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Introduction

In recent years, the study of fixed point for mappings that possess monotonicity type
properties, in the context of partially ordered metric spaces which combine method of contraction
principle with method of monotone iterations and method of lower and upper solution has been the
focus of vigorous research activity. In particular the approach to weaken the requirement of
contraction by considering that the operator assumed is monotone was initiated by Ran and Ruering
in [12] and it was refined and extended in [14, 15] and was applied to periodic boundary value
problem.

Specifically, Bhaskar and Lakshmikanthan [3] established coupled fixed point for mixed
monotone operator in partially ordered metric spaces. Afterward, Lakshmikanthan and Ciric [8]
extended the results of [3] by furnishing coupled coincidence and coupled fixed point theorem for
two commuting mappings having mixed g-monotone property. In a subsequent series, B. S.
Choudhary and A. kundu [6] introduced the concept of compatibility and proved the result of [8]
under different set of condition. Very recently Borcut and Berinde [18] introduce tripled fixed point
theorem for contractive type mapping in partially ordered metric spaces.

The purpose of this work is to generalize results of [18] by introducing weaker variant as
compatibility of mappings and using control ¢-function. The result obtained can be applied to study
of several nonlinear problems.
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1. Preliminaries
In what follows, we collect some relevant definitions, results, examples for our further use.

Let (X, <) be partially ordered set and F: X — X be a mapping from X to itself. The mapping F is
said to be non-decreasing if for all x1, X2 € X, x1< x2 implies F(x1) < F(x2) and non-increasing, if for
all x1, X2 € X, x1< x2 implies F(X1) > F(x2).

Definition 1.1 ([3]). Let (X, <) be partially ordered set and the mapping F: X x X — X is said to
have mixed monotone property if F is monotone non-decreasing in its fist argument and is
monotone non-increasing in its second argument, that is, if for any X1, X2 € X, x1< x2 implies F(xu,
y) < F(xz, y) fory € X and for all y1, y2 € X, y1<y2 implies F(x, y1) > F(x, y2).

Definition 1.2 (Mixed g-monotone property [8]) Let (X, <) be partially ordered set and F: X x X —
X and g: X — X be two self mappings. F has mixed g-monotone property if F is monotone g-non-
decreasing in its fist argument and is monotone g-non-increasing in its second argument, that is, if
for any X1, X2 € X, gx1< gxo implies F(x1, y) < F(x2, y) for y € X and for all y1, y> € X, gyi< gy2
implies F(X, y1) > F(x, y2).

Definition 1.3 ([3]). An element (x, y) € X x X, is called a coupled fixed point of mapping F: X x
X — X if F(x,y) = g(x) and F(y, x) = y.

Definition 1.4 ([3]). An element (x, y) € X x X, is called a coupled coincident point of mapping F:
XxX — Xand g: X — Xif F(x, y) = g(x) and F(y, x) =Y.

Definition 1.5 ([6]) The mappings F and g where F: X x X — X and g: X — X, are said to be
compatible if

lim d(g(F(xn, yn)), F(g(xn), g(yn))) =0
and

lim d(g(F(yn, X»)), F(@(¥n), g(xn))) = 0.

whenever {xn} and {yn} are sequences in X, such that Illifc}o F(Xn, Yn) :Illl_r}c}0 g(xn) = x and I111_r>rgo F(yn,
Xn) = Illi_r)r;og(yn) =y, for all x, y € X are satisfied.
Now, we are ready to prove our results which are of three folds:

(i) We use compatibility which is more general variant.

(i1) We proceed with @-contraction which more general.

(iii) We use g-mixed monotone property which is more general mixed monotone property.

2. MAIN RESULTS
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Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is a complete metric
space. Consider on the product X x X x X the following partial order: for (X, y, z), (u, v, w) € X x
X x X,

ULv,wW<Xy,2)&xX>Uuy<V,Z>W.

