) O0(Y, 07 is M*- continuous function and X is M-compact space then f(X) is M-
compact

Proof : Let f: (X, J) O(Y, [J) be M*- continuous and X M- compact space.
To prove, f(X) M- compact in Y

Let C ={VU}eJ I open cover for f(X)

Of(X) DU, € DOVOD; VOOe O'D00DE O

Since fis M*- continuous ,we know that each of f~1(V[J) isM- open in X .since X is M-
compact there are exist finite sub cover [J1, ..., [In

UL, 71V, = f)O0f(uk, f73(Vy)) XO

0 Uiy O (V) )

= )0 Uiy (Vi)

f(x) is M-compact

Theorem(3.7)The image compact space is M- compact. i.e.,

If f: (X, 0) O0OC(Y, 07 is M- continuous function and X is compact space then f(X) is M-
compact
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Proof : Let f: (X, (1) (Y, [1') be M- continuous and X compact space.
To prove, f(X) M- compact in Y

Let C ={VI}JeI I open cover for f(X)

DOf(X) Du, 0 € DOVOD; VODE ' DUDUE O

Since fis M- continuous ,we know that each of f~1(V[J) is open in X .since X is compact
there are exist finite sub cover (11, ..., [In

UL, 71V = fX)00f(UL, f71(Vey)) X O
0 UL fOF (V) )
= f)0 ULy (Vi)
f(x) is M-compact
Theorem(3.8)The image M- compact space is compact. i.e.,

If f: (X, 0) 00Oy, 07 is M**- continuous function and X is M-compact space then f(X) is
compact

Proof : Let f: (X, 00) OO(Y, ') be M*™- continuous and X M- compact space.
To prove, f(X) compact in Y

Let C = {VI}ellIJopen cover for f(X)

DOf(X) Du,0 € DOVOD; VODE ' DUDUE O

Since fis M**- continuous ,we know that each of f~1(V(J) is M- open in X .since X is M-
compact there are exist finite sub cover [J1, ..., [In

Uiny £ (Ve) = FQUOR(UL; £71(Ve) ) X O
0 UL fCF1 (V) )

= ()0 Uiz (Vi)

f(x) is compact
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