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1. Introduction

This paper starts by introducing the notions of w-near and w-closer relations on the subsets of
a topological space. Some of the recent concepts that are available in the literature of
topology and its omega topology are characterized using the above relations.

2. Prelimeneries

Result 2.1

Let A and B be any two subsets of a topological space (X,t). The following relations on
the interior and closure operators will be useful.

2010 Mathematics Subject Classification: 54A05, 54A10

Key words and phrases., w-near and w-closer relations, regular m*-open sets, regular -
closed sets.

IntA < IntClIntA < ClIntA < CI IntCl A < CIA.
IntA < IntClIntA < IntCIA < ClI IntCIA < CIA.
IntCl (AnB)< (IntCIA ) N (IntCIB).

Clint (AnB)c (ClIntA ) ~ (ClIntB).

(IntCIA) U (IntCIB)  IntCI(AUB).
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(ClintA) U (ClIntB) < Clint (AUB).
ClintClintA = ClIntA.
IntClint CIA = IntCIA.
Lemma 2.2
Q) If B is open then (CIA) N B < CI(AnB).
(i) If B is closed then Int (AUB) < (IntA) U B.
Lemma 2.3
Q) Clint CI (AuB) = ClIntCIA U Clin CIB.
(i) IntClint (AnB) = IntClIntA N IntClIntB.
Definition 2.4 The set A is called
Q) regular open if A= Int CIA,
(i)  semi-open if Ac Cl IntA,
(i) pre-open if AcIntCIA,
(iv)  b-open if AcCI IntAUINtCIA,
(V) *b-open if AcCl IntANINntCIA,
(vi)  b*-open if A=ClIntAUINtCIA,
Definition 2.5 The set A is called
Q) ap-set if ClintAcIntCIA,
(i)  ag-set if IntCIAc ClIntA,
(iii))  aQ-setif IntCIAc ClIntA,
(iv)  at-setif IntA = IntCIA,
(V)  at*-setif CIA =ClIntA,
Definition 2.6 The set A is called
Q) a-open if AcIntClIntA.
(i) -open if AcCIIntCIA.
Definition 2.7 The set A is called
Q) regular closed << A= ClIntA,
(i) semi-closed <IntCIA C A,
(iii)  pre-closed <ClIntA c A,
(iv)  b-closed <ClI IntANINtCIA c A,
(V) *b-closed <ClIntAUINtCIA C A,
(vi)  b*-closed <Cl IntANINtCIA c A,
(vii) a-closed <ClI IntCIA c A,
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(viii) B-closed < IntClIntA c A.

Lemma 2.8 The set Ais

(i) regular open <A= IntClint A,

(ii) regular closed <<A= ClIntCl A,

(iii) semi-open <CIA= ClIntA,

(iv) semi-closed < IntA= IntCIA,

(v) B-open <CIA=CIIntCIA,

(vi) B-closed < IntA= IntClIntA.

Lemma 2.9

(i) If AorBissemi-open then IntCIA nIntCIB = IntCI(AnB) .
(it) If Aor B issemi-closed then Clint(AuB) =ClIntAUCIIntB.
Definition 2. 10 Let A and B be any two subsets of a space (X,t). We say that

Q) A'is near to B in (X,7) if IntA = IntB

(i)  Aiscloserto B in (X,t) if CIA = CIB.

(iii)  A'is almost near to B in (X,7) if INtCIA = IntCIB .
(iv)  Aisalmost closer to B in (X,7) if Clint A = IntCIB.

Definition 2.11 A function f: (X,1)—(Y, o) is called

(i) regular continuous if f (V) is regular open in X for each V eo,
(i) regular irresolute if f “1(V) is regular open in X for each V eRO(Y,c).
Other types of continuity and irresoluteness can be analogously defined.

Definition 2.12 By a neighourhood (briefly nbd) of a point x in a space X we mean an open
set containing Xx.

Definition 2.13 A space X is locally countable if the space has a base consisting of
countable sets and is anti locally countable if every non-empty open set in X is uncountable.

Definition 2.14 For every open neighbourhood U of A,
Q) if CIACU then A is g-closed,

(i) if ClIntAcU then A is wg-closed,

(@iii)  if aCIAcU then A'is ag-closed,

(iv) if sCIAcCU then A is gs-closed,
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(V) if pCIAcU then A is gp-closed and

(vi) if BCIAcCU then A is gB-closed.

Definition 2.15

Q) If AcV, Visregular open =CIA < V then A is rg-closed.
(i) If AcV, Visregular open =pCIA < V then A is gpr-closed.
@iii)  IfAcV,Visa-open =aCIA c V then A is ga-closed.

