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Introduction

Let G = (V,E) be a graph with vertex set V and edge set E. We begin with some
terminology. For a vertex v of a graph G, the open neighborhood of a vertex v e Vis N(V) =
{u eV / uv e E} and the closed neighborhood is N[v] = N(v) n {v}.

A subset S < V is a dominating set of G, if for every vertex v € V, [N[v] N S}> 1. The
domination number y(G) is the minimum cardinality of a dominating set of G. A subset S of
V is a double dominating set of G if for every vertex v € V,[N[v]NS|> 2, that is v is in S and
has at least one neighbour in S or v is in V-S and has at least two neighbours in S [3]. A set S
is called paired-dominating set if it dominates V and <S> contains at least one perfect
matching. A paired-dominating set S with matching M is a dominating set S={v1,va,...,va
1,V2t} with independent edge set M = {es,ez,...,et} where each edge e;j joins two elements of S,
that is M is a perfect matching in <S>. If vjvk =ei € M, we say that vj and v are paired in S
[6]. The double domination number yqd (G) IS the minimum cardinality of a double
dominating set of G, and the paired-domination number 7pr (G) is the minimum cardinality of
a paired-dominating set of G.A paired (respectively, double) dominating set of minimum
cardinality is called a ypr (G) set (respectively yqd(G) set). The Cartesian Product of graphs G

and H, denoted by G O H, is a graph such that V(GO H) = V(G) x V(H) and E(GO H) =
{(uqy, v1)(uy, v5):uy = u, and vyv,€ E(H) or v; = v, and u u,e E(G)}. Grid graph is
the Cartesian product of two paths. A set S is called a paired-double dominating set if it is a
double dominating set and the induced sub graph < S > contains at least one perfect
matching. The minimum cardinality taken over all paired-double dominating sets is called the
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paired-double domination number and is denoted by y,,qq4. Any paired-double dominating
set with y,qqVertices is called a y,,.44 set of G.

In this paper, we characterize the Paired double domination number of grid graphs .
We determine the Paired double domination numbers of B,0PR,, , where n is even and m > 6.
We take the set s4, s,, 55 and s, are disjoint sets whose intersection is empty.

2 ifn=2
— ) doesnotexist ifn=3
Theorem 1.1. [8] For any path B, , Vpraa(B) =
2 EJ + 2 other wise

Theorem 1.2. [8] For any cycle Cy, Ypraa(Cn)= ZE]

Theorem 1.3. [8] For any path B, , n#3 , v4a(B) < Vpraa(Pn)
Theorem 1.4. [8] For any cycle Cy, , ¥4a(Cr) < Vpraa(Cr)
Theorem 1.5. [8] If n = 3k+2 where k € N, theny,,q4(P,) = Vpraa(Cp)-

2. Main Results

Theorem 2.1
Let P, be a path of length 4 and B,, be a path of length m and m > 4. Then Paired
double domination number of product of these two paths  y,,.q4(P,00P,) = 2m + 2.

Proof:
Case (i) m = 0 (mod 2)

LetS, = {(611' 1+ 2by),(az 1+ 2by)/a; =1,3,a, =2,4and b; =0,1,2... (%) —

1}, S, ={(2,m),(3,m)}. Then S = S; US, is a double dominating set and (S)has a perfect
matching S is a Paired double dominating set of P,[1PB,, with minimum cardinality |S| =
|S1] + 1S, = 2m + 2.

Case (i)m =1 (mod 2)

Let Sy = {(a, 1 +2b;),(az, 1+ 2by)/ay = 13,0, = 24 and by = 0,12 .. [%J} S, =
{(2,m),(3,m)}. Then S is a double dominating set and (S)has a perfect matching S is a

Paired double dominating set of P,[B,, with minimum cardinality |S| = 2(m + 1) =2m +
2.

Theorem 2.2
Let P be a path of length 6 and P,, be a path of length m and m > 4. Then Paired
double domination number of product of these two paths Ypraa(Ps0Py) =

3m+2 if miseven
{3m+1 ifmisodd}'
Proof:

We consider the following two cases.
Case (i) m is even.
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Let S, = {(4a1 + 1,1+ 2by), (4a; + 2,1 + 2b,)/a, = 0,1 and by, = 0,1,2 ... (%) -

1}, 5, = {(3,2b,), (4.2b,)/ b, = 1,2..(3 ) - 1} and S, =
{(2,m),(3,m),(5,m),(6,m)}. ThenS =S, US, U S5 is a double dominating set and (S) has
a perfect matching S is a Paired double dominating set of P;B,, with cardinality |S| =
|S1]+ 1S, + S35l =2m+(m—2)+4=3m+ 2.

