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Abstract 

A Paired-dominating set of a graph G is a dominating set of vertices 

whose induced sub graph has a perfect matching and a double dominating 

set is a dominating set that dominates every vertex of G at least twice. A 

Paired-double dominating set of a graph G is a double dominating set of 

vertices whose induced sub graph has a perfect matching. In this paper, we 

characterize the Paired double domination number of the Cartesian 

product of path graphs. We determine the Paired double domination 

numbers of 𝑃𝑛□𝑃𝑚 , where n is even and 𝑚 ≥ 6. 

MSC:  05C69 

Keywords: - Domination number, Paired domination number, Paired- 

double domination number. 

 

 

Introduction 

Let G = (𝑉, 𝐸) be a graph with vertex set V and edge set E. We begin with some 

terminology. For a vertex v of a graph G, the open neighborhood of a vertex v 𝜖 V is 𝑁(𝑉) =

 {𝑢 𝜖 𝑉/  𝑢𝑣 𝜖 𝐸} and the closed neighborhood is 𝑁[𝑣] = 𝑁(𝑣) ∩ {𝑣}.  

A subset  𝑆 ⊆  V is a dominating set of G, if for every vertex v ϵ V, |N[v] ∩ S|≥ 1. The 

domination number γ(G) is the minimum cardinality of a dominating set of G. A subset S of 

V is a double dominating set of G if for every vertex v ϵ V,|N[v]∩S|≥ 2, that is v is in S and 

has at least one neighbour in S or v is in V-S and has at least two neighbours in S [3]. A set S 

is called paired-dominating set if it dominates V and <S> contains at least one perfect 

matching. A paired-dominating set S with matching M is a dominating set S={v1,v2,…,v2t-

1,v2t} with independent edge set M = {e1,e2,…,et} where each edge ei joins two elements of S, 

that is M is a perfect matching in  <S>. If vjvk =ei ϵ M, we say that vj and vk are paired in S 

[6]. The double domination number γdd (G) is the minimum cardinality of a double 

dominating set of G, and the paired-domination number  γpr (G) is the minimum cardinality of 

a paired-dominating set of G.A paired (respectively, double) dominating set of minimum 

cardinality is called a γpr (G) set (respectively γdd(G) set). The Cartesian Product of graphs G 

and H, denoted by G □ H, is a graph such that 𝑉(G □ H) = 𝑉(𝐺) × 𝑉(𝐻) and 𝐸(G □ H) =

 {(𝑢1, 𝑣1)(𝑢2, 𝑣2): 𝑢1 = 𝑢2 𝑎𝑛𝑑 𝑣1𝑣2𝜖 𝐸(𝐻 ) 𝑜𝑟 𝑣1 = 𝑣2 𝑎𝑛𝑑  𝑢1𝑢2𝜖 𝐸(𝐺 )}. Grid graph is 

the Cartesian product of two paths. A set S is called a paired-double dominating set if it is a 

double dominating set and the induced sub graph < 𝑆 > contains at least one perfect 

matching. The minimum cardinality taken over all paired-double dominating sets is called the 
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paired-double domination number and is denoted by  𝛾𝑝𝑟𝑑𝑑. Any paired-double dominating 

set with 𝛾𝑝𝑟𝑑𝑑vertices is called a 𝛾𝑝𝑟𝑑𝑑 set of G.  

 In this paper, we characterize the Paired double domination number of grid graphs . 

We determine the Paired double domination numbers of 𝑃𝑛□𝑃𝑚 , where n is even and 𝑚 ≥ 6. 

We take the set 𝑠1, 𝑠2, 𝑠3 𝑎𝑛𝑑 𝑠4 are disjoint sets whose intersection is empty. 

Theorem 1.1. [8] For any path 𝑃𝑛 ,  𝛾𝑝𝑟𝑑𝑑(𝑃𝑛) = {

2                           𝑖𝑓𝑛 = 2
𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡  𝑖𝑓 𝑛 = 3

2 ⌊
𝑛

3
⌋ + 2            𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒

} 

Theorem 1.2. [8] For any cycle 𝐶𝑛  𝛾𝑝𝑟𝑑𝑑(𝐶𝑛)= 2⌈
𝑛

3
⌉ 

Theorem 1.3. [8] For any path 𝑃𝑛    , n≠3  , 𝛾𝑑𝑑(𝑃𝑛)    ≤  𝛾𝑝𝑟𝑑𝑑(𝑃𝑛) 

Theorem 1.4. [8] For any cycle 𝐶𝑛  ,  𝛾𝑑𝑑(𝐶𝑛)    ≤  𝛾𝑝𝑟𝑑𝑑(𝐶𝑛) 

Theorem 1.5. [8] If n = 3k+2 where k ϵ N, then𝛾𝑝𝑟𝑑𝑑(𝑃𝑛) = 𝛾𝑝𝑟𝑑𝑑(𝐶𝑛). 

