Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Pl indices of Pseudo Regular Graphs

S. Kavithaa!? A. Atkinswestley 20 R. Priya®9
12Associate Professor, Department of Mathematics, Science and Humanities, Roever

Engineering College,Perambalur-621212, Tamilnadu, India.
3Assistant Professor, Department of Mathematics, Science and Humanities, Roever

Engineering College,Perambalur-621212, Tamilnadu, India.

%) kavi26august@gmail.com
b) ats.wesly@gmail.com
° priyakrishnan2k5@gmail.com

Article Info Abstract: The Padmakar-lvan(PI) index of a graph G is the sum over all edges
Page Number: 1991 - 1998 uv of G of the number of edges which are not equidistant from the vertices u ad
Publication Issue: v. The CO-PI index of G is defined as CO-PI(G) = Y.—wuver(s)lnu(e) —
Vol 71 No. 3 (2022) n,(e)|. In this paper, the PI index and CO-PI index of Pseudo-regular graphs

are determined.

Article History

Article Received: 12 April 2022
Revised: 25 May 2022
Accepted: 20 July 2022
Publication: 25 August 2022

1. Introduction

In theoretical chemistry Molecular structure descriptors, frequently called topological
indices are used to design of chemical compounds with given physico-chemical properties or
given pharmacologic and biological activities. The Wiener index [1] W is the most popular
such index, see [2, 3] and references therein. The Szeged index is closed related to the
Wiener index and is a vertex-multiplicative type index that takes into account how the
vertices of a given molecular graph are distributed and in particular, the Wiener and the
Szeged index coincide on trees.

The Padmakar-lvan index is an additive index that would consider a corresponding
distribution of edges. It is the unique topological index related to parallelism of edges. Many
chemical applications of the Pl index were presented and it was shown that the Pl index
correlates highly with Wiener and Szeged index as well as with the physico-chemical
propertied and biological activities of a large number of diverse and complex
compounds.Since on the otherhand it is usually easier to compute that the Wiener and Szeged
index, Pl is a topological index worth studying.

The Szeged index incorporates the distribution of vertices of a molecular graph, which the
Pl index does this job for the edges. Hence it seens that a combination of both could give
good results in QSPR/QSAR studies. Indeed, the combination of the PI index and the Szeged
index is the best for modeling polychlorinated biphyenyls(PCBs) in environment among the
three possible pair of indices selected from the Pl index, the Szeged index and the Wiener
index [4]. For the Wiener and the Szeged index such studied were previously done . The PI
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index has been studied from many differernt point of views see[5,6]. In [7], SandiKlavzar
computed the Pl index for Cartesian product graphs.

Recently, Hassani et al. introduced a new topological index similar to the vertex version of
Pl index [8]. This index is called the Co-PI index of G and defined as:

CO-PI\(G) = Ze=quE(G) |nu(e) - nb(e) |

Here the summation goes over all edges of G. Fath-Tabar et al. proposed the Szegedmatrix
and Laplacian Szeged matrix in [9]. Then Su et al. introduced the Co-PI matrix of agraph
[10]. In this paper, we compute the Pl index and CO-PI index for the different types of
Pseudo-regular graphs.

2. Preliminaries

All graphs considered in this paper are simple, connected and finite. A graph is a
collection of points and lines connecting a subset of them. The points and lines of a graph G
are also called vertices and edges of the graph and are denoted by V(G) & E(G) respectively.
For u,v € V(G), the distance between u & v in G, denoted by d(u,v), is the length of a shortest
(u,v) — path in G.

Let e=uv an edge of G. ny(e) denotes the number of edges lying closer to the vertex u
than the vertex v and ny(e) denotes the number of edges lying closer to the vertex v than the
vertex u. The Padmakar-lvan index (Pl) of a graph G is defined as PI(G) =

ze?=w/“55((7) Inu(e) + n”'(e)l.ln this definition, edges equidistant from both ends of
the edge e=uv are not counted.
Similar to the vertexversion of Pl index,another important index Co-Pl index of G

which is defined as: CO-PI,(G) = Zomuver() Mu(@) —Mo(@l e e
summation goes over all edges of G.