Case (ii) m is odd.

Lets, = {(4(11 + 1,1+ 2by), (4a; + 2,1 + 2by)/a; = 0,1 and b, = 0,1,2 ... [%J} /S, =

{(4a; +3,2b,), (40, + 4,2b,) /a; = 0,12 .. 5| -1and b, =12.. [%J}

Then § =S, U S, is a double dominating set and (S)has a perfect matching S is a Paired
double dominating set of P;[dPR,, with cardinality |S| = |S;| + |S;] =2(m+1)+m—1=
3m + 1.

Theorem 2.3
Let Pg be a path of length 8 and P,, be a path of length m and m > 4. Then Paired
double domination number of product of these two paths Ypraa(Ps0Py) =

4(m+1) if miseven
{4m+2 ifmisodd}'
Proof:

We consider the following two cases.
Case (i) m is even.

Let Sl = {(4a1 + 1,1 + Zbl), (4a1 + 2,1 + Zbl)/al — 0,1 and bl = 0,1;2 (%) -

1}, S, ={(32b,),(42b,)/ b, =12..(3) - 1},5, =

{(2,m), (3,m),(5,m),(6,m),(8,m),(9,m)} and S, = {(7,1 +2b,),(8,1+ 2b;)/ by =

m

0,1,2... (;) — 1}. Then S=S,US,US;US, is a double dominating set and (S)has a

perfect matching S is a Paired double dominating set of Pg[1PR,, with cardinality |S| = |S;| +
|So] + IS5+ [S4l =2m+(m—-2)+6+m=4m+4=4(m+ 1)..

Case (ii) m is odd.

Let S; = {(4ay + 11+ 2by), (4ay+2,1+2b,)/a; = 01and by =0,1,2.. Ej} S, =

{(4a; +3,2b,), (4a, + 4,2b,) /a; = 0 and b, = 1,2... [%]} and S, ={(7,1 +

2b,),(8,1+2b;)/ b, =0,1,2 ... [%J} Then S = 5, U S, U S5 is a double dominating set and

(S)has a perfect matching S is a Paired double dominating set of Pg[1PB,, with cardinality
IS| = ISy + 1S+ 1S5] =2(m+ 1D +m—1+m+1=4m+2.

Theorem 2.4
Let P,, be a path of length 10 and B,, be a path of length m and m > 4. Then Paired
double domination number of product of these two paths Ypraa(Pro0By) =

{Sm +2 if mis even}
Sm+1 if misodd)
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Proof:
We consider the following two cases.
Case (i) m is even.

Let S, = {(4ay + L1+ 2b,), (4ay +2,1+2b)/a; = 01,2 and b, =

m

012..(2) =1}, 5, = {(4a, +3,2b,), (4a, + 42b;)/ a, = 01,2 and b, = 1,2 .. (3 ) -

1} and S = {(2,m), (3, m), (5,m), (6,m),(8,m),(9,m)}.Then §=S,US5,US, is a
double dominating set and (S) has a perfect matching S is a Paired double dominating set of
P;,0P,, with cardinality |S| = |S;| +|S,| +|S3]| =3m+2m—-4+6=5m + 2.
Case (ii) m is odd.

Let Sy = {(4a, + 1,1+ 2by), (4a; +2,1+ 2b;)/a, = 0,12 and by =

012,..[2|}, 5, = {(4a; +3,2b,), (4a, + 42b;,)/a; = 0,1 and b, = 1,2...|Z|}.  Then

S =S5,US, is a double dominating set and (S)has a perfect matching S is a Paired double
dominating set of P,OOB, with cardinality |S| = |S;|+|S;|=3(m+1)+2(m—-1) =
5m+ 1.

Theorem 2.5
Let B, be a path of length n and n = 2 (mod12),n > 12 and B,, be a path of length

m and m = 6. Then Paired double domination number of product of these two paths
mn

p,O0P,) = {2 :
Vprdd(n m) %+1 if misodd

+ 4 if miseven

Proof:
We consider the following two cases.
Case (i) m is even.