 

2. Main Results 

 

Theorem 2.1 

Let 𝑃4 be a path of length 4  and 𝑃𝑚 be a path of length m and 𝑚 ≥ 4. Then Paired 

double domination number of product of these two paths       𝛾𝑝𝑟𝑑𝑑(𝑃4□𝑃𝑚) = 2𝑚 + 2. 

 

Proof: 

Case (i) 𝑚 ≡ 0 (𝑚𝑜𝑑 2) 

Let 𝑆1 = {(𝑎1, 1 + 2𝑏1), (𝑎2, 1 + 2𝑏1)/𝑎1 = 1,3 , 𝑎2 = 2,4 𝑎𝑛𝑑 𝑏1 = 0,1,2 … (
𝑚

2
 ) −

1}, 𝑆2 = {(2, 𝑚), (3, 𝑚)}. Then 𝑆 = 𝑆1 ∪ 𝑆2 is a double dominating set and 〈𝑆〉has a perfect 

matching S is a Paired double dominating set of 𝑃4□𝑃𝑚 with minimum cardinality |𝑆| =

 |𝑆1| + |𝑆2| = 2𝑚 + 2. 

Case (i) 𝑚 ≡ 1 (𝑚𝑜𝑑 2) 

Let 𝑆1 = {(𝑎1, 1 + 2𝑏1), (𝑎2, 1 + 2𝑏1)/𝑎1 = 1,3 , 𝑎2 = 2,4 𝑎𝑛𝑑 𝑏1 = 0,1,2 … ⌊
𝑚

2
⌋}, 𝑆2 =

{(2, 𝑚), (3, 𝑚)}. Then 𝑆 is a double dominating set and 〈𝑆〉has a perfect matching S is a 

Paired double dominating set of 𝑃4□𝑃𝑚 with minimum cardinality |𝑆| =  2(𝑚 + 1) = 2𝑚 +

2. 

 

Theorem 2.2 

Let 𝑃6 be a path of length 6  and 𝑃𝑚 be a path of length m and 𝑚 ≥ 4. Then Paired 

double domination number of product of these two paths    𝛾𝑝𝑟𝑑𝑑(𝑃6□𝑃𝑚) =

 {
3𝑚 + 2         𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛
3𝑚 + 1          𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑

}. 

Proof: 

  We consider the following two cases. 

Case (i) m is even. 
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Let   𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1 𝑎𝑛𝑑 𝑏1 = 0,1,2 … (
𝑚

2
 ) −

1}, 𝑆2 =  {(3, 2𝑏2), (4,2𝑏2)/ 𝑏2 = 1,2 … (
𝑚

2
 ) −  1}  and      𝑆3 =

{(2, 𝑚), (3, 𝑚), (5, 𝑚), (6, 𝑚)}. Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 is a double dominating set and 〈𝑆〉 has 

a perfect matching S is a Paired double dominating set of 𝑃6□𝑃𝑚 with cardinality |𝑆| =

 |𝑆1| + |𝑆2| + |𝑆3| = 2𝑚 + (𝑚 − 2) + 4 = 3𝑚 + 2 . 

Case (ii) m is odd. 

Let𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1 𝑎𝑛𝑑 𝑏1 = 0,1,2 … ⌊
𝑚

2
⌋} , 𝑆2 =

 {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … ⌊
𝑛

4
⌋ − 1 𝑎𝑛𝑑 𝑏2 = 1,2 … ⌊

𝑚

2
⌋}.                     

Then 𝑆 = 𝑆1 ∪ 𝑆2 is a double dominating set and 〈𝑆〉has a perfect matching S is a Paired 

double dominating set of 𝑃6□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| = 2(𝑚 + 1) + 𝑚 − 1 =

3𝑚 + 1. 

 

Theorem 2.3 

Let 𝑃8 be a path of length 8  and 𝑃𝑚 be a path of length m and 𝑚 ≥ 4. Then Paired 

double domination number of product of these two paths    𝛾𝑝𝑟𝑑𝑑(𝑃8□𝑃𝑚) =

 {
4(𝑚 + 1)        𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛
4𝑚 + 2          𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑

}. 

Proof: 

  We consider the following two cases. 

Case (i) m is even. 

     Let 𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1 𝑎𝑛𝑑 𝑏1 = 0,1,2 … (
𝑚

2
 ) −

1},         𝑆2 = {(3, 2𝑏2), (4,2𝑏2)/ 𝑏2 = 1,2 … (
𝑚

2
 ) −  1} , 𝑆3 =

{(2, 𝑚), (3, 𝑚), (5, 𝑚), (6, 𝑚), (8, 𝑚 ), (9, 𝑚)} 𝑎𝑛𝑑 𝑆4 = {(7,1 + 2𝑏1), (8,1 + 2𝑏1)/ 𝑏1 =

0,1,2 … (
𝑚

2
 ) − 1}. Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 ∪ 𝑆4 is a double dominating set and 〈𝑆〉 has a 

perfect matching S is a Paired double dominating set of 𝑃8□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| +

|𝑆2| + |𝑆3| + |𝑆4| = 2𝑚 + (𝑚 − 2) + 6 + 𝑚 = 4𝑚 + 4 = 4(𝑚 + 1). . 