Definition 2.1Let (X, <) be a partially ordered set and F: X x X x X — X and g: X — X. We say
that F has the g-mixed monotone property if F(X, y, z) is monotone non decreasing in x and z, and is
monotone non increasing in y, that is, for any x, y, z € X,

X1, X2 € X, g(X1) <g(x2) = F(X1,y, z) <F(x2, Y, 2),

y1 ¥2 € X, g(y1) < 9(y2) = F(X, y1, 2) = F(x, y2, 2),
and

21,22 € X, 9(21) <9(z2) = F(X, Y, 21) < F(x, v, 72).

Now, we introduce the concept of compatible mapping for trivariate mapping F and self
mapping g akin to compatible mapping as introduce by Choudhary and Kundu [6] for bivariate
mapping F and self mapping g.

Definition 2.1The mapping F and g where F: X x X x X — X and g: X — X are said to be
compatible if

rlli_r)‘rgod(g(F(Xn, Yn, Zn)), F(9(xn), 9(yn), 9(zn))) =0,

rlli_l;fgod(g(F(yn, Xn, Zn)), F(9(Yn), 9(Xn), 9(zn))) =0
and lim d(g(F(zn, yn, Xn)), F(9(zn), 9(¥n), g(xn))) =0
whenever {xn},{yn} and {zn} are sequences in X, such that I111_r>130 F(Xn, Yn, Zn) = rlllflo g(Xn) = X,
Illilrc}oF(yn, Xn, Zn) :rlliirgog(yn) =yand Illiiréo':(z”’ Yn, Xn) = Illi_r}czog(zn) =z forall x,y, z € X are satisfied.

We establish the main result of this section.

Theorem 2.1 Let (X, <) be partially ordered set and let there be a metric d on X such that (X, d) be
a metric space. Let ¢: [0, +o0) — [0, +00) be such that ¢(t) <t and lirﬂ o(r) <tforallt>0. Let F: X
r—

x X x X — X and g: X — X are such that F has mixed g-monotone property and satisfy

(2.1) d(F(x,y, z), F(u, v, w)) < (p(d(gx’g“ )+ d(gB;'gVH d(gz.gw))

for all x,y, z, u, v, w € X, with gx < gu, gy > gv and gz < gw. Let F(X x X x X) € g(X), g be
continuous and monotone increasing and F and g be compatible mappings. Also suppose

(@) F is continuous or

(b) X has following properties
(i) if a non-decreasing sequence {Xn} — x, then x, <x for alln>0,
(i1) if a non-increasing sequence {yn} — VY, then ys <y foralln>0,
(iii) if a non-decreasing sequence {zn} — z, then z, <z for all n > 0.

If there exist Xo, Yo, Zo € X, such that g(xo) < F(xo, Yo, Z0), 9(Yo) > F(yo, Xo, zo) and g(zo) < F(zo, Yo,
Xo), there exist x, y, z € X such that g(x) = F(x, Y, z), 9(y) = F(y, X, z) and g(z) = F(z, y, X), that is, F
and g have coupled coincidence point in X.
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Proof: Let Xo, Yo, o € X, be such that g(xo) < F(xo, Yo, Z0), 9(Yo) > F(yo, Xo, Zo) and g(zo) < F(zo, Yo,
Xo). Since F(X x X x X) < g(X), we can define x1, y1, z1 € X such that g(x1) = F(xo, Yo, Zo), g(y1) =
F(Yo, Xo, Zo) and g(z1) = F(zo, Yo, Xo) . In the same way, we construct g(x2) = F(X1, Y1, Z1), 9(y2) =
F(y1, X1, 1) and g(z2) = F(z1, y1, X1). Continuing like this, we construct three sequences {xn}, {yn}
and {zn} in X such that for alln>0

(22) g(xn+1) = F(Xn, Yn, Zn), g(yn+1) = F(yn, Xn, Zn), g(Zn+1) = F(Zn, Yn, Xn).

Now, it is obvious by mathematical induction that for all n > 0,
(2.3) 9(Xn) < g(xn+1), 9(Yn) = g(yn+1) and g(zn) < g(zn+1).