Let S, = {(4a1 + 1,1+ 2by), (4a; + 2,1 + 2by)/a, = 0,1,2 ... EJ and b, = 0,1,2 ... (%) -
1}, 5, = {(4a, +3,2b,), (4a, + 4,2b,)/a, = 0,12 .. EJ —landb,=12.. (%) -
1} and S5 = {(2,m), (3,m), (5,m), (6,m), (8,m),(9,m), (11,m), (12,m), (n —

1,m), (n,m), (4p — 1,m), (4p,m)/p = 45, ... |%|}. Then s =5,US,Us; is a double
dominating set and (S)has a perfect matching S is a Paired double dominating set of P,OB,,
. . . n m—1]| |n n 12k+2
with cardinality |S| = ISy| + IS,] + 1551 = m [5] + 2| == 5] + 2 [3] + 2 = 2y [222] +

) [Zkz_-lJ [12’;_”] +2 [“”fT”] +2=2k;(3k + 1) + 2(k; — DBk) + 2Bk + 1) + 2 =

12k k + 2k, + 4 = 12(%)(n1_-22)+2(%)+4=%+4_
Case (ii) m is odd.
Let S, = {(4ay + 1,1 + 2b,), (4a; + 21+ 2b,)/ay = 0,12 ... || and b, =

0,1,2 .. Ej} S, = {(4az +3,2b,), (4ay + 4,2b;) /a; = 0,12 .. 5| - 1and b, =
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Then § =S, U S, is a double dominating set and (S)has a perfect matching S is a Paired
double dominating set of P,00P, with cardinality |S| = |S;]+[S,| =2 [%] E] +

2|2 o] = 2 P ]+ 2 [P [ = 20 + 0Bk + D + 200G =

4 4

12ksk + 6k + 2k +2 =12 (%) () +2 (7)) +6 (5) +2=2"+ 1.

2
2

Theorem 2.6
Let B, be a path of length n and n = 6 (mod12),n > 12 and B,, be a path of length

m and m = 6. Then Paired double domination number of product of these two paths
% + 4 if miseven
Yprdd (P,0OP,) = mn

7+1 if misodd)

Proof:
We consider the following two cases.
Case (i) mis even.

Let S, = {(4a, + 1,1+ 2b,), (4a; + 2,1+ 2b;)/a, = 0,12 .. EJ and by =

m

012..(2)-1},5,= {(4a, +3,2b,), (40, + 4,2b,) /2, = 0,1,2... |- 1and b, =

2

m
12..(%) - 1}ands; =
{(2; m)' (3' m); (5' m); (6; m), (8; m) (9; m), (111 m); (121 m); (Tl - 11 m) ) (n: m); (4p -
1,m), (4p,m)/p = 4,5, ... EJ}
Then § = §; U S, U S5 is a double dominating set and (S)has a perfect matching S is a Paired
double dominating set of P,0IP, with cardinality |S|= |S;]+ S|+ [Ss] = m [g] +

m—1| |n n 12k+6 2k1—1] |12k+6 12k+6 _
2[5 5]+ 2 ]+ 2 = 2m [BE] 2 [ |2+ 2 [F] 2 = 2k GR 2 +
m n—6 m

20k, — D3k + 1) + 23k + 2) + 2 = 12k, k + 6k, + 4 = 12(;)(7)+6(;)+4 -
mn
— + 4.
Case (ii) m is odd.

Let Sy = {(4a, + 1,1+ 2by), (4a; + 2,1+ 2b;)/a, = 0,12 .. EJ and by =
01,2 ... [g]} Sy = {(4a5 +3,2b,), (4a + 4,2b;) /a, = 01,2 .. Ej —1land b, =

12...|%|}

Then S =S, US, is a double dominating set and (S)has a perfect matching S is a Paired
double dominating set of PB,00P, with cardinality |S|= [|S;]|+|S,| =2 [%] E] +

2|72 5] = 2 [P || + 2 |22 [ = 20 + 1Bk +2) + 20k) 3k +

2 4 2 4

1)=12k1k+6k+6k1+4=12(m7‘1)(”—‘6)+6(m7‘1)+6(”—‘6)+4=%+1.

12 12

Vol. 71 No. 2 (2022) 697
http://philstat.org.ph


http://philstat.org.ph/

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343

Theorem 2.7
Let B, be a path of length nand n = 10 (mod12),n = 12 and B,, be a path of length
m and m > 6. Then Paired double domination number of product of these two paths
mn . .
(P.OP) = 7+4 if miseven
Voraa Vn=tm) = 41 ifmisodd|
Proof:

We consider the following two cases.
Case (i) m is even.