Case (ii) m is odd. 

Let  𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1),     (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1 𝑎𝑛𝑑 𝑏1 = 0,1,2 … ⌊
𝑚

2
⌋} , 𝑆2 =

 {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0 𝑎𝑛𝑑 𝑏2 = 1,2 … ⌊
𝑚

2
⌋}  𝑎𝑛𝑑 𝑆4 = {(7,1 +

2𝑏1), (8,1 + 2𝑏1)/ 𝑏1 = 0,1,2 … ⌊
𝑚

2
⌋}.  Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 is a double dominating set and 

〈𝑆〉has a perfect matching S is a Paired double dominating set of 𝑃8□𝑃𝑚 with cardinality 

|𝑆| =  |𝑆1| + |𝑆2| + |𝑆3| = 2(𝑚 + 1) + 𝑚 − 1 + 𝑚 + 1 = 4𝑚 + 2. 

          

Theorem 2.4 

Let 𝑃10 be a path of length 10  and 𝑃𝑚 be a path of length m and 𝑚 ≥ 4. Then Paired 

double domination number of product of these two paths    𝛾𝑝𝑟𝑑𝑑(𝑃10□𝑃𝑚) =

 {
5𝑚 + 2         𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛
5𝑚 + 1          𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑

}. 
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Proof: 

  We consider the following two cases. 

Case (i) m is even. 

Let 𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1),   (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 𝑎𝑛𝑑 𝑏1 =

0,1,2 … (
𝑚

2
 ) − 1}, 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/ 𝑎2 = 0,1,2 𝑎𝑛𝑑 𝑏2 = 1,2 … (

𝑚

2
 ) −

 1}  and     𝑆3 = {(2, 𝑚), (3, 𝑚), (5, 𝑚), (6, 𝑚), (8, 𝑚), (9, 𝑚)}. Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 is a 

double dominating set and 〈𝑆〉 has a perfect matching S is a Paired double dominating set of 

𝑃10□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| + |𝑆3| = 3𝑚 + 2𝑚 − 4 + 6 = 5𝑚 + 2 . 

Case (ii) m is odd. 

Let  𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 𝑎𝑛𝑑 𝑏1 =

0,1,2, . . ⌊
𝑚

2
⌋} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1 𝑎𝑛𝑑 𝑏2 = 1,2 … ⌊

𝑚

2
⌋}. Then 

𝑆 = 𝑆1 ∪ 𝑆2 is a double dominating set and 〈𝑆〉has a perfect matching S is a Paired double 

dominating set of 𝑃6□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| = 3(𝑚 + 1) + 2(𝑚 − 1) =

5𝑚 + 1. 

              

Theorem 2.5 

 Let 𝑃𝑛 be a path of length n and 𝑛 ≡ 2 (𝑚𝑜𝑑12), 𝑛 ≥ 12 and 𝑃𝑚 be a path of length 

m and 𝑚 ≥ 6. Then Paired double domination number of product of these two paths    

            𝛾𝑝𝑟𝑑𝑑 (𝑃𝑛□𝑃𝑚) =  {

𝑚𝑛

2
+ 4         𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑚𝑛

2
+ 1          𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑

}. 

Proof: 

  We consider the following two cases. 

Case (i) m is even. 

Let 𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … ⌊
𝑛

4
⌋ 𝑎𝑛𝑑 𝑏1 = 0,1,2 … (

𝑚

2
 ) −

1}, 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … ⌊
𝑛

4
⌋ − 1 𝑎𝑛𝑑 𝑏2 = 1,2 … (

𝑚

2
 ) −

 1}  and     𝑆3 = {(2, 𝑚), (3, 𝑚), (5, 𝑚), (6, 𝑚), (8, 𝑚), (9, 𝑚), (11, 𝑚), (12, 𝑚), (𝑛 −

1, 𝑚) , (𝑛, 𝑚), (4𝑝 − 1, 𝑚), (4𝑝, 𝑚)/𝑝 = 4,5, … ⌊
𝑛

4
⌋}. Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 is a double 

dominating set and 〈𝑆〉has a perfect matching S is a Paired double dominating set of 𝑃𝑛□𝑃𝑚 

with cardinality |𝑆| =  |𝑆1| + |𝑆2| + |𝑆3| = 𝑚 ⌈
𝑛

4
⌉ + 2 ⌊

𝑚−1

2
⌋ ⌊

𝑛

4
⌋ + 2 ⌈

𝑛

4
⌉ + 2 = 2𝑘1 ⌈

12𝑘+2

4
⌉ +

2 ⌊
2𝑘1−1

2
⌋ ⌊

12𝑘+2

4
⌋ + 2 ⌈

12𝑘+2

4
⌉ + 2 = 2𝑘1(3𝑘 + 1) + 2(𝑘1 − 1)(3𝑘) + 2(3𝑘 + 1) + 2 =

12𝑘1𝑘 + 2𝑘1 + 4 = 12 (
𝑚

2
) (

𝑛−2

12
) + 2 (

𝑚

2
) + 4 =

𝑚𝑛

2
+ 4. 

