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Introduction

In this paper, a unified approach to the notion of D-sets in topological spaces is given. In fact new types of
D-sets can be defined by replacing “open set” by a topological set. According to Tong, each pair (U,V) of
open sets with U=X, contributes a D-set. Our aim is to introduce new types of D-sets by replacing either U
or V by another type of topological sets namely w-open, pre-open, semi-open, o-open, 3-open, b-open pre-
®-0pen, semi-m-open, a-w-open, B-w-open and b-w-open sets. This paper is described with two sections.
The notions of ®-D, pre-D, semi-D, a-D, B-D, b-D sets are introduced and studied in the first section by
replacing V by a pre-open, semi-open, a-open, B-open, b-open set respectively . The second section deals
with pre-m-D, semi-o-D, a-o-D, B-®-D, b-o-D sets that are defined by replacing V by pre-o-open, semi-
®-0pen, a-m-open, B-w-open, b-w-open set respectively.

Throughout this paper, (X,t) is a topological space, A and B are subsets of X. The following notations are
used.

“AcB “ means A is a proper subset of B.

“A>B “ means A is a proper super set of B.

UB = The down sets of B = The collection of all subsets of B = 2°,

B = The up sets of B = The collection of all super sets of B.

Clearly BelB and BeTB.

“AcB “ means AcB or A=B and “A>B “ means AoB or A=B

AelBs AcB and AeTBASB.

FCount(X) = {AcX: A s finite or countable}.

UnCount(X) = {AcX: A is uncountable}.
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Nn-D-SETS where ne{ o, semi, pre, o, B, b }

Let B be a D-set in (X,t), determined by an ordered pair (U,V) of open sets with U=X. By varying the
first coordinate U over t and varying V over »O(X,t), the notion of ®-D-set is introduced. Throughout
this section ne{ ®, semi, pre, o, B, b } unless otherwise specified.

Definition 2.1.1 If A =U\V, U=X, Uetand VewnO(X,1), then A is called an w-D-set.
Remark 2.1.2 An o-D-set U\V is determined by an ordered pair (U,V) where U isopen, U=X and V is o-
open.
Notations 2.1.3
(1) D(X,r) = the collection of all D-sets in (X,1).
(i) ®-D(X,1) = the collection of all ®-D-sets in (X,1).
(iii)  LoC(X,t) = the collection of all locallyw-closed sets in (X,1).
Proposition 2.1.4
(1) Every proper open set U isan o-D-set.
(i)  The whole set X is not anw-D-set.
(iii)  Every D-setis an o-D-set.
(iv)  Every o-D-setis locally o-closed.
(v) The class w-D(X,) lies properly between t and LoC(X,1).
Proof. Let Uet with U #X. Since U = U\ and since & is an w-open set, it follows that U is an w-D-set.
This proves (i). As the whole set X can not be written as X= U\V with U=X, it is clear that X is not an ®-
D-set. This proves (ii).
The set Aisa D-set = A =U\V, U=X, Uert, Ver,
= A=U\V, UzX,Uert, Ver,,
= A'is an o-D-set. This proves (iii).
The set A is an o-D-set = A = U\V, U=X, Uet, Vert,,
= A=UN(X\V), U=X, Uet, Vet
= A=UnF, UzX,Uer, Fis o-closed,
= A'is locally ®-closed. This proves (iv).
In any topological space (X,t), X is locally w-closed but not an w-D-set.This together with (i) and (iv)
proves (V). This completes the proof of the proposition.
The above proposition is illustrated in the next example.
Example 2.1.5 Let X= R and = {J, Q,R} where R is the set of all real numbers,Q is the set of all
rational numbers and Q°Cis the set of all irrational numbers.
The space R(Q) = (R, 7)) = (R, {< Q,R}). Let A be a subset of R. The following results can be easily
proved.
> No rational number is a condensation point of A.
> If A is finite or countable , then no irrational number is a condensation point of A.
> If A is finite or countable , then Cond(A) = &.
> If A is uncountable then Cond(A) = Q°.
> An uncountable set A is o-closed < AoQ°.
> oC(R,7)={A: A is a finite or countable subset of R }_{B: BoQ° }.
={Ac R: A is a finite or countable} T Q°.
®O(R, t) ={Ac R: Ais uncountable , R \A is finite or countable}u 2Q.
= {AcR: A is uncountable , R\A is finite or countable} 4 Q.
Clearly Q and Q° are both w-open and w-closed.
Any subset of Q is both w-open and ®-closed.
Any super set of Q° is both w-open and w-closed.
{1,V2 } is o-closed but not w-open.
R\{V2 } is w-open but not w-closed.
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> {3} is w-closed but not ®-open.
> D(R,t) = {U\W:Uet{ R}, Ver} ={I, Q}
> o-D(R,t) = {U\WV:Uet{ R} Ver,}
= {J, Q}U{Q\A: Acl Q }U{Q\A: AcUn Count(R,t), R \A e F Count(R,t)}
> LoC(R,1) = oC(R,7) U{ QnA: AcF Count(R, 1)uTQ° }
Proposition 2.1.6 If o and t are topologies on X such that o is coarser than t then
o-D(X,o) is coarser than o-D(X,1).
Proof. Be»-D(X,6) = B=U\V where Ueo, Veo, with U=X
= B=U\V where Uer, Ve, with U#X
= Bew-D(X1).
Proposition 2.1.7 If o and t are topologies on X such that & is finer than 1, then D(X,t)c®-D(X,1) co-
D(X,t,) < D(X,7,) < D(X,0)c®-D(X,0).
Proof. Let o and t be topologies on X such that o is finer than t,. Then tct,co.