Definition 2.16 A point x of X is said to be a condensation point of A if for each Uet with
xeU, the set UnA is uncountable.

Clearly every condensation point of A is its limit point. Let Cond(A)={x:x is a condensation
point of A} and Limit(A) ={x:x is a limit point of A. Obviously Limit(A)>Cond(A).

Definition 2.17 A subset B of X is said to be w-closed in (X,t) if B o Cond(B).

It is easy to see that every closed set is m-closed. The complement of an w-closed set is -
open. Khalid Y.Al.Zoubi, Al.Nashef established that the collection of all w-open sets in
(X,1) is a topology on X denoted by 1o which is finer than t. Let Clo( ) and Inte( ) denote
the closure and interior operators in (X, to).

Lemma 2.18 A subset B of Xis w-openin (X,t) if and only if for each xeB there exists
Uet such that U\B is countable. Equivalently xeInt,Bif and only if there exists Uet such
that U\B is countable.

3. p-o*- OPEN SETS where pe{semi, pre, a, B, b}
3. ®-NEAR RELATION

There are distinct subsets of a topological space having the same w-interior. For instance
consider the topology t = {&,Q, R} where R is the set of real numbers and Q is the set of
rational numbers. It is easy to see that every subset of Q is w-open in (R, T ). Let A be a non
empty subset of Q. If x and y are any two distinct irrational numbers then Ax = Au {x} and
Ay = AU {y} have the same -interior in (R, T ). That is IntoAx = IntoAy=A. This
motivates us to have the following definition.

Definition 3. 1 The set A is w-near to B if Int,A = Int,B.

Example 3.2 Let (R, 1) be the topological space where t = {J, Q, R}. It is easy to see that
every subset of Q is w-open in (R, t). Let N, W and Z respectively denote the set of all
natural numbers, whole numbers and integer. If A and B are disjoint finite or countable
subsets of Q° then Int, (NUA) = Into(NUB) =N, Int, (WUA) = Inte(WUB) =W ,
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Int, (ZUA) = Into(ZUB) =Z and Int, (QUA) = Inte(QuUB) =Q so that NUA is ® - near to
NUB, WUA is o - near to WuUB, ZUA is o - near to ZUB.

Proposition 3. 3 A is w-near to B =A is near to B. The converse need not be true.
Proof. A'is m-near to B =Int, A = Inte, B.

=IntAclinto, A =Int, B cB.

=Int AcB =Int A cInt B.

Again A is o-near to B=Into B = Int, A.

=IntBcInt, B = Into A CA.

=Int BcA =Int B cint A.

Therefore, IntA = IntB that implies A is near to B. However the reverse implication need not
true as shown below. As seen from Example 3. 2,

Into (NUA) = Into(NUB) =N and

Int (NUA) = Int(NUB) = that implies NUA is o-near to NUB and NUA is near to NUB
respectively. This example shows that near = - near.

It is easy to check that Q is w-closed and Q° is w-open in the real line with standard
topology. It is easy to check that Int Q = Int Q° = but Int,Q = and IntoQ° = Q° so that
Q is near to Q° but Q is not w-near to Q° which shows that near relation does not imply -
near relation.

Lemma 3. 4 Let (X,7) be a topological space. The relation “ is w-near to” is an equivalence
relation on the power set of X.

Proof. Let A, B, C be the subsets of X. Since Into A = Into A, A is m-near to A so that
the relation is reflexive.

A is o-near to B =Into A = Into B =Int, B = Inty A = B is w-near to A.

A is o-near to B and B is o-near to C =Into A = Int, Band Ints B = Int, C
=InteA = Int, C.

= A is w-near to C.

The equivalence classes of the relation “is w-near to* are called the w-near classes of the
subsets of X. If A is a subset of X, then the w-near class of A = w-near[A] = {B: A is ®-near
to B}.

Proposition 3. 5 There is an one-to-one correspondence between ®O(X, t) and the
collection of w-near classes in X,
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Proof. For any m-open set O in (X,t), a subset A of X is m-near to O if and only if O= IntuA.
Conversely, every subset A of X is m-near to some w-open set in (X,t). This proves the
proposition .

Corollary 3. 6 The set Bew-near[A] < Acw-near[B]

Example 3.7 Let X = R, the set of all real numbers. Fix teR. Thent ={ ), {t}, R } is a
topologyon R. v ={ I, R\{ t}, R } = the set of all closed sets in (R, 7). Let A, B be subsets
of Rwith teA and tg B. We compute the condensation points of A and B.

xeCond(A) < for every Uet with xeA, UNA is uncountable.
xgCond(A) < there exists Uet with xeA, UNA is not uncountable.