Case (ii) m is odd. 

Let  𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … ⌊
𝑛

4
⌋ 𝑎𝑛𝑑 𝑏1 =

0,1,2 … ⌊
𝑚

2
⌋} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … ⌊

𝑛

4
⌋ − 1 𝑎𝑛𝑑 𝑏2 =

1,2 … ⌊
𝑚

2
⌋}.                     
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Then 𝑆 = 𝑆1 ∪ 𝑆2 is a double dominating set and 〈𝑆〉has a perfect matching S is a Paired 

double dominating set of 𝑃𝑛□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| = 2 ⌈
𝑚

2
⌉ ⌈

𝑛

4
⌉ +

2 ⌊
𝑚−1

2
⌋ ⌊

𝑛

4
⌋ = 2 ⌈

2𝑘1+1

2
⌉ ⌈

12𝑘+2

4
⌉ + 2 ⌊

2𝑘1−1

2
⌋ ⌊

12𝑘+2

4
⌋ = 2(𝑘1 + 1)(3𝑘 + 1) + 2(𝑘1)(3𝑘) =

12𝑘1𝑘 + 6𝑘 + 2𝑘1 + 2 = 12 (
𝑚−1

2
) (

𝑛−2

12
) + 2 (

𝑚−1

2
) + 6 (

𝑛−2

12
) + 2 =

𝑚𝑛

2
+ 1. 

 

Theorem 2.6 

Let 𝑃𝑛 be a path of length n and 𝑛 ≡ 6 (𝑚𝑜𝑑12), 𝑛 ≥ 12 and 𝑃𝑚 be a path of length 

m and 𝑚 ≥ 6. Then Paired double domination number of product of these two paths              

            𝛾𝑝𝑟𝑑𝑑 (𝑃𝑛□𝑃𝑚) =  {

𝑚𝑛

2
+ 4         𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑚𝑛

2
+ 1          𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑

}. 

Proof: 

  We consider the following two cases. 

Case (i) m is even. 

Let  𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … ⌊
𝑛

4
⌋ 𝑎𝑛𝑑 𝑏1 =

0,1,2 … (
𝑚

2
 ) − 1} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … ⌊

𝑛

4
⌋ − 1 𝑎𝑛𝑑 𝑏1 =

1,2 … (
𝑚

2
 ) −  1} and 𝑆3 =

{(2, 𝑚), (3, 𝑚), (5, 𝑚), (6, 𝑚), (8, 𝑚)(9, 𝑚), (11, 𝑚), (12, 𝑚), (𝑛 − 1, 𝑚) , (𝑛, 𝑚), (4𝑝 −

1, 𝑚), (4𝑝, 𝑚)/𝑝 = 4,5, … ⌊
𝑛

4
⌋}. 

Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 is a double dominating set and 〈𝑆〉has a perfect matching S is a Paired 

double dominating set of 𝑃𝑛□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| + |𝑆3| = 𝑚 ⌈
𝑛

4
⌉ +

2 ⌊
𝑚−1

2
⌋ ⌊

𝑛

4
⌋ + 2 ⌈

𝑛

4
⌉ + 2 = 2𝑘1 ⌈

12𝑘+6

4
⌉ + 2 ⌊

2𝑘1−1

2
⌋ ⌊

12𝑘+6

4
⌋ + 2 ⌈

12𝑘+6

4
⌉ + 2 = 2𝑘1(3𝑘 + 2) +

2(𝑘1 − 1)(3𝑘 + 1) + 2(3𝑘 + 2) + 2 = 12𝑘1𝑘 + 6𝑘1 + 4 = 12 (
𝑚

2
) (

𝑛−6

12
) + 6 (

𝑚

2
) + 4 =

𝑚𝑛

2
+ 4. 

Case (ii) m is odd. 