Let, 8n = d(gXn, gXn+1) + d(gyn, QYn+1) + d(gzn, gZn+1).
Next we prove that

(2.4) 80 =39(*=>).

3

Since for all n > 0, g(xn-1) < g(xn), 9(Yn-1) > g(yn) and g(zn-1) < g(zn), using (2.1), (2.2) and (2.5),
we have  d(gXn, 9Xn+1) = d(F(Xn-1, Yn-1, Zn-1), F(Xn, Yn, Zn))

(d(gxn-l,gxn)+ d(gyn-1,8yn)+ d(gzn-l,gzn))

<(p 3

_ (én-1
B (P( 3 )
Similarly, we have from (2.1) and (2.2),
(26) d(gyn, gynss) < o(5—), d(gzn, gzner) < o(=5).
Combining (2.5) and (2.6), we obtain (2.4).
Since @(t) <t for t > 0, it follows from (2.4) that the sequence {dn} iS @ monotone decreasing

sequence of non-negative real numbers. Hence there exist 6 > 0 such that lim & = 3. If possible, let

n—»,oo

0 >0, Taking the limit as n — o in (2.4) and using lir{l o(r) <t forall t>0.
r—

5=lim 8 <31lim o(*=1)=3 _lim ¢ (=) <33=5,

n—oo n—-oo 3 Sp_1—6%

which is a contradiction. Thus 6 = 0. Hence we have

(2.7) rlli_l’)rgo[d(an, OXn+1) + d(gYn, gyn+1) + d(Qzn, gzZn+1)] = rlll—r}go dn=0.
Thus,
(28) lim d(an+1, an) = lim d(gyn+1, gyn) = lim d(an+1, an) = 0

Next we show that {gxn}, {gyn} and {zn} are Cauchy sequences. Let at least one of {gxn}, {gyn}
and {zn} be not a Cauchy sequence. Then there exist € 0 and the sequence of natural numbers
{m(k)} and {I(k)} such that for every natural number k

m(k) > I(k) > k
and

(2.9) di = d(g(Xi), 9(Xm@y) + d(9(Yik), 9(Ymm) + d(9(21), 9(Zme) = €.

Now corresponding to I(k) we can choose m(k) to be smallest positive integer for which (2.9) holds.
Then,

(2.10) d(g(xig9), 9(Xm@ - 1) + d(@(Yiw), 9(Ymew - 1) + d(9(Ziw), 9(Zmeo -2) <&
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Further from (2.9), (2.10) and triangle inequality, for all k > 0, we have
& < dk < d(g(x19), 9(Xm@w -1)) + d(g(Xm@k) - 1), 9(Xmew))) + d(9(Yig), 9(Ymeo - 1))
+d(9(Ym@ -1), 9(Ym@ - 1)) + d(9(2ik), 9(Zmek) - 1)) + d(9(Zm@) -1), 9(Zm(w)))
= d(9(x1), 9(Xm@ - 1)) + A(IVYi), I(Ym@ - 1)) + A(9(21), 9(Zmm) - 1)) + dm) -1
<e+dmw-1.
Taking the limit as k — oo, we have by (2.8),
(2.11) 111i_r£odk =¢.
Again, for allk >0
dk = d(g(x109), 9(Xm)) + d(9(Yiw), 9(Ymew)) + d(9(zi), 9(Zm))
< d(9(xi), (i +1)) + d(@(Xik) + 1), I(Xmk) + 1)) + d(G(Xm@k) + 1), Y(Xm(w)))
+d(9(Yi0), 9(Y1 09+ 1)) + d(G(Yiw) + 1), G(Ymy +1)) + A(I(Ymek) + 1), I(Ymk)))
+d(9(z10), 9(z1 00+ 1)) + d(9(210 + 1), Y(Zme) + 1)) + A(I(Zm) + 1), I(Zm(w)))
= d(9(x109), 9(Xiwy + 1)) + d((Yie0), I(Y1 @0+ 1)) + d(9(Zi), 9(21 00+ 1))
+d(9(Xi09 + 1), 9(Xm@) + 1)) + d(@(Yigw) + 1), I(Ym +1)) + d(9(Z1x) + 1), 9(Zmek) + 1))
+ d(9(Xm@) + 1), 9(Xm@)) + d(G(Xm(k) + 1), 9(Xm(k)) + A(I(Zm@) + 1), 9(Zm(k))
Hence, forall k>0
(2.12) dk = dig + dmgo + d(9(Xik) + 1), I(Xm(k) + 1))
+d(9(Yie + 1), 9(Ym@ + 1)) + d(9(Zmek) + 1), 9(Zm)))
From (2.1)-(2.3) and (2.9), for all k > 0, we obtain
(2.13) d(9(Xix) + 1), 9(Xm@e) + 1)) = d(F(Xi0), Vi), Zik)), F(Xm(k), Ym(e), Zm(w))