By using Proposition 2.1.6 we have, ®-D(X,t) co-D(X,ts) (2.1.1)

Now using Proposition 2.1.4(iv) we have D(X,t)co-D(X,1) (2.1.2)

Now Aew-D(X,t,) = A = U\ where Uet,, Ve(t)o With U#X = A = U\V where Uert,, Ve, with
U=X = A eD(X,1,). Therefore v D(X,t,)< D(X,1s) (2.1.3)

Again by using Proposition 2.1.6 and Proposition 2.1.4(iv) we have D(X,1,)c D(X,c)c®-D(X,0)
(2.1.4)
Combining (2.1.1), (2.1.2), (2.1.3) and (2.1.4) we have D(X,t)cw-D(X,t) co-D(X,1,) < D(X,10) <
D(X,0)c®-D(X,0).
This proves the proposition.
Proposition 2.1.8
(1) The intersection of two ®-D-sets is an w-D-set.
(i) The union of two ®-D-sets is not an m-D-set
Proof. Let A = U;\V; and B =U,\V, where U;, U, are open and V1,V arew-open in (X,t). AnB = (
Ul\Vl) m ( U2\V2)

= (Ui (X\WV1) N (U2 (X\Vy)

:( Un Uz) M (X\Vl) M (X\Vz)

= ( Uin U2) M (X\ (V1UV2))

= ( Uin Uz) \ (V1UV2) .
Here UinU, isopenand ViUV, is w-open in (X,t). Thisshows ANB isan w-D-set. This proves (i).
The union of two ®-D-sets need not be an »-D-set as shown below.
If A and B are the disjoint subsets of R such that Ao B = R then {J, A, B, R } is a topology on R.
Clearly A and B are o-D-setsint=( R, {J, A, B, R}) but AUB =R isnotan w-D-set. In particular, we
take A =R and B= R\ Z. Then it can be verified that ®O(X,7)= {&, A, B, R} ZUT( R\Z) U{B;
QccBcR\Z }.
Since Z =Z\J and Q\Z = (R\ Z)\ Qc, Zand Q\Z are o-D-sets but ZU(Q\Z) = Q is not an w-D-set.
This proves (ii).
Corollary 2.1.9 The intersection of a D-set with an o-D-set is an ®-D-set.
Proof. Follows Proposition 2.1.8 and from the fact that every D-set is an o-D-set.
The next proposition shows that the union of two m-D-sets is an m-D-set under some specialized conditions.
Proposition 2.1.10 If A and B are o-D-sets, determined by the ordered pairs (U,Vi) and (U,,V2)
respectively such that U;uU,=X then AUB is an o-D-set.
Proof. Let A =U;\V; and B =U,\ V, where U;, U; are open, U;uU,=X and V1, V, are m-open in (X, 1).
Then AUB = ( U1\V1) \ ( U2\ Vz) :( U,u Uy )\V where V= (Ulﬁvl ﬁVz) o (U2 NV1 ﬂVz).
Now Uj;u U, is open. Since the intersection of an open set with an ®-open set is m-open, V is m-open in
(X,1). Then it follows that AUB isan ®-D-set. This proves the proposition.
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The next proposition shows that every element of an w-open set contributes either a countable ®-D-set
or a countable locally w-closed set.