Let  𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … ⌊
𝑛

4
⌋ 𝑎𝑛𝑑 𝑏1 =

0,1,2 … ⌊
𝑚

2
⌋} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … ⌊

𝑛

4
⌋ − 1 𝑎𝑛𝑑 𝑏1 =

1,2 … ⌊
𝑚

2
⌋} 

Then 𝑆 = 𝑆1 ∪ 𝑆2 is a double dominating set and 〈𝑆〉has a perfect matching S is a Paired 

double dominating set of 𝑃𝑛□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| = 2 ⌈
𝑚

2
⌉ ⌈

𝑛

4
⌉ +

2 ⌊
𝑚−1

2
⌋ ⌊

𝑛

4
⌋ = 2 ⌈

2𝑘1+1

2
⌉ ⌈

12𝑘+6

4
⌉ + 2 ⌊

2𝑘1−1

2
⌋ ⌊

12𝑘+6

4
⌋ = 2(𝑘1 + 1)(3𝑘 + 2) + 2(𝑘1)(3𝑘 +

1) = 12𝑘1𝑘 + 6𝑘 + 6𝑘1 + 4 = 12 (
𝑚−1

2
) (

𝑛−6

12
) + 6 (

𝑚−1

2
) + 6 (

𝑛−6

12
) + 4 =

𝑚𝑛

2
+ 1. 
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Theorem 2.7 

Let 𝑃𝑛 be a path of length n and 𝑛 ≡ 10 (𝑚𝑜𝑑12), 𝑛 ≥ 12 and 𝑃𝑚 be a path of length 

m and 𝑚 ≥ 6. Then Paired double domination number of product of these two paths                

            𝛾𝑝𝑟𝑑𝑑 (𝑃𝑛□𝑃𝑚) =  {

𝑚𝑛

2
+ 4         𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑚𝑛

2
+ 1          𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑

}. 

Proof: 

  We consider the following two cases. 

Case (i) m is even. 

Let   𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … ⌊
𝑛

4
⌋ 𝑎𝑛𝑑 𝑏1 =

0,1,2 … (
𝑚

2
 ) − 1} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … ⌊

𝑛

4
⌋ − 1 𝑎𝑛𝑑 𝑏2 =

1,2 … (
𝑚

2
 ) −  1} and 𝑆3 =

{(2, 𝑚), (3, 𝑚), (5, 𝑚), (6, 𝑚), (8, 𝑚)(9, 𝑚), (11, 𝑚), (12, 𝑚), (𝑛 − 1, 𝑚) , (𝑛, 𝑚), (4𝑝 −

1, 𝑚), (4𝑝, 𝑚)/𝑝 = 4,5, … ⌊
𝑛

4
⌋}. 

Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 is a double dominating set and 〈𝑆〉has a perfect matching S is a Paired 

double dominating set of 𝑃𝑛□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| + |𝑆3| = 𝑚 ⌈
𝑛

4
⌉ +

2 ⌊
𝑚−1

2
⌋ ⌊

𝑛

4
⌋ + 2 ⌈

𝑛

4
⌉ + 2 = 2𝑘1 ⌈

12𝑘+10

4
⌉ + 2 ⌊

2𝑘1−1

2
⌋ ⌊

12𝑘+10

4
⌋ + 2 ⌈

12𝑘+10

4
⌉ + 2 =

2𝑘1(3𝑘 + 3) + 2(𝑘1 − 1)(3𝑘 + 2) + 2(3𝑘 + 3) + 2 = 12𝑘1𝑘 + 10𝑘1 + 4 =

12 (
𝑚

2
) (

𝑛−10

12
) + 10 (

𝑚

2
) + 4 =

𝑚𝑛

2
+ 4. 

Case (ii) m is odd. 

Let 𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … ⌊
𝑛

4
⌋ 𝑎𝑛𝑑 𝑏1 =

0,1,2 … ⌊
𝑚

2
⌋} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … ⌊

𝑛

4
⌋ − 1 𝑎𝑛𝑑 𝑏1 =

1,2 … ⌊
𝑚

2
⌋} 

Then 𝑆 = 𝑆1 ∪ 𝑆2 is a double dominating set and 〈𝑆〉has a perfect matching S is a Paired 

double dominating set of 𝑃𝑛□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| = 2 ⌈
𝑚

2
⌉ ⌈

𝑛

4
⌉ +

2 ⌊
𝑚−1

2
⌋ ⌊

𝑛

4
⌋ = 2 ⌈

2𝑘1+1

2
⌉ ⌈

12𝑘+10

4
⌉ + 2 ⌊

2𝑘1−1

2
⌋ ⌊

12𝑘+10

4
⌋ = 2(𝑘1 + 1)(3𝑘 + 3) + 2(𝑘1)(3𝑘 +

2) = 12𝑘1𝑘 + 6𝑘 + 10𝑘1 + 6 = 12 (
𝑚−1

2
) (

𝑛−10

12
) + 10 (

𝑚−1

2
) + 6 (

𝑛−10

12
) + 6 =

𝑚𝑛

2
+ 1. 