Let S; ={(4a; + 1,1+ 2b,), (4ay + 2,1 + 2by)/a; = 0,1,2...|%| and b, =

m

012..(2)-1}.5, = {(4a, +3,2b,), (40, + 4,2b,)/a; = 0,12 .. |*| - 1 and b, =

12..(%) - 1}ands; =

{(Z,m), (3,m), (5,m),(6,m),(8,m)(9,m),(11,m), (12,m),(n — 1,m) ,(n,m), (4p —

1,m),(4p,m)/p = 4,5, ... EJ}
Then S = S; U S, U S5 is a double dominating set and (S)has a perfect matching S is a Paired
double dominating set of B,0B, with cardinality |S| = [S;]|+ |S,|+|S3]|=m E] +

2 [mT—lJ [%J +2 [%] +2 = 2k1 [12k4+10] +2 le;—lJ lle4+10J +2 [12k4+10] +2=

2k Bk +3)+2(ky —1)Bk+2)+ 2Bk +3)+2 =12k 1k + 10k, + 4 =
m n—10 m mn

12(3) (57) +10(5) + 4= +4

Case (ii) m is odd.

Let S, = {(4ay + L1+ 2b,), (4ay + 2,1 + 2b;)/ay = 0,12 .. EJ and by =

0,1,2 .. [g]} S, = {(4az +3,2b,), (4ay + 4,2b;) /a; = 0,12 .. Ej —1land b, =
m
2.5}
Then S =S, U S, is a double dominating set and (S)has a perfect matching S is a Paired
double dominating set of P,00P, with cardinality |S|= |S;|+S,| =2 [%] E] +

2|7 [5] = 2 [ 25 + 2 |25 [570] = 20k + DGR+ 3) + 20e) Bk +

4

n—-10

2) = 12k.k + 6k + 10k, + 6 = 12 ("‘T‘l) (—) +10 (mz‘l) + 6(

12
Theorem 2.8
Let P, be a path of length n and n = 0 (mod12),n > 12 and B,, be a path of length
m and m = 6.Then Paired double domination number of product of these two paths

mn . .
—+4 if miseven

p,OpR,) = |2 :
Vprdd(n m) %+2 if misodd

n—-10
12

J+6="241

Proof:
We consider the following two cases.
Case (i) m is even.
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LetS, = {(4a, + 1,1 + 2b,), (4a; + 2,1 + 2b,)/a; = 0,1,2 ... (g) — land by =

012..(2)- 1% = {(4a; +3,2b,), (4ay + 42b,)/a; = 0,1,2 ..(%) — 2 and b, =
12...(2) - 1}.5; = {2 m), 3,m), (5,m), (6,m), (8,m), (9,m), (11,m), (12,m), (n
1,m)),(n,m),(4p —1,m),(4p,m)/p = 4,5, ... (Z) } and S, = {(n — 1,1+ 2b3),(n, 1+
2b3)/b; = 0,12 .. (2 ) - 1},

Then S =S, US,US;US, is a double dominating set and (S)has a perfect matching S is a
Paired double dominating set of B,[0B,, with cardinality |S| = |S;| + [S2| + |S3]| + |S4] =

( )22 [+ 2 (5) + 24 mo= 2k, (B5) 2 | 4 2(BE) + 2+
= 2ky (3k) + 2(ky — 1)(3k — 1) + 6k + 2 + 2k, = 12k, k + 2k; — 2k; + 4 =
12(2)(2) +4- 21
Case (ii) m is odd.

Let S, = {(4ay + L1+ 2b,), (4ay + 2,1 + 2b;)/ay = 0,1,2 ..(3) — L and b, =
012..|2|}. 5, = {(4a; +3,2b,), (42, + 4,2b,)/a, = 0,12 ..(5) — 2 and b, =
1,2...|2|} and $; = {(n = 1,1+ 2b;), (0, 1 + 2b3) /b5 = 0,1,2... |7 }.

Then S = S, U S, U S5 is a double dominating set and (S)has a perfect matching S is a Paired
double dominating set of B,00PR, with cardinality |S| = |S;| + |S,| + |S3] = 2 [m] (2) +
o 2 2 2 2 [ 2 o
1)(3k) + 2(ky) Bk — 1) + 2ky + 2 = 12k, k + 6k + 2 = 12(7)( )+6( 2)+2=
Ly}

'Fheorem 2.9

Let B, be a path of length n and n = 4 (mod12),n > 12 and B,, be a path of length
m and m > 6. Then Paired double domination number of product of these two paths

mn . .
—+4 if miseven

%+2 if misodd)

Yprdd (PnDPm) =

Proof:
We consider the following two cases.
Case (i) m is even.