Proposition 2.1.11 LetV be an w-open set in (X,t). Then for each x in V there is a countable w-D-set
B, determined by V, such that x¢B or X is the neighbourhood of x for which X\V is countable.

Proof. LetV be an w-opensetin (X,t) and xeV. Then there is an open set U such that xeU and U\V is
countable. Then UcX or U=X. If U=X then B=U\V is a countable D-set with x¢B. If U = X then U\V =
X\V is a countable locally w-closed set. This proves the proposition.

Let B be a D-set in (X,t), determined by a pair (U,V) of open sets with U=X. By varying the first
coordinate U over t and varying V over aO(X,1), BO(X,1), bO(X,t), PO(X,1), SO(X,1), the notions of -
D-set, B-D-set, b-D-set, pre-D-set and semi-D-set are introduced .

Definition 2.1.12 Let A be a subset of a topological space (X,t) with A = U\V, U=X, Uet. Then A is
called,

(1) an a-D-set if V is a-open,

(i)  ap-D-setif Vis B-open,

(iii)  ab-D-setif V isb-open,

(iv)  apre-D-setif Vis pre-open,

(v) a semi-D-set if V is semi-open.

Notations 2.1.13 n-D(X,t) = the collection of all n-D-sets in (X,1).
LnC(X,r) = the collection of all locallyn-closedsets in (X,t).
Proposition 2.1.14 Let A be a subset of a topological space (X,7) .
(1) If Ais an a-D-set then it is an aD-set.

(i) If A'is a B-D-set then it is a BD-set.

(iii)  If Alisapre-D-set then it is a pD-set.

(iv)  If Aisasemi-D-set then it is a sD-set.

(v) If Ais ab-D-set then it is a bD-set.

Proof. Aisan a-D-set = A =U\V where Uetand VeaO(X;1).
= A =U\V where UeaO(X,t) and VeaO(X1).

=A isan aD-set.

Aisap-D-set = A =U\V where Uetand VepO(X,1).

= A =U\V where UeBO(X,t) and VeBO(X,1).

= Alis a BD-set.

Ais apre-D-set = A = U\V where Uet and VePO(X1).

= A =U\V where UePO(X,t) and VePO(X,1).

= Alis a pD-set.

Ais a semi-D-set = A = U\V where Uet and VeSO(X,1).

= A =U\V where UeSO(X,t) and VeSO(X,1).

= Ais a sD-set.

Alisab-D-set = A =U\V where Uetand VebO(X,1).

= A =U\V where UebO(X,t) and VebO(X,1).

= Ais a bD-set.

This proves the proposition.

The converses in the above proposition are not true as shown below.
Example 2.1.15 Consider the space (R, {<, Q, R} ) where X= R,t = {J, Q, R}.
For any subset A of X we have the following equations.

X ifA=X )] if A= 0,

IntA :{Q if QcAcX, and CIA ={X\Q if AcX\Q, (2.1.5)
@ otherwise R otherwise,
_ (X if QcAX, _ (9 if AcX\Q

