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Abstract

Heptagonal numbers are numbers that have the form 5n2-2n2 for all n>1.Consider the
graph G with p vertices and q edges. Assume that f: V (G)—{0,1,2..Nq} is an injective
function with Nqgbeing the gth heptagonal number. Define f*:E(G) — {N1,N2,N3,...,Nq}
such that f*(uv) = |f(u) - f(v)| for all edges (uv) € E(G).If f*(E(G)) is a sequence of
distinct sequential numbers {N1,N2,N3,...,Nq} then the function fis said to have heptagonal
graceful labeling and the graph admitting such a labeling is termed as heptagonal graceful

graph. This work investigates heptagonal graceful labeling of various graphs.
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1.Introduction

In this research, we look at basic, undirected, finite graphs. Let G = (V. E) denotes a graph having
p vertices and ¢. Labeling in a graph is the process of assigning numbers to its vertices, edges, or
both. If the domain of the mapping is the set of vertices (edge/both), the labelling is referred to as a
vertex (edge/both) labelling. Rosa [1] proposed the concept of p-valuation of a graph. According to
Golomb [10 it was graceful labeling. Assume G be a (?: 9) graph. A graceful labeling of Gis defined
as a one to one function f:V(G) — {0,1,2...,q}if the induced edge labeling defined by
fr(e) = 1f(w) — f(¥)|for each edges e = uv of G is also one to one. The graph G with
graceful labeling is called graceful graph. In [2], certain families of graceful graphs were constructed.
There are several types of graceful labeling and a detailed survey is found in [3]. Labeled graphs are
becoming more valuable family of mathematical models for a wide variety of applications such as
designing X-Ray crystallography, formulating a communication network addressing system,
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determining an optimal circuit layouts, problems in additive number theory and so on [5]. Heptagonal
graceful labeling of various graphs is investigated in this study.

2.Preliminary

5n%-2n
Definition 2.1. Heptagonal numbers are numbers that have the form 2 for all n =1
1,7,18,34,55,81,112,. .. are the first few heptagonal numbers.

3. Main Results

Theorem 3.1. Let G be the graph formed by connecting the leaves ofK1nto the central vertex of
K12 [6] Then for any n = 1, G is heptagonal graceful.
Proof.

Let G be the graph obtained by identifying the leaves of K1 nwith the central vertex of K1.2.

E(G) ={vv, v 1 <i<nl<j< 2}

G has 3n + 1vertices and3n edges.
Letd =
Letf : V (G) = {0,1,2,...,Nq} pe defined as follows:

f@) =0 | ot f" be the induced edge labeling of .

f(v) = N3gi-py 1 S i = n Then
f(vij) = f(v) = Ng—(i—pn—js 1= 1 < n,1 S <2 ffwv) = N3y 1 S i sn
[f(vivy) = Ng—gi—m-p 1 S i = nl <j <

The induced edge labels Ny, No, N, ..., Nq are distinct and has consecutive heptagonal numbers.
Hence Gis heptagonal graceful forall n > 1.

Example 3.2. Below graph depicts a heptagonal graceful labeling of K1z © Kiz[6].

V11

V21
26

V22
47

11

V32
17

Figure 1.K 13 © K12
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Theorem 3.3. The F-tree FF, n = 3 [6]is heptagonal graceful.
Proof.

Let GbeFFy, n > 3.

LetV (G) = {wv, v;: 1 <1 < n}and

EG) ={vivip1: 1 i <n—1JU{uv,,vv,}
Ghas n + 2vertices and n + ledges.

Letq = n + 1

Let/:V (6¢) = {0,1,2,..., Ng}pe defined as follows.

f(v) =0

F(v) {f( Vi) — No-isaif iisodd,2 <i<n
Yofvic)+ N - g-i+2.if Liseven,2 <i<n

f@=f(m)-1

f(v):f(vn —1)_ 7

Let / be the induced edge labeling of f-
Then

f*(viviH)Nq_ 1Si5n—1i+1,

fruvp-) = N The induced 2 edge labels NuN2oNs...o,Ng are distinct and has
ffwva) = N1 consecutive heptagonal numbers. Hence F-tree P, n > 3is heptagonal
graceful.

Example 3.4. Heptagonal graceful labeling of FPs [6lis given below.