Let G= (V, E) be a simple, connected undirected graph with n vertices and m edges.
For any vertex vi= V, the degree of vi is the number of edges incident on vi. It is denoted by
di or d (vi). A graph G is called regular if every vertex of G has equal degree. A bipartite
graph is called semi regular if each vertex in the same part of a bipartition has the same
degree. The 2-degree of vi [11] is the sum of the degree of the vertices adjacent to vi and
denoted by ti.[12]. The average degree of v; is defined as ti/di. For any vertex vi= V, the
average degree of v is also denoted by m(vi) = ti/d;.

A graph G is called Pseudo-regular graph [11] if every vertex of G has equal average

w@ == 3 mw)
degree and # veVi G} is the average neighbor degree number of the graph G. A
graph is said to be r-regular if all its vertices are of equal degree r. Every regular graph is a
Pseudo-regular graph [13]. But the Pseudo-regular graph need not be a regular graph.

The relevance of pseudo-regular graph for the theory of nanomolecules and
nanostructure should become evident from the following. There exist polyhedral (planar, 3-
connected) graphs and infinite periodic planar graphs belonging to the family of the Pseudo-
regular graphs. Among polyhedral, the deltoidalhexecontahedron possesses Pseudo-regular
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property[13]. The deltoidalhexecontahedron is a Catalan polyhedron with 60 deltoid faces,
120 edges and 62 vertices with degree 3, 4 and 5 and average degree of its vertices is 4.
The construction of Pseudo-regular graphs is shown in [14].

3. Pi Index And Copi Index Of Pseudo-Regular Graphs.
Theorem 3.1: For p > 2, the PI index of type I Pseudo-regular graph G is

PIG )=pp° -p+1)|-p  +p°-p-1
Proof: Let G = G be a type | Pseudo-regular graph.
Let V(G) = { vo,v1,V2,....,vm,ut,Uz,...... ,um(p-1)} be the vertex set of G and vo as the central
vertex of Kim and { v1,vz,....,vm} are pendant vertices of Kim where m= p2-p+1 and the (p-1)
pendant vertices { ug,Uz,....,ump-1)} are attached with m pendant vertices vi,vo,....,vm.
Let E(G) = (vovi; 1 <i<m} U {viuj; 1 <j <p-1} U{vau;j; p <j <2p-2} U{vau;; 2p-1 <j <3p-
31U {vmu;j ;(M-1)p-m+2< j <mp-m}.The Pseudo-regular graph with p=3 is shown in

Fig-1
The Pl index of G is given by PI(G) = 2:6?=u1f'515(5) Inu(e) +n.(e)l
Now
Pr(d;) = e=quEI:G) |nu (e] + nv(e.‘1|

by () +m, (e |

|:|:1.|_1L (2] +mn, (e | +

= z
pendant edze e E(G) non pendant  edge e E(G)

(p -1 p° —p+1nh—n:pcp2 — P AL L1+ (22 - p+13|p—|:ptp2 —p+13+1—p|

3

(° —p+1:|n—p +p? —p—1|(p—1+13]
=P(P2 —p+13|—p3+p2 -r-?—l|
Theorem 3. 2: For p > 2, the CO-PI index of type | Pseudo-regular graph G; is
CO - PIG ()= (p° -1:-+1:||:(p—1:l|~p3 +p2 -1:-+1|+|~ Po + pl +p—1H
Proof: Similar to theorem 1,

The CO-PI index of G is given by CO-PI(G) = 29=W€E(® Inu(e) —nu(e)l
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Now

0 -PIG ) = by (21 - no (e |

a=uy E E(

(&) = n, ()| + () — n, (e

g z g
pendant e-:lge aE E(Z) non pendant  edze e E(G)

(p -1 p° —p+1nh—cpcp2 P+ +1 -1

2 2
(p —1lip -p+13}l—p3+p2—p +(p —p+13‘p—p3+p2—1|

ol -p+n| 2=+

Theorem 3.3: For p > 3, the PI index of type II Pseudo-regular graph Gy is PI(Gn) =

PI(Gy) =(p* - 3p+3[6p° - 2Tp +31+ (o -3 p* +5p° ~9p+

Proof: Let G = Gy be a type 11 Pseudo-regular graph.

Let V(G) = { vo,v1,V2,....,Vm,U,Uz,...... ,um(p-3)} be the vertex set of G and vo as the central
vertex of Wm and { v1,vo,....,vm} are vertices of cm in the clockwise direction and

{ ug,Uo,....,ump-3} are the pendant vertices joined to every vertex in the cycle except the
central vertex, where m = p-3p+3.