ClintA _{(b otherwiseand INtCIA = {X otherwise (2.16)
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_ (X if QcAcX, _ (9 if AcX\Q
IntClIntA = { 5 hemure  and CIINCIA = {X SN (2.1.7)
From (2.1.6) we have SO(X,t) =TQuU{@}and PO(X,1) = (2*\ 2°'?) U{&}= bO(X 7).
From (2.1.7) we have aO(X,1) =TQu{@}and BO(X,1) = 2%\ 2X9) L{T }
Therefore a-D(X,t) = { U\V: Uet \{X}, VeaO(X,1) }
={J, Q}{Q\V:VeTQ}.
={Y, Q} A9 } = {9, Q}=semi-D(X,1).
aD(X,1) = { U\V: UeaO(X,t) {X}, VeaO(X,1)} .
={@} U (TQYX}) W{ U\V: UeTQ \{X}, VeTQ }.
=sD(X,1).
Therefore semi-D(X,t) is properly contained in sD(X,t) and a-D(X,t) is properly contained in aD(X,1).
Similarly we can prove that pre-D(X,t) is properly contained in pD(X,t), b-D(X,t) is properly contained in
bD(X,t) and B-D(X,t) is properly contained in BD(X,t). In particular, QU{\2 } is both an aD-set and a
sD-set but it is neither an a-D-set nor a semi-D-set. Also Q° {2 } is a pD-set, a bD-set and a BD-set.  But
it is not a pre-D-set, not a b-D-set and not a 3-D-set.
Example 2.1.16 Let X ={a,b,c,d} and t={ I, {d}, {a,b}, {a,b, d},X}. Then the following can be proved.
(i) semi-D(X,7) = { {9, {d}, {a,b}, {a,b, d}} and sD(X,t) ={ G, {c}, {d}, {c, d}, {a,b}, {a,b,c}, {ab,
d}}.
Therefore the sets {c}, {d}, {c, d} and {a,b,c} are sD-sets but not semi-D-sets.
(i)  pre-D(X,7) ={{ G, {a}, {b}, {d}, {a,b}, {a.d}, {b,d},{a,b, d}}=b-D(X,t)= B-D(X,t) and pD(X,1) =
2°\ {X} = bD(X,7)= PD(X,1) .
This shows that {c}, {a,c}, {b,c}, {c,d}, {a,b,c}, {a,c,d} and {b,c,d} are all pD-sets , bD-sets and BD-sets
but none of them is a pre-D-set, a b-D-set and a 3-D-set.
Proposition 2.1.17
(1) Every proper open set U isan o-D-set.
(i)  The whole set X is not ano-D-set.
(iii) Every D-setis an a-D-set.
(iv) Every a-D-set is locally a-closed.
(v) The class a-D(X,t) properly lies betweent and LaC(X,1).
Proof. Let Uet with U #X. Since U = U\ and since & is an a-open set, it follows that U is an a-D-set.
This proves (i).  As the whole set X can not be written as X= U\V with U=X; it is clear that X is not an -
D-set. This proves (ii).
AisaD-set = A=U\V where Uet,U#Xand Vet
= A=U\WV where Uetand VeaO(X, 1)
= Aisan a-D-set.This proves (iii).
Aisan a-D-set = A =U\V where Uet, U#X and VeaO(X, 1)
= A=UnX\V)where Uetand X\VeaC(X, 1)
= A s locally a-closed.
This proves (iv). The assertion (v) follows from (i) and (iv).
Proposition 2.1.18 (i) Every proper open set U isa pre-D-set.
(i)  The whole set X is not a pre-D-set.
(ili)  Every oa-D-setis a pre-D-set.
(iv)  Every pre-D-set is locally pre-closed.
(v) The class pre-D(X,t) lies between t and LpreC(X,1).
Proof. The assertions (i) and (ii) follow easily.
Alisan a-D-set = A =U\WV where Uet, U=Xand VeaO(X1)
= A=U\WV where Uetand VePO(X,1)
= Ais apre-D-set. This proves (iii).
Alisapre-D-set = A =U\V where Uet, U#Xand VePO(X,1)
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= A=Un(X\V)where Uetand X\VePC(X,1)
= Aslocally pre-closed .
This proves (iv). The assertion (v) follows from (i) and (iv).
Proposition 2.1.19 (i) Every proper open set U isa semi-D-set.
(i)  The whole set X is not a semi-D-set.
(ili)  Every oa-D-setis a semi-D-set.
(iv)  Every semi-D-set is locally semi-closed.
(v) The class semi-D(X,t) lies between t and LsemiC(X,1).
Proof. Analogous to Proposition 2.1.18.
Proposition 2.1.20 (i) Every proper open set U isa b-D-set.
(i)  The whole set X isnot a b-D-set.
(iii)  Every pre-D-set is a b-D-set.
(iv)  Every semi-D-set is a b-D-set.
(v) Every b-D-set is locally b-closed.
(vi)  The class b-D(X,t) lies between t and LbC(X,1).
Proof. The assertions (i) and (ii) follow easily.
A is a pre-D-set or semi-D-set = A = U\V where Uet, U=X and VePO(X,t)uSO(X,1)
= A=U\WV where Uetand VebO(X1)
= Aisab-D-set. This proves (iii).and (iv)
Alisab-D-set= A =U\V where Uet, U#X and VebO(X1)
= A=Un(X\V)where Uetand X\VebC(X,1)
= Ais locally b-closed . This proves (v).
The assertion (vi) follows from (i) and (v).
Proposition 2.1.21 (i) Every proper open set U is a -D-set.
(i)  The whole set X is not ap-D-set.
(i)  Every b-D-setis a 3-D-set.
(iv)  Every B-D-setis locally B-closed.
(v) The class B-D(X,t) lies between t and LBC(X,1)..
Proof. The assertions (i) and (ii) follow easily.
Aisab-D-set = A =U\V where Uet, U=X and VebO(X,1)
= A=U\W where Uetand VeBO(X,1)
= Aisap-D-set.This proves (iii).
Aisap-D-set = A =U\V where Uet, U#Xand VeBO(X,1)
= A=Un(X\V)where Uetand X\VeBC(X,1)
= A s locally B-closed .This proves (iv).
The assertion (v) follows from (i) and (iv).
Remark 2.1.22 (i) The null set & is an n-D-set in every topological space.
(i) The null set & is the only n-D-set in the indiscrete space.
(ili)  Every proper subset of the discrete space is an n-D-set.
(iv)  The whole set can never be an n-D-set in any topological space.