Let S, = {(4a, + 1,1+ 2b,), (4ay + 2,1+ 2by)/a, = 0,12 .. (%) — land b, =
012..(3) - 1}, 5, = {(4az +3,2b,), (4a; + 42b,)/a; = 0,1,2 ..(3) — 2 and b, =
12...(3 ) = 1}.85 = {@m), B m), (5,m), (6,m), (8,m), (9,m), (11,m), (12,m), (n —
1,m)), (n,m), (4p — 1,m), (4p, m)/p = 4,5, ... (Z) } and S, = {(n — 1,1+ 2by), (0,1 +
2b3)/bs = 0,1,2 ... (g) - 1}.
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Then S =S, US, US;US, is a double dominating set and (S)has a perfect matching S is a
Paired double dominating set of B,[0B,, with cardinality |S| = |S;]| + [S2| + |S3]| + |S4] =

m(3) + 2| [+ 2 () + 2+ m = 2 (5 2 [ [+ 2 () +
24+m=2k,3k+1)+2(k; —1)(Bk) + 2Bk + 1) + 2 + 2ky = 12k.k + 4k, + 4 =
12(2)(5) +4(3) +4=""+ 4
Case (ii) m is odd.

Let S, = {(4ay + L1+ 2b,), (4ay + 2,1 + 2b;)/ay = 0,1,2 .. () — L and b, =
0,1,2 ... Ej} S, = {(4az +3,2b,), (4a; + 4,2b;) /a; = 0,12 .. (2)-2and b, =
1,2 .. Ej} and S; = {(n — 1,1+ 2b5), (n, 1+ 2b;) /b3 = 0,1,2... [%J}
Then S = S5, U S, U S5 is adouble dominating set and (S)has a perfect matching S is a Paired

double dominating set of P,[1AR, with cardinality [S| = [S;]+ [Sz] + [S3] = 2 [%] (%) +
) lm 1J l J 42 lmJ +2=2 [2k1+1] (12k+4) +2 lzk1+1-1J [12k+4—1J 42 [2k1+1J o=
2 4 2

4

2(ky + 1)(3k + 1) + 2k )(3k) + 2ky +2 = 12k k + 6k + 4k; + 4 =12 (22) (22) +
6(=)+4(=)+4=""42

Theorem 2.10
Let P, be a path of length n and n = 8 (mod12),n > 12 and B,, be a path of length
m and m = 6. Then Paired double domination number of product of these two paths

L) if miseven

P,O0R .
Vpraa ( m) = UL if misodd

Proof:
We consider the following two cases.
Case (i) mis even.

Let S, = {(4a, + 1,1+ 2b,), (4ay + 2,1+ 2by)/a, = 0,12 .. (2) — land b, =
012..(2)=1}.5, = {(4a, +3,2b,), (4a, + 4.2b,)/a, = 0,12 ..(3) = 2 and b, =
12...(3) = 1} = {@m), B,m), (5,m), (6,m), (8,m), (9,m), (11,m), (12,m), (n -
1,m),(nm),(4p — 1,m), (4pm)/p =45,..(3) } and S, ={(n—1,1+2b;), (n 1+

m
2b3) /by = 0,12 .. (2 ) - 1},
Then § =S, US,US;US, is a double dominating set and (S)has a perfect matching S is a
Paired double dominating set of B,[0B,, with cardinality |S| = |S;| + [S2| + |S3]| + |S4] =

m(3)+ 2P [ + 2 (5) + 24 m = 2k () + 2[5 B 42 (5) +

24+m=2k;(3k+2)+2(k; —1)Bk+1)+20Bk +2)+ 2+ 2k, =12k;k+8k; +4 =

12(3) () +8(5) +4=F+4

Case (ii) m is odd.
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LetS, = {(4a1 + 1,1+ 2by), (4a; + 2,1 + 2b))/a; = 0,1,2 ... (g) —1land b, =

012..|2|} . 5, = {(4a; +3,2b,), (42, + 42b,) /a; = 0,12 .. () — 2 and b, =

1,2...|2|} and $; = {(n = 1,1+ 2b,), (0, 1 + 2b3) /by = 0,12 .. |7 }.
Then § = §; U S, U S5 is a double dominating set and (S)has a perfect matching S is a Paired
double dominating set of P,00A, with cardinality |S| = S,] + IS;| + 1851 = 2[Z] () +

2[5 w22 4 2= 2 [E (252) 4 o[t 1 )y -
2(k12+ 1)23k + 2)2+ 2(k,)(3k +21) + 221 +2= 12151k + 8k :— 6k, +2 + Z =

12(’”7‘1)("1—‘28)+6("1—‘28)+8(m7‘1)++2+4=%+2.
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