Let E(G) = (vovi; 1 <1 <m} U{viVi+1; 1<i<m-13IU{vmv1}U {viuj; 1 <j < p-3} U{vau;; p-2 <j
<2(p-3} U........... {vmU;j ;m< j <m(p-3)}.The construction of type Il Pseudo-regular graph is
shown in [14]. For p=5, we can get the following Pseudo-regular graph(Fig-2)

2 3

-p+1‘+‘—p +p2+p—1‘:|

The Pl index of G is given by PI(G) = z:6’=W‘E~’5((:’J Inu(e) +n(e)l

Now
PG = Zp lru(@+ av(e)
ol p—3)
= Zd(vﬂbvz)+z Zd(‘l}!,v ) +‘Z Zd(“}zbu )
=l j=H =1 ;=1

2 2
T O] e O S R SV RS T

— (p? —3p+3)|@p-52+ (@ -+ (p? -3p+3)|p-2F + (p-2)*|+

(p?-3p+3)E - - -D(P*-3p+3) +1+1
=(p? —3p+3)[6p2—27fp+31+ (-3 p° +5p° —9p+5\]
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Theorem 3.4: For p > 3, the CO-PI index of type Il Pseudo-regular graph Gy, is PI(Gy) =
CO- PIGy) =(p* - 3p+)ip* ~21p +27+(p -3 p* +5p% ~9p +7)]

Proof: Let G = Gy be a type Il Pseudo-regular graph.

The CO-PI index of G is given by CO-PI(G) = z“é?=uv‘515(f7) Inu(e) —ny(e)l

Now

CO - PKG) = &—uv%E(G} Iy (8 = ngp (8
m m m m ol p-3)
= Zd(vljavi)_FZ Zd(vi?vj) +Z Zd(vi?uj)
i=l i=l j=H =l ;=1

= & -3p+3|2p -’ - (p- D)+ * -3p+3)|p -2 ~ (2 -2+
(r*-3p+3) @ -z - D -3p+3)+1-1f

=(p® -3p +3)[4p2 —21p+27+(p-3)}-p°+5p*-9p +?ﬂ
Theorem 3.5: For p > 5, the PI index of type III Pseudo-regular graph G is
PIG ) — (P~ — 3p+1)[8p4 —142p° + 980p~ — 3065 + 364(1
Proof: Let G = G be a type 111 Pseudo-regular graph.
Let V(G) = { vo,v1,Va,....,vm,Us,U2,...... ,Um(p-5),W1,W2,...... ,Wm} be the vertex set of G and vo
as the central vertex of wm where m = p?-3p+1and { u1,Uz,....,ump-5)} are the pendant vertices
and { wi,wa,....,wm)} are the vertices joined to the end vertices of each edge of a wheel graph
except the central vertex.
Let E(G) = (vovi; 1 <i<m} U{viViey;1<iSm-13}U{vmv1; 1< j <m(p-5)}U {uwvi; 1 <1 < 2}
U{ wvi 2 < 1 32} fumvi m-1< 1 <m}U{viwj; 1<<p-53U{vow;;p-4<j<2(p-
5)}U{vmwj;m<j<m(p-5)}. The construction of type Il Pseudo-regular graph is shown in
[14]. For p=6, we can get the following Pseudo-regular graph(Fig-3)

W6

Fig-3

The P index of G s given by PI(G) = Ze=uves(@) IMu(€) +1u(e)]
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G = | T [y (&) + s )]
i m(p=5)
= Zd(vu,v)+z E d(vv}+zzd(vu}+z v d(vi,wj)
i=1 i=1 j=i+l i=1 j=1 i=l  j=1

= (P -3p+ DB -Np-D+ -]+ (p-2D + * -3+ D(p- D+ (p-1)]+
2p" - 3p 4 D2 - Hp* - 3 -1+ (- D]+ (67 =30+ D2~ p- D+ D7 + (2 - 4)
= (p? —3p+1)[8p4 _142p° +930 p? —3065p+364l]]
Theorem 3.6: For p > 5, the CO-PI index of type 11l Pseudo-regular graph Gy is
CO- PKGyp = (0> —3p+ 1)[8;;4 —1425° + 980> —307 5+ 357;]
Proof: Let G = Gy be a type 111 Pseudo-regular graph.
The CO-PI index of G is given by CO-PI(G) = 29=WGE(® Inu(e) —nu(e)l