By taking U ={t},we see that tis neither a condensation point of Anor a condensation point of
B. So let xeR and x # t. The only open set containing X is R.

Since R A =A, it is clear that RnA is uncountable if and only if A is uncountable,

RMA is countable if and only if A is countable ,

RNA is finite if and only if A is finite.

Therefore, Cond(A) = Cond(B) = & if and only if A and B are finite or countable.
Cond(A) = Cond(B) = R\{ t} if and only if A, B are uncountable.

Thus,if A and B are finite or countable then they are w-closed. If A and B are uncountable,
then AU(RYt}) =R and Bu (RY{ t}) = R\{ t} are » -closed sets.

Therefore, ®C(R, 1) = {A: Aisa finite or countable subset of R} U { &, R{ t}, R }.
®O(R, 1) = {A: Alis an uncountable subset of R, R\A is finite or countable}u{ &, {t}, R }.
This shows that o-topology of (R, t) is strictly finer than t.

Clearly,{t}, R\{t} are both w-closed and w-open in (R, t) and {t} is the only non empty finite
set which is m-open.

In the following three cases, we assume Ac R,teA, Bc R, t¢B, B #J.
Case-1: Suppose A and B are finite or countable.
IntA={t}=IntoA and IntB =, Int,s B =& . This shows that
A'is neither w-near to B nor near to B.
Case-2:Suppose A and B are uncountable such that R\B , R\A are finite or countable.

InteA =A, Int A ={t} and Int,B =BandInt B =.
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This shows that A is neither m-near to B nor near to B.
Case-3: Suppose A and B are uncountable such that R\A and R\B are uncountable.
InteA ={t}, IntA ={t} and IntoB =, IntB =J.
This shows that A is neither w-near to B nor near to B.
In the following three cases, we assume Ac R, B c R, teA, teB, B #A.
Case-4: Suppose A and B are finite or countable.
IntA={t}=IntoA and IntB={t}=Int,B . This shows that
Ais o-nearto B and A is near to B.
Case-5: Suppose A and B are uncountable such that R\B , R\A are finite or countable.
InteA =A, Int A ={t} and IntuB =B, IntB ={t}.
This shows that A is not ®-near to B but A is near to B.
Case-6: Suppose A and B are uncountable such that R\A and R\B are uncountable.
InteA ={t}, IntA ={t} and Int,B ={t}, IntB ={t}.
This shows that A is ®-near to B and is near to B.
In the following three cases,we assumed=A c R, @#B c R, tgA, t¢B, B #A.
Case-7: Suppose A and B are finite or countable.
IntA=J, InteA = & and IntB=J=Int,B . This shows that
A isw-near to B and A is near to B.
Case-8: Suppose A and B are uncountable such that R\B, R\A are finite or countable.
IntoA=A,IntA= and Int,B =B and Int B=J.
This shows that A is not m-near to B but A is near to B.
Case-9:Suppose A and B are uncountable such that R\A and R\B are uncountable.
IntA =, IntA = and InteB =G, IntB =&..
This shows that A is w-near to B and is near to B.
The proper subsets of R will be classified in the following ways.
PR: ={A: Ac R, Ais finite or countable}

PR2 = {A: Ac R, A is uncountable with finite or countable complement }
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PR3 = {A: Ac R, A is uncountable with uncountable complement }

The above discussion leads to the following table which compares the near and -near
classes

Table 3. 8 Comparison of near and w-near classes.

Open/w-open set A Near[A] where Aet wo-near[A] where Aet,

%) {B: BcR, tz B} {B: BePRiU PRs, tg
B}

{t} {B: BcR, te B} {B: BePR1U PR3, teB}

R {R} {R}

A ePR; Not applicable {A}

Proposition 3. 9 Every regular m*-open set is near to a regular o-closed set.
Proof. Let A be a regular m*-open set. We have .

A= IntCloIntA that implies IntA= IntCloIntA = Int(CloIntA) which shows that A is near
CloIntA. Since CloIntA is regular o-closed , it follows that A is near to a a regular o-closed
set.

Proposition 3. 10 Let A be a subset of X.
(i) A'is semi-w-closed <> A is near to CloA.
(i) Ais B-m-closed in (X,t) <> A'is near to a regular o-closedset.