ISSN: 2094-0343

The discussion about D-sets in this section leads to following implications on various types of difference

sets.

Diagram 2.1.23

D(X,1)

I

a-D(X,7)

pre-D(X,t)d L semi-D(X,1)
\ v

b-D(X,7)

I
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B-D(X,7)

Proposition 2.1.24 The intersection of two n-D-sets is ann-D-set
Proof. Let A =U;\V; and B =U,\V, where U;, U, are open and V1,V,€a0(X,1) .
AnNB-= ( U]_\Vj_) M ( U2\V2) = ( Uin (X\Vl) M ( UM (X\Vz)
:( Uin U2) M (X\Vl) M (X\Vz)
= ( Uin Uz) M (X\ (V1UV2))
= ( Uin U2) \ (V1UV2).
Here Ui~ U, isopenand ViUV, is a-open in (X,t). This shows AnB isan a-D-set. This proves the
proposition for the case n =a. The proof for the rest is analogous.
Corollary 2.1.25 The intersection of a D-set with an n-D-set is ann-D-set.
Proof. Follows from Proposition 2.1.24 and Diagram 2.1.23.
Proposition 2.1.26 If A and B are o-D-sets, determined by the ordered pairs (U;, Vi) and (U, V,)
respectively such that U;uU,=X then AUB is an a-D-set .
Proof. Let A =U;\V; and B =U,\V, where U;, U, are open, U;uU,#=X and Vi, V, are a-open in (X, 1).
Then AuUB = (U\ V1) U (U\V5) = (Ugu Uy) \V where V = (Uin VinV2 ) U (Uan VNV ).

Since aO(X, 7) is a topology and since every open set is a-open, V is a-open. Also since UL U,
is open, U;uU,=X and V is a-open in (X, 1), it follows that AUB is an a-D-set. This proves the
proposition.