Now

Co - Fl{Gpp) = - WEHG g (8} = me o)
n om m m(p-5)
= Ed(v v)+E Ed(vzv) +Ezd(vi,u.)+z 7 .:f(vw}
i=1 i=1 j=i+l A | U R

(! -3p+ DBlp-p-3+ (p-5)]-(p-2N + (P -3p+1[(p-1)- (p-1)]+
2(p* -3 + 1) - 3)<p “1p-1)- (2= )]s (27 -3p + D= S)p- D+ 1P - (- 4)
= (p? -3p +1j[8p4 142 p° 4980 p° - 3075 p + 3672
Theorem 3.7: For p = 3 only, the CO-PI index of type IV Pseudo-regular graph
Givis
2x(x —3)
3
Proof: Let G = Gyv be a type IV Pseudo-regular graph.

Let V(G) = { vo,v1,V2,....,vn,U1,Us,...... ,upn} be the vertex set of G and vo,v1,V2,....,vm be the
central vertices form a cycle C,. Adding P4 on every vertex of C, . i.e the end vertices of P4 is
joined with every vertex of Cn . Then the average degree of every vertex are equal. We
obtained a Pseudoregular graph as below.

The construction of type Il Pseudo-regular graph is shown in [14]. For p=3, we can get the
following Pseudo-regular graph(Fig-4 and 5)

cCOoO— Pr (GIV) = where x = 3n

N\

Ne™ a

Fig-4 Fig-5

The CO-PI index of G is given by CO-PI(G) = ZFWGE(G) Inu(e) —nu(e)l

Now
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Co - PI(Gyp) = g 8 = 1 (81|

EE{G)
= % % A0y +zch(vu:|+z” 3 d(ugu )
i=1_j=i+l i=1 =i+l
_ 2x{x—3)
S
Theorem 3.8: For p =3 only, the CO-PI index of type V Pseudo-regular graph Gv is

2
2x< —8&:
CO— PI (GV) = % . where x = 3n

Proof: Let G = Gyv be a type V Pseudo-regular graph.

Let V(G) = { vo,v1,V2,....,vn,U1,Us,...... ,upn} be the vertex set of G and vo,v1,V2,....,vm be the
central vertices form a cycle Cn. The n-copies of vertex — disjoint cycle C4 are joined with
Cn in such way that each C4 and the cycle C, have exactly one edge vi vjin common. It is

denoted by G (Cna).
The resulting graph is a Pseudo-regular graph is shown

The CO-PI index of G is given by CO-PI(G) = ZFWGE(Q Inu(e) —n.(e)l
Now

CO-FlGy) = T Iy (8} = nyp 23]
=EEd(vv}+E_Ed(vu}+EEd(uu}
i=1 j=i+l i=1 j=l1 i=1 j=i+l
B 2x* - 8x
3

Theorem 3.9: For p =3 only, the Pl index of type V Pseudo-regular graph Gy is

_ 23 4 60v2 — 288¢

PI(Gy,) = where x = 3n
4 9
Proof: Let G = Gyv be a type V Pseudo-regular graph.
Let V(G) = { vo,v1,V2,....,vn,U1,Us,...... ,upn} be the vertex set of G and vo,v1,V2,....,vm be the

central vertices form a cycle Cn. The n-copies of vertex — disjoint cycle C4 are joined with
Cn in such way that each C4 and the cycle Cn have exactly one edge vi vjin common. It is

denoted by G (Cna).
The resulting graph is a Pseudo-regular graph is shown

G Py G(c=. r)

Fig-6 Fig-7
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The CO-PI index of G is given by CO-PI(G) = ZFWGE(G) Inu(e) —nu(e)l
Now
CO-PGy) = | B iy 8) = ny 21
=EEd(vv]+E_Ed(vu)+EEd(uu)
i=1 j=i+l i=1 j=l1 i=1 j=i+l

- 3x° +60x? - 3881
- 9

Conclusion
In this paper. Pl and Copi index of Pseudoregular graphs are computed.
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