Proof. Suppose A is semi-w-closed in (X,t). Then IntA = IntCloA that implies A is near to
CloA. The converse part is obvious. This proves (i). Suppose A is B-o-closed in (X,t). Then
IntCloInt ACA that implies IntAc IntCleInt Ac IntAso that IntA = IntCleIntA that proves
that A is near to CloInt A. The converse part is trivial. This proves (ii).

Proposition 3. 11

(1) If Aiis regular m-open then A is m-near to CIA.

(i) If Alis a-m-closed then A is near to CleA.

(iii) IfA is pre-o-closed or b-o-closed or b*-o-closed or *b-w-closed, then A is near to a
regular m-closedset.

Proof .A is regular m-open = A = Int,CIA =IntoA = Int,CIA

= Ais w-near to CIA
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Ais a-m-closed=ClyIntCloA cA =IntCloA < A

=IntCloA cIntA
= IntA cIntCl,A cIntA
= IntA = IntCl,A
= Ais near to CloA

The set A is pre-o-closed= b-w-closed =B-w-closed
—=A is near to CleInt A.
The set Ais *b-w-closed = b-w-closed =B-m-closed
—=A is near to CleInt A.
The set A is b*-w-closed=> b-o-closed =B-w-closed
—=A is near to CleInt A.
Proposition 3. 12 Let A be a subset of X.
(i) Aissemi-o*-closed < A is m-near to CIA.
(if) A'is B-o*-closed in (X,1) < A is o-near to a regular o*-closed set.

Proof. Suppose A is semi-w*-closed in (X,t). Then IntoA = IntoCIA that implies A is w-near
to CIA. The convers part is obvious. This proves (i). Suppose A is B-o*-closed in (X,t). Then
IntoA = IntuClInt,A that proves that A is w-near to ClintoA. The converse part is trivial. This
proves (ii)

Proposition 3. 13

(1) If Ais regular *-open then A is near to CloA.

(i) If Alis a-w*-closed then A is w-near to CIA.

(iii) IfA is pre-o*-closed or b-w*-closed or b*-w*-closed or *b-w*- closed, then A is o-near
to a regular ow*-closed set.

Proof. A is regular o*-open = A = IntCl,A =IntA = IntCloA
= Ais near to CloA

Ais a-o*-closed =ClintoCIA < A=Int,CIA < A
=IntoCIA clIntoA
= InteA cCIntuCIA cIntuA

= IntuA = Int,CIA
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= A'is o-near to CIA
The set A is pre-o*-closed = b-w*-closed =p-m*-closed
=A is o-near to ClintoA.
The set A is *b-o*-closed = b-w*-closed =p-w*-closed
=A is w-near to ClintoA.
The set A is b*-w*-closed = b-w*-closed =-w*-closed
=A is w-near to ClIntoA.
Proposition 3. 14 Let A be w-near to B and C be w-near to D. Then
Q) ANC is o-near to BND
(i)  AnDis w-near to BNC

Proof. Suppose A is w-near to B and C is w-near to D. Then IntoA= Int,B and Int,C =
IntoD. Now Into(ANC) =IntoA Nint, C= InteBNInt, D = Int, (BD) that implies ANC is o-
near to B D. This proves (i) and the proof for (ii) is analog.

Definition 3. 15 Let Bew-near[A]. If B < A then, B is called a w-near subset of A and if
B> A then B is called a w-near superset of A in X.

Proposition 3. 16 The set B is a m-near subset of A < A is a w-near super set of B.
Proof. The set B is a w-near subset of A << Bew-near[ A] and BcA

< Aew-near[Bland Ao B

< Ais a m-near super set of B.

Proposition 3. 17 Every m-near subset of an w-open set is m-open.

Proof. Let B be a ®- near subset of A and A be w-open. Then

BcA = IntwA = InteB that implies B = IntuB is m-open.

Proposition 3. 18 Let B be a w-near subset of A. The set B is semi-m-open or a-m-0pen
according as A is semi-m-0pen or a-®-open.

Proof. Suppose A is semi-w-open. Then AcClintoA. Since A is o-near to B, Int,A = Int,B

that implies BcAcClintoA=Cl Int,B. This proves that B is semi-w-open. If A is o-o-
open,then Aclnt, Cl IntoA that implies BCA clinte ClintoA = Int,ClintuB , proving that B
IS a-m-open. This proves (i).
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Proposition 3. 19 Let B be a near subset of A. The set B is semi-o-0pen or a-m*-open
according as A is semi-»*-open oro--m*-open.