Theorem 2.8 

Let 𝑃𝑛 be a path of length n and 𝑛 ≡ 0 (𝑚𝑜𝑑12), 𝑛 ≥ 12 and 𝑃𝑚 be a path of length 

m and 𝑚 ≥ 6. Then Paired double domination number of product of these two paths    

            𝛾𝑝𝑟𝑑𝑑 (𝑃𝑛□𝑃𝑚) =  {

𝑚𝑛

2
+ 4         𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑚𝑛

2
+ 2          𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑

}. 

Proof: 

  We consider the following two cases. 

Case (i) m is even. 
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Let 𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … (
𝑛

4
) − 1𝑎𝑛𝑑 𝑏1 =

0,1,2 … (
𝑚

2
 ) − 1} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … (

𝑛

4
) − 2 𝑎𝑛𝑑 𝑏1 =

1,2 … (
𝑚

2
 ) −  1} ,𝑆3 = {(2, 𝑚), (3, 𝑚), (5, 𝑚), (6, 𝑚), (8, 𝑚), (9, 𝑚), (11, 𝑚), (12, 𝑚), (𝑛 −

1, 𝑚)) , (𝑛, 𝑚), (4𝑝 − 1, 𝑚), (4𝑝, 𝑚)/𝑝 = 4,5, … (
𝑛

4
) } and 𝑆4 = {(𝑛 − 1,1 + 2𝑏3), (𝑛, 1 +

2𝑏3)/𝑏3 = 0,1,2 … (
𝑚

2
 ) − 1}. 

Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 ∪ 𝑆4 is a double dominating set and 〈𝑆〉has a perfect matching S is a 

Paired double dominating set of 𝑃𝑛□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| + |𝑆3| + |𝑆4| =

𝑚 (
𝑛

4
) + 2 ⌊

𝑚−1

2
⌋ ⌊

𝑛−1

4
⌋ + 2 (

𝑛

4
) + 2 + 𝑚 = 2𝑘1 (

12𝑘

4
) + 2 ⌊

2𝑘1−1

2
⌋ ⌊

12𝑘−1

4
⌋ + 2 (

12𝑘

4
) + 2 +

𝑚 = 2𝑘1(3𝑘) + 2(𝑘1 − 1)(3𝑘 − 1) + 6𝑘 + 2 + 2𝑘1 = 12𝑘1𝑘 + 2𝑘1 − 2𝑘1 + 4 =

12 (
𝑚

2
) (

𝑛

12
) + 4 =

𝑚𝑛

2
+ 4. 

Case (ii) m is odd. 

Let 𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … (
𝑛

4
) − 1 𝑎𝑛𝑑 𝑏1 =

0,1,2 … ⌊
𝑚

2
⌋} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … (

𝑛

4
) − 2 𝑎𝑛𝑑 𝑏2 =

1,2 … ⌊
𝑚

2
⌋}, and 𝑆3 = {(𝑛 − 1,1 + 2𝑏3), (𝑛, 1 + 2𝑏3)/𝑏3 = 0,1,2 … ⌊

𝑚

2
⌋}. 

Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 is a double dominating set and 〈𝑆〉has a perfect matching S is a Paired 

double dominating set of 𝑃𝑛□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| + |𝑆3| = 2 ⌈
𝑚

2
⌉ (

𝑛

4
) +

2 ⌊
𝑚−1

2
⌋ ⌊

𝑛−1

4
⌋ + 2 ⌊

𝑚

2
⌋ + 2 = 2 ⌈

2𝑘1+1

2
⌉ (

12𝑘

4
) + 2 ⌊

2𝑘1+1−1

2
⌋ ⌊

12𝑘−1

4
⌋ + 2 ⌊

𝑚

2
⌋ + 2 = 2(𝑘1 +

1)(3𝑘) + 2(𝑘1)(3𝑘 − 1) + 2𝑘1 + 2 = 12𝑘1𝑘 + 6𝑘 + 2 = 12 (
𝑚−1

2
) (

𝑛

12
) + 6 (

𝑛

12
) + 2 =

𝑚𝑛

2
+ 2. 

Theorem 2.9 

Let 𝑃𝑛 be a path of length n and 𝑛 ≡ 4 (𝑚𝑜𝑑12), 𝑛 ≥ 12 and 𝑃𝑚 be a path of length 

m and 𝑚 ≥ 6. Then Paired double domination number of product of these two paths    

            𝛾𝑝𝑟𝑑𝑑 (𝑃𝑛□𝑃𝑚) =  {

𝑚𝑛

2
+ 4         𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑚𝑛

2
+ 2          𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑

}. 

Proof: 

  We consider the following two cases. 

Case (i) m is even. 