< (p(d(gxl(k).gxm(k))+ d(gyi(k)8Ym (i) + d(gzl(k).gzm(k))>
= 3

=o(%)

Similarly, from (2.1) — (2.3) and (2.9), for all k > 0, we get

dk
3

dk
(2.14)  d(9(yig + 1), 9(Ymeo + 1)) = (P( ) and d(g(ziw +1), 9(zmeo +1)) = @(T)-
Putting (2.13) and (2.14) in (2.12), for all k > 0, we obtain dk = dig) + dm@) + 3 (p(%).
Letting n — o in the above inequality and using (2.8) - (2.11), we have

€<3 lim (p(%)=3 lim (p(%)<3§:3,

k—oo dy—et

which is a contradiction. Therefore, {gxn}, {gyn} and {z.} are Cauchy sequence in X and hence
they are convergent in the complete metric space (X, d). Let

(2.15)  lim F(Xn, Yn, Zn) = gXn = X, lim F(yn, Xn, Zn) = gyn =Y, lim F(zn, Yn, Xn) =09zn =Z.
n—-oo n—oo n—oo

Since F and g are compatible mappings, we have by (2.15)

(2.16)  lim d(g(F(xn, yn, zn)), F(g%n, G¥n, 2n)) =0,
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(2.17)  lim d(g(F(yn, Xn, zn)), F(Q¥n, GXn, gZn)) = 0,

(2.18)  lim d(g(F(zn, Yn, Xn)), F(9Zn, Q¥n, gXn)) = 0.

Next we prove that gx = F(X, Y, z), gy = F(y, X, z) and gz = F(z, y, X).
Let (a) holds.
For all n > 0, we have

d(gX, F(an, gYn, 9zn)) < d(gx, g(F(xn, Yn, Zn)) + d(g(F(Xn, Yn, Zn), F(an, gYyn, an)).

Taking the limit as n — oo, using (2. 3), (2.15) and (2.16) and the fact that F and g are continuous,
we have d(gx, F(x, y, z)) =0.

Similarly, from (2. 3), (2.15) and (2.16) and continuity of F and g, we have d(gy, F(y, X, z)) =0
and d(gz, F(z, y, x)) =0.

Combining the above three result we get g(x) = F(X, Y, z), g(y) = F(y, X, z) and g(z) = F(z, y, X).
Next we suppose that (b) holds.

By (2.3), (2.15) and (2.16), we have {gxn}, {gzn} are non-decreasing sequence, gXn — X, gzn —
z respectively and {gyn} is non-increasing sequence, gyn — y as n — oo. The by (i), (ii) and (iii) of
(b), we have forn>0,

(2.19) OXn <X, gyn >y and g(zn) < z.

Since, F and g are compatible mappings and g is continuous, by (2.16) — (2.18) we obtain
(2.20)  lim g(gxn) = gx = lim g(F(xn, yn, zn)) = lim F(gXn, gyn, gZn)

(2.21)  lim g(gyn) =gy = lim g(F(yn, Xn, zn)) = lim F(gyn, gXn, 9Zn)

(222)  lim g(gzn) =gz = lim o(F(zn, Yo, x0)) = lim F(gzr, gyn. g¥o).