Proposition 2.1.27 If A and B are D-set and b-D-set, determined by the ordered pairs (U, V1) and (Us,
V) respectively such that U;uU=X then AUB is a b-D-set .
Proof. Since the intersection of an open set with a b-open set is b-open , the proof is analogous to
Proposition 2.1.26.
The union of two n-D-sets, determined by a same n-open set is a n-D-set where ne { B, pre, semi ,b} as
shown in the next proposition.
Proposition 2.1.28 If A and B are n-D-sets, determined by the ordered pairs (Ui, V) and (U, V)
respectively such that U;uU,=X then AUB is ann-D-set where ne{ B, b, pre, semi }.
Proof. Let A =U;\V and B =U,\V where U;, U; are open and V is n-open in (X,7) .
AUB = (U;\V) U (U2\V) = (Ui (X\V) U (U (X\V).
:( U,u Uz) M (X\V)

= ( U1UU2) \V
Here U;nU, isopen and Vi;UV; is n-open in (X,t). This shows AUB is a n-D-set. This proves the
proposition.
Proposition 2.1.29 SupposepO(X,t), bO(X,t), PO(X,t) and SO(X,) are topologies on X. If A and B are
n-D-sets, determined by the ordered pairs (Ui,V1) and (U,,V>) respectively such that U;uU=X then AuB
is ann-D-set where ne{ B, b, pre, semi}.
Proof. Analogous to Proposition 2.1.26.
2.3 D-n-sets where ne{w, semi, pre, a, B, b}
Let B be a D-set in (X,t), determined by a pair (U,V) of open sets with U=X. By varying the second
coordinate VV over t and varying U over »O(X, the notion of a D-w-set is introduced. Throughout this
section ne{ o, semi, pre, a, B, b } unless otherwise specified.
Definition 2.3.1 Let A be a subset of a topological space (X,t) with A = U\V, U=X. Then A is called a D-
o-set if U is w-open and V is open.
Notations 2.3.2 (i) D-w(X,t) = the collection of all D-w-sets in (X,1).
(i)  oLC(X,t) = the collection of all m-locally closed sets in (X,).
Proposition 2.3.3 (i) Every proper w-open set U isa D-w-set.
(i) The whole set X is not a D-w-set.
(ili)  Every D-setisa D-w-set. .
(iv)  Every D-w-setis m-locally closed.
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(V) The class D-w(X,t) properly lies between 1, and owLC(X,1).

Proof. The assertions (i) and (ii) can be proved easily.

The set A is a D-set = A= U\V where U=X, Uet and Ver.

= A= U\V where UzX, Ue®O(X, 1) and Ver.

= A= U\V where U=X, Ue®O(X, 1) and Ver.

= Ais a D-w-set This proves (iii).

AlisaD-w-set = A=U\V where U=X, Ue®O(X, 1) and Ver.

= A=UnN(X\V) where U=X, UeoO(X, t) and X\V is closed.

= Ais o-locally closed. This proves (iv).

The assertion (v) follows from (i) and (iv).

Example 2.3.4 Consider the point inclusion topology on R. The point may be taken as 2. Then [0, 2] is
open and [-1, 1] is w-open but not open. Therefore [-1, 1]\ [0, 2] = [-1, 0) is a D-w-set but not a D-set.
Proposition 2.3.5 If o and t are topologies on X such that o is coarser than t then D-w(X,o) is coarser than
D-o(X,1).

Proof. BeD-w(X,c) = B=U\V where Uec,, Veo with U=X.

= B=U\V where Uet,, Vet with U#X .

= BeD-o(X1).

Proposition 2.3.6 Ifc and t are topologies on X such that o is finer than t, then D(X,t)cD-o(X,t) < D-
®(X,1,) = D(X,1) < D-0(X,0).

Proof. Let o and t be topologies on X such that o is finer than t,. Then tct,co.

By using Proposition 2.3.3 we have, D-o(X,t) < D-o(X,t,) = D(X,1) that implies D(X,t)cD-o(X,t)c D-
o(X,1,) = D(X,16)c D(X,0)c D-0(X,0).

Let B be a D-set in (X,t), determined by a pair (U, V) of open sets with U=X. By varying the second
coordinate V over t and varying U over oO(X,1), BO(X,t), bO(X,1), PO(X,1), SO(X,7) the notions of
D-a-set, D-B-set, D-b-set, D-pre-set, D-semi-set are introduced .

Definition 2.3.7 Let A be a subset of a topological space (X, t) with A = U\V, U=X. Then A is called a D-
n-setif U isn-open and Vet where ne{a,p, pre, semi, b}

Notations 2.3.8 D-n(X,t) = the collection of all D-n-sets in (X,t ) where ne{ «, B, b, pre, semi} n-
LC(X,t)= the collection of all n-locally closed sets in (X,).