Let 𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … (
𝑛

4
) − 1𝑎𝑛𝑑 𝑏1 =

0,1,2 … (
𝑚

2
 ) − 1} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … (

𝑛

4
) − 2 𝑎𝑛𝑑 𝑏1 =

1,2 … (
𝑚

2
 ) −  1} ,𝑆3 = {(2, 𝑚), (3, 𝑚), (5, 𝑚), (6, 𝑚), (8, 𝑚), (9, 𝑚), (11, 𝑚), (12, 𝑚), (𝑛 −

1, 𝑚)) , (𝑛, 𝑚), (4𝑝 − 1, 𝑚), (4𝑝, 𝑚)/𝑝 = 4,5, … (
𝑛

4
) } and 𝑆4 = {(𝑛 − 1,1 + 2𝑏3), (𝑛, 1 +

2𝑏3)/𝑏3 = 0,1,2 … (
𝑚

2
 ) − 1}. 
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Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 ∪ 𝑆4 is a double dominating set and 〈𝑆〉has a perfect matching S is a 

Paired double dominating set of 𝑃𝑛□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| + |𝑆3| + |𝑆4| =

𝑚 (
𝑛

4
) + 2 ⌊

𝑚−1

2
⌋ ⌊

𝑛−1

4
⌋ + 2 (

𝑛

4
) + 2 + 𝑚 = 2𝑘1 (

12𝑘+4

4
) + 2 ⌊

2𝑘1−1

2
⌋ ⌊

12𝑘+4−1

4
⌋ + 2 (

12𝑘+4

4
) +

2 + 𝑚 = 2𝑘1(3𝑘 + 1) + 2(𝑘1 − 1)(3𝑘) + 2(3𝑘 + 1) + 2 + 2𝑘1 = 12𝑘1𝑘 + 4𝑘1 + 4 =

12 (
𝑚

2
) (

𝑛−4

12
) + 4 (

𝑚

2
) + 4 =

𝑚𝑛

2
+ 4. 

Case (ii) m is odd. 

Let 𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … (
𝑛

4
) − 1 𝑎𝑛𝑑 𝑏1 =

0,1,2 … ⌊
𝑚

2
⌋} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … (

𝑛

4
) − 2 𝑎𝑛𝑑 𝑏2 =

1,2 … ⌊
𝑚

2
⌋}, and 𝑆3 = {(𝑛 − 1,1 + 2𝑏3), (𝑛, 1 + 2𝑏3)/𝑏3 = 0,1,2 … ⌊

𝑚

2
⌋}. 

Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 is a double dominating set and 〈𝑆〉has a perfect matching S is a Paired 

double dominating set of 𝑃𝑛□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| + |𝑆3| = 2 ⌈
𝑚

2
⌉ (

𝑛

4
) +

2 ⌊
𝑚−1

2
⌋ ⌊

𝑛−1

4
⌋ + 2 ⌊

𝑚

2
⌋ + 2 = 2 ⌈

2𝑘1+1

2
⌉ (

12𝑘+4

4
) + 2 ⌊

2𝑘1+1−1

2
⌋ ⌊

12𝑘+4−1

4
⌋ + 2 ⌊

2𝑘1+1

2
⌋ + 2 =

2(𝑘1 + 1)(3𝑘 + 1) + 2(𝑘1)(3𝑘) + 2𝑘1 + 2 = 12𝑘1𝑘 + 6𝑘 + 4𝑘1 + 4 = 12 (
𝑚−1

2
) (

𝑛−4

12
) +

6 (
𝑛−4

12
) + 4 (

𝑚−1

2
) + 4 =

𝑚𝑛

2
+ 2. 

Theorem 2.10 

Let 𝑃𝑛 be a path of length n and 𝑛 ≡ 8 (𝑚𝑜𝑑12), 𝑛 ≥ 12 and 𝑃𝑚 be a path of length 

m and 𝑚 ≥ 6. Then Paired double domination number of product of these two paths    

            𝛾𝑝𝑟𝑑𝑑 (𝑃𝑛□𝑃𝑚) =  {

𝑚𝑛

2
+ 4         𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑚𝑛

2
+ 2          𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑

}. 

Proof: 

  We consider the following two cases. 

Case (i) m is even. 

Let 𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … (
𝑛

4
) − 1𝑎𝑛𝑑 𝑏1 =

0,1,2 … (
𝑚

2
 ) − 1} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … (

𝑛

4
) − 2 𝑎𝑛𝑑 𝑏1 =

1,2 … (
𝑚

2
 ) −  1} ,𝑆3 = {(2, 𝑚), (3, 𝑚), (5, 𝑚), (6, 𝑚), (8, 𝑚), (9, 𝑚), (11, 𝑚), (12, 𝑚), (𝑛 −

1, 𝑚)) , (𝑛, 𝑚), (4𝑝 − 1, 𝑚), (4𝑝, 𝑚)/𝑝 = 4,5, … (
𝑛

4
) } and 𝑆4 = {(𝑛 − 1,1 + 2𝑏3), (𝑛, 1 +

2𝑏3)/𝑏3 = 0,1,2 … (
𝑚

2
 ) − 1}. 

Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 ∪ 𝑆4 is a double dominating set and 〈𝑆〉has a perfect matching S is a 

Paired double dominating set of 𝑃𝑛□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| + |𝑆3| + |𝑆4| =

𝑚 (
𝑛

4
) + 2 ⌊

𝑚−1

2
⌋ ⌊

𝑛−1

4
⌋ + 2 (

𝑛

4
) + 2 + 𝑚 = 2𝑘1 (

12𝑘+8

4
) + 2 ⌊

2𝑘1−1

2
⌋ ⌊

12𝑘+8−1

4
⌋ + 2 (

12𝑘+8

4
) +

2 + 𝑚 = 2𝑘1(3𝑘 + 2) + 2(𝑘1 − 1)(3𝑘 + 1) + 2(3𝑘 + 2) + 2 + 2𝑘1 = 12𝑘1𝑘 + 8𝑘1 + 4 =

12 (
𝑚

2
) (

𝑛−8

12
) + 8 (

𝑚

2
) + 4 =

𝑚𝑛

2
+ 4. 

Case (ii) m is odd. 
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Let 𝑆1 = {(4𝑎1 + 1,1 + 2𝑏1), (4𝑎1 + 2,1 + 2𝑏1)/𝑎1 = 0,1,2 … (
𝑛

4
) − 1 𝑎𝑛𝑑 𝑏1 =

0,1,2 … ⌊
𝑚

2
⌋} , 𝑆2 =  {(4𝑎2 + 3, 2𝑏2), (4𝑎2 + 4,2𝑏2)/𝑎2 = 0,1,2 … (

𝑛

4
) − 2 𝑎𝑛𝑑 𝑏2 =

1,2 … ⌊
𝑚

2
⌋}, and 𝑆3 = {(𝑛 − 1,1 + 2𝑏3), (𝑛, 1 + 2𝑏3)/𝑏3 = 0,1,2 … ⌊

𝑚

2
⌋}. 

Then 𝑆 = 𝑆1 ∪ 𝑆2 ∪ 𝑆3 is a double dominating set and 〈𝑆〉has a perfect matching S is a Paired 

double dominating set of 𝑃𝑛□𝑃𝑚 with cardinality |𝑆| =  |𝑆1| + |𝑆2| + |𝑆3| = 2 ⌈
𝑚

2
⌉ (

𝑛

4
) +

2 ⌊
𝑚−1

2
⌋ ⌊

𝑛−1

4
⌋ + 2 ⌊

𝑚

2
⌋ + 2 = 2 ⌈

2𝑘1+1

2
⌉ (

12𝑘+8

4
) + 2 ⌊

2𝑘1+1−1

2
⌋ ⌊

12𝑘+8−1

4
⌋ + 2 ⌊

2𝑘1+1

2
⌋ + 2 =

2(𝑘1 + 1)(3𝑘 + 2) + 2(𝑘1)(3𝑘 + 1) + 2𝑘1 + 2 = 12𝑘1𝑘 + 8𝑘 + 6𝑘1 + 2 + 4 =

12 (
𝑚−1

2
) (

𝑛−8

12
) + 6 (

𝑛−8

12
) + 8 (

𝑚−1

2
) + +2 + 4 =

𝑚𝑛

2
+ 2. 

 

References 

1. V. Anusuya, R. Kala, Independent and Restrained disjoint Domination Number of Graphs, JP 

Journal of Mathematical Science 2015. 

2. V. Anusuya, R. Kala, R Modified 𝛾 − 𝑔𝑟𝑎𝑝ℎ 𝐺(𝛾𝑚) of some grid graph , Palestine Journal of 

Mathematics , Vol 9(2) 2020, 691-697 

3. T.W.Haynes,S.T.HedetniemiP.J.Slater,FundamentalsofDomination 

inGraphs,MarcelDekker,in,NewYork,1998. 

4. Munjula. C.Gudgeri, Varsha, Double Domination Number of Some Families of Graphs, 

International Journal of Recent Technology and Engineering (IJRTE)  ISSN:2277-3878, 

Volume-9 Issue-2, July 2020. 

5. TeresaW.Haynes,Mustapha Chellali, Mostafa Blidia,Characterization 

oftreeswithequalpairedanddoubledominationnumbers. 

6. T.W.Haynes,P.J.Slater,Paired-dominationingraphs,Networks32(1998),199-206. 

7. F.Harary,T.W.Haynes,Doubledominationingraphs,Arscombin55(2000),201-213. 

8. JohnAdrianBondy,MurtyU.S.R,Graphtheoryspringer,2008. 

9. M. N. Sree Valli and V. Anusuya, On paired-double domination number of graphs, Advances 

in Mathematics: Scientific Journal 9(2020), no 6, 4193-4201.  

 

 

 

http://philstat.org.ph/