0 of 81 35 26 o4 60 18 02
Figure 2. FPs

Theorem 3.5. Let G be the graph formed by connecting a pendant vertex ofPmto a leaf of
Kin [6] Then, forany m = 2andn = 1, G is heptagonal graceful.

Proof.

Let G be the graph formed by connecting a pendant vertex V1 of £ with a leaf Un of Kin,
LetV(@) ={uyvi: 1 <i<n-11<j<mlyy

EG) = fuupuv, vyjyjup 1l =i<sn—-11<j<m-—1}

G hasm + nverticesand m + n — ledges.
Letg =m+n—1
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Let f: V(G)_){O,l,z,..,,Nq} be

defined as follows:

fw =0

flu) Nggi-ppl =isn
f(vj) = Nn

f(vj—1)+ Ny—joayif jisodd,2 < j<m
T (0 o) = Nogayif jis even,2 < i <m

Let /" be the induced edge labeling of /.
Then f ' (ww) = Ng—g-1s 1 =i <n-1

fr@wv1) = Nm The induced edge labels N1, N3, N3,....,Nqg are distinct and has consecutive

fr(vjvjs1) = Np-j3 1 < j < m-1 heptagonal numbers. Hence G is heptagonal graceful for
alm = Zandn = 1.

Example 3.6. The heptagonal graceful labeling graph created by identifying a pendant vertex of Ps
with a leaf of K14 [6] is shown below.

u2 us
112 81

Uy u 1 ()] U3 (! Vs
L4 @ L L @ L ]
148 0 55 89 71 78 71

Figure 3. Graph created by identifying a pendant vertex of Pswith a leaf of K14

Theorem 3.7. For any n = 1, the graph formed by subdividing the edges of the starKin [6]is
heptagonal graceful.

Proof.

Let G be the graph obtained by subdividing the edges of the star Kinforalln = 1.
LetV(G) = {u'virui: 1<i=< n} and

E(G) = {uv,vyu;: 1 < i < n}

G has 2n + 1 vertices and2n edges.

Letg = 2n
Let f:V(6)—={0,1,2,...,Ng} be defined as follows:
fw) =0

fw) = Ny_oiy1 <i<n

Let /" be the induced edge labeling of /.

fd = f) =Ny 1 S LS n qpren f @) = Ng—g-1p 1 S i< n

f*(V['u[') = Nn—(i—l); 1<i<n

The induced edge labels Ny, N, Ns, ..., Ng are distinct and has consecutive heptagonal numbers.
Hence the graph G is heptagonal graceful foralln = 1.

Example 3.8. The graph of heptagonal graceful labeling created by subdividing the edges of the star
K16 [6]is shown below.
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Figure 4. Subdivision of the edges of the starKe,

Theorem 3.9. For any n = 2, the graph generated fromb © K1 by subdividing the edges of the
path Fu[6] is heptagonal graceful.
Proof.
Let G be the graph generated from £ © K1 by subdividing the edges of the path
LetV (@) = {vpyw;; 1 <i<snm 1l <j<n-— 1}y
EG) = {viwpvjujwWyy; 1 S i Ssn—11<j<nl<k<n-—1}
G has3n — 1vertices and 3n — 2edges.
Letq = 3n-2
Let/ # V(6) =10, 1,2,....Nq} pe defined as follows:
f(w) =0
i<n f(v) = fWi—1) — Ng—1-2-2)p 2 <
n—1 fw) = f) + Ny—zgj-1p 1 = j <
fw) = f(v) + Npojes 1 <0 <

n
Let/ " be the induced edge labeling of /.

Then f*(v[-wi) = Nq—z(i—l); 1<i<n-1

f*(v).u]) =N?1—j+1; 1 S] <n

[TWkvgs1) = Ngae-1p 1 < k < n -1

The induced edge labels N1, N3, N, ..., Ng are distinct and has consecutive heptagonal numbers.
Hence the graph G is heptagonal graceful forall n = 2.

Example 3.10. The graph depicts heptagonal graceful labeling of Pz © K1[6] by subdividing the
edges of the path Ps.
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Figure 5. 3 © Kipy subdividing the edges of the path Ps.
Conclusions

The authors investigated the heptagonal graceful labeling of several graphs in this study.

A similar investigation might be conducted for other graphs. In addition to this various other

labeling related to heptagonal graceful labeling have also been investigated and proved by the
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authors.
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