Proposition 2.3.9 (i) Every proper a-open set U isa D-a-set.

(i)  The whole set X isnot a D-a-set.

(iii)  Every D-setisa D-a-set.

(iv)  Every D-a-setis a-locally closed.

(v) The class of all D-a-sets properly les between aO(X,t) and a-LC(X,1).

Proof. The first two assertions can be easily shown.

The set A is a D-set = A= U\V where U=X, Uet and Ver.

= A= U\V where UzX, UeaO(X, 1) and Ver.

= Ais a D-a-set . This proves (iii).

AisaD-a-set = A= U\ where U=X, UeaO(X, 1) and Ver.

= A= UN(X\V) where U=X, UeaO(X, t) and X\V is closed.

= Ais a-locally closed. This proves (iv).

The assertion (v) follows from (i), (ii) and (iv).

Example 2.3.10 Consider the topology 1= {<J, {a}, X} where X = {a,b,c}. Then it can be verified that {a ,
b} isa D-a-set but not a D-set.

Proposition 2.3.11 A set B is a D-a-set < it is an aD-set

Proof. The set B is a D-a-set = B= U\V where U#X, UeaO(X,t) and Ver.

= B=U\V where U=X, UeaO(X,t) and VeaO(X,1).

= B isan aD-set.

Conversely let B be anaD-set. Then B= U\V where U=X, UeaO(X,1) and VeaO(X,1).
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Since V isa-open, V clInt Cl Int V. We take W= Int Cl Int V. Therefore U\W is a D-a.-set.
ClearlyU\WW =U\IntCl IntV c U\V = B.
Now B =U\V = UN(X\V). Since X\V is a-closed and since everya-closed set is semi-closed ,
we have B = UN(X\V) = Un Int CI (X\V) < Un CI Int CI (X\V).
= Un(X\ Int Clint V).
= Un(X\W) = U\W.
This proves that B = U\W which is a D-a-set.
Corollary 2.3.12 Every a-D-setisa D-o-set.
Proof. The set A is an a-D-set = A= U\V where U=X, Uet and VeaO(X,1).
= A= U\V where U=X, UeaO(X, 1) and VeaO(X,1).
= Alis an aD-set.
= Aisa D-a-set, by using Proposition 2.3.11.
The converse of the above proposition is not true as {a, c} is a D-a-set in (X,t) but not an a-D-set where
X = {ab,c} and 1= {J, {a}, X}.
Proposition 2.3.13 (i) Every proper pre-open set U isa D-pre-set.
(i)  The whole set X is not a D-pre-set.
(iii)  Every D-setisa D-pre-set.
(iv)  Every D-pre-setis a pD-set.
(v) Every D-a-setisa D-pre-set.
(vi)  Every D-pre-setis pre-locally closed.
(vii)  The class of all D-pre-sets properly lies between PO(X,t) and pre-LC(X,1).
Proof. The first two assertions can be easily shown.
The set A is a D-set = A= U\V where U=X, Uet and Ver.
= A= U\V where UzX, UePO(X,t) and Ver.
= A'is a D-pre-set .This proves (iii).
The set A is a D-pre-set = A= U\V where U=X, UePO(X, 1) and Ver.
= A= U\V where UzX, UePO(X, 1) and VePO(X,1).
= Alis an pD-set. This proves (iv).
AisaD-a-set = A=U\V where U=X, UeaO(X,1) and Ver.
= A=U\V where U=X, UePO(X,t) and Ver.
=A is a D-pre-set. This proves (v).
AisaD-pre-set = A=U\V where U=X, UePO(X,t) and Ver.
= A= UN(X\V) where U=X, UePO(X,t) and X\V is closed.
= Ais pre-locally closed. This proves (vi).
The assertion (vii) follows from (i), (ii) and (vi).
Example 2.3.14 The set {a,d} is a D-pre-set in (X,t) but not a D-set where X={a,b,c,d} and t= {J, {d},
{a,b}, {a,b,d}, X }.
Proposition 2.3.15 (i) Every proper semi-open set U isa D-semi-set.
(i) The whole set X isnot a D-semi-set.
(ili)  Every D-setisa D-semi-set.
(iv)  Every D-semi-setis asD-set.
(v) Every D-a-setisa D-semi-set.
(vi)  Every D-semi-setis semi-locally closed.
(vii)  The class of all D-semi-sets lies between SO(X,t)and semi-LC(X,1).
Proof. Analogous to Proposition 2.3.13.
Proposition 2.3.16 (i) Every proper b-open set U isa D-b-set.
(i)  The whole set X isnot a D-b-set.
(ili)  Every D-setis a D-b-set
(iv)  Every D-b-setis abD-set.
(v) Every D-pre-set or D-semi-setisa D-b-set.
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(vi)  Every D-b-setis b-locally closed.