Proof. Suppose A is semi-o*-open. Then AcCloIntA. Since A is near to B, IntA = IntB that
implies BcAcCloIntA=CloIntB. This proves that B is semi-o*-open. If A is a-w*-open
then Aclnt Clw IntA that implies BCA cint CloIntA = Int CloIntB , proving that B is a-o*-
open.

Corollary 3. 20

Q) A is semi-m-0open < every m-near subset of A is semi-w-open.
(i)  A'is a-m-0open < every w-near subset of A is a-w-open.
(i)  A'is semi-o*-open < every near subset of A is semi-m*-open.
(iv)  Alis a-o*-open < every near subset of A is a-w*-open.

Proposition 3. 21 If A is an -t-set then

Q) A is near to CIA and Cl,A and
(i) CIA is near to and w-near to CloA .

Proof. Let A bean w-t-set. We have

IntA = IntCIA = Int,CIA = Int CloA = IntuCle A.

IntA= IntCIA = Int CloA = Ais near to CIA and CloA. This proves (i)
IntCIA= IntClo A =CIA is near to CloA.

IntoCIA= Int,Clo A =CIA is w-near to CloA. This proves (ii).

Proposition 3. 22 Let A and B be any two subsets of an anti locally countable space (X, ).
Then, the following results always hold.

0] If A and B are closed sets then A is near to B if and only if A is o-near B.
(i) Cl A'is nearto Cl B&Cl Ais o -near Cl B.
(iii)  CloAis w-nearto CloB <CI A is near Cl B.

Proof. Let (X, t) be an anti locally countable space. Let A and B be any two closed sets.
Then using we havelntA = InteA and IntB = Int,B that implies IntA = IntB <Inte,A =
IntoB that proves that A is near to B < A is o -near B.

This proves (i).
Now let A and B be any two subsets of X. Then, using
IntCIA = IntoCIA and IntCIB = Int,CIB.

IntwCloA = IntCloA and Int,Cl,B = IntCl,B.
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=IntCIA = IntCIB <Int,CIA = Int,CIB
=CIl Aiis near to ClI B <Cl Ais o-near CI B.
=IntuCloA = InteCluB <IntCluA = IntCl,B
=CloA is o-near to CloB <Cl A is near Cl B.
Proposition 3. 23 In an anti locally countable space ,

(i) every regular m-closed set is near to a regular closed set.

(ii) every regular o-closed set is w-near to a regular closed set.

(iii)  every regular closed set in (X, 1») is near to a regular w*-closed set.
(iv)  everyregular closed set in (X, tw) IS w-near to a regular w*-closed set.

Proof. Let X be an anti locally countable space and A be regular w-closed. we have
Int CloIntA = Int ClIntA.

IntoCloIntA = IntoClIntA.

Int CloIntoA = Int ClinteA.

IntuCloIntoA = IntoClintuA.

= every regular o-closed set is near to a regular closed set.

= every regular o-closed set is w-near to a regular closed set.

= every regular closed setin (X, to) iS near to a regular o*-closed set.

= every regular closed setin (X, to) IS ®-near to a regular w*-closed set.
Proposition 3. 24

Q) If A'is a Qu-set, thenClIntoA is both w-near and near to CIA .
(i) If A is a Qw-set in an anti locally countable space, thenClsIntoA and CI
IntoA are near to CIA.

(iii)  If Bisa Qw*-set in an anti locally countable space, then CI IntB is m-near
to Cl.B and also near ClB.

Proof.LetA be a Qw-set. Then ClinteA = Inte CIA that implies
IntoClIntoA = Inte CIA so that ClintoA is o-near CIA.

Also ClInt,A = Into CIA =Int Clint,A = Int IntuCIA = IntCIA
=ClIntoA is near CIA. This proves (i).

Now,let A be a Qw-set and B be a Qw*-set in an anti locally countable space. Since A is a
Qm-set , we have
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ClolIntoA = IntCIA = Clint,A

=IntCloIntoA = IntCIA= IntCl Int,A that implies both CloIntoA and ClintoA are near to
CIA.

Now since B is a Qw*-set, we have

Cl IntB = Int,CluB = IntCl,B.

=IntCl IntB = IntInt,ClsB = IntIntCl, B

=IntCl IntB = IntCl,B = IntCl,B

=CI IntB is near to Cl,B.

Also =Int,Cl IntB = IntsIntoClwB = InteIntCl,B

=Int,Cl IntB = Int,CluB = IntCl,B = Int,CluB

(since the space is anti locally finite )

=ClI IntB is w-near to Cl,B.
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