(vii)  The class of all D-b-sets properly lies between bO(X,t) and b-LC(X,1).
Proof. The first two assertions can be easily shown.

The set A is a D-set = A= U\V where U=X, Uet and Ver.

= A= U\V where U=X, UebO(X,t) and Ver.

= A'is a D-b-set . This proves (iii).

The set A is a D-b-set = A= U\V where U=X, UebO(X,t) and Ver.

= A= U\V where U=X, UebO(X,t) and VebO(X,1).

= Ais an bD-set .This proves (iv).

A is a D-pre-set or D-semi-set = A= U\V where U=X, UePO(X,t)u SO(X,t)and Ver.
= A= U\V where U=X, UebO(X,t) and Ver.

= Ais a D-b -set. This proves (V).

AisaD-b- set = A= U\V where U=X, UebO(X,t) and Vet

= A= UnN(X\V) where U=X, UebO(X,t) and X\V is closed.

= A'is b-locally closed. This proves (vi). The assertion (vii) follows from (i) , (ii) and (vi).
Proposition 2.3.17 (i) Every proper -open set U isa D-B-set.

(i)  The whole set X is not a D-B-set.

(ili)  Every D-setis a D-B-set

(iv)  Every D-B-setis a BD-set.

(v) Every D-b-setis a D-p-set

(vi)  Every D-B-setis B-locally closed.

(vii)  The class of all D-B-sets properly lies between BO(X,t) and B-LC(X,1).
Proof. The first two assertions can be easily shown.

The set A isa D-set = A= U\V where U=X, Uet and Ver.

= A= U\V where U=X, UeBO(X,t) and Ver.

= A'is a D-B-set . This proves (iii).

The set A is a D-B-set = A= U\V where U=X, UeBO(X,t) and Ver.

= A= U\V where U=X, UeBO(X,t) and VeBO(X1).

= Alis an BD-set . This proves (iv).

AlisaD-b-set = A=U\V where U=X, UebO(X,t) and Ver.

= A=U\V where U=X, UeBO(X,t) and Vert.

=A is aD-p -set. This proves (V).

Aisa D-B- set = A= U\V where U=X, UeBO(X,t) and Ver.

= A=UN(X\V) where U=X, UeBO(X,t) and X\V is closed.

= Ais B-locally closed. This proves (vi).

The assertion (vii) follows from (i), (ii) and (vi).

Remark 2.3.18 (i) The null set & is a D-n-set in every topological space.

(i)  The null set Jis the only D-n-set in the indiscrete space.

(ili)  Every proper subset of the discrete space is a D-n-set.

(iv)  The whole set can never be a D-n-set in any topological space.

The discussion in this section leads to following implications on various types of difference sets
Diagram 2.3.19

D-set

I

D-B-set

D-pre-setd  L,D-semi-set
N /

D-b-set
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I
D-B-set

Proposition 2.3.20 Let ne{w, a, B, pre, semi, b}.

(i) If U\V with V=X is an n-D-set then VAU is a D-n-set.

(i) If U\V with V=X isa D-n-set then VAU is an n-D-set.

Proof. Let (U, V) be a pair of proper subsets of X.

Suppose A = U\V is an o-D-set. Then Uet and VewnO(X,1)

Therefore B= VAU is D-w-set. The converse is also true. This proves the proposition for the case n=w. The
other cases can analogously discussed.
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