Now, we have using triangle inequality

d(gx, F(x, y, 2)) < d(gx, g(gxn+1)) + d(g(gxn+1), F(X, Y, 2)).
Taking the limit as n — oo, in the above inequality and using (2.2) and (2.20) we have,

d(gx, F(x,y,2)) < lim d(gx, g(gxa+1)) + lim d(@(F(xn, yn, zn), F(X, Y, 2))
= lim d(F(gxn, gyn, 9z0), F(X, ¥, 2))

Since the mapping g is monotone increasing, by (2.1). (2.19) and the above inequality, we have n >
0,

d(gx, F(x, y, 7)) < rlll_r& o (d(g(g xp),gx)+ d(g(g B;n),gy)+ d(g(g zn).g7) )

Using (3.20) and the property of ¢-function we obtain, d(gx, F(x, y, z)) <0.
Thus is
gx = F(x, Y, 2)
and similarly by virtue of (2.1), (2.21) and (2.22) we obtain
gy = F(y, z, x) and gz = F(z, vy, Xx).
Thus we have proved that F and g have coupled coincidence point in X.
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Remark 2.2 The results of [3], [6] and [8] are deduced from the results discussed here, by the
following choice. Set F(X, y, z) = F1(X, y) and F(y, z, X) = F1(y, X). Also by further setting F1(X, y) =
fx and F1(y, x) = fy the result of [10], [11] and references there in.

Corollary 2.3 Let (X, <) be partially ordered set and let there be a metric d on X such that (X, d) be
a metric space. Let F: X x X x X — X and g: X — X are such that F has mixed g-monotone
property and for p € [0, 1) satisfy

(2.23) d(F(x, y, ), F(u, v, w)) < = (d(gx, gu) + d(gy, gv) + d(gz, gv))

for all x,y, z, u, v, w € X, with gx < gu, gy > gv and gz < gw. Let F(X x X x X) € g(X), g be
continuous and monotone increasing and F and g be compatible mappings. Also suppose

(@) F is continuous or

(b) X has following properties
(i) if a non-decreasing sequence {Xn} — x, then x, <x for all n >0,
(ii) if a non-increasing sequence {yn} — vy, then yn >y for alln> 0,
(iii) if a non-decreasing sequence {zn} — z, then z, <z for all n > 0.

If there exist Xo, Yo, Zo € X, such that g(xo) < F(xo, Yo, Z0), 9(Yo) > F(yo, Xo, Zo) and g(zo) < F(zo, Yo,
Xo), there exist x, y, z € X such that g(x) = F(x, Y, z), g(y) = F(y, X, z) and g(z) = F(z, y, X), that is, F
and g have coupled coincidence point in X.

Proof: By setting ¢ (t) = pt, the proof follows easily from theorem 2.1.

Remark 2.4 If we put g(x) = x for all x € X in corollary (2.1) it generalizes theorem 7 and 8 of [18]
(By settingi=j=k=p/3).

Example 2.1 Let X = [0, 1] be endowed with Euclidean metric d(x, y) = | X-y | , forall x, y € X.

Then, (X, <) is a partial ordered set with natural ordering of real numbers. Let F: X x X x X — X
and g: X — X defined as g(x) = x for all x € X and
2
X+z-y .
Fx,y ) =5 ¢ ifxyz €0 x 22
0, ifx<yOrz<y

=Y respectively.

Clearly, F(X x X) € g(X), also F obeys mixed g-monotone property.

Let @: [0, +o0) — [0, +o0) be defined as ¢(t) = %t fort € [0, +o0).

We define the sequences {xn} = % {yn} = é and {zn} = —

2n’
Obviously the pair {F, g} is compatible.
Also, xo =0, yo = 2¢, z = ¢ ( > 0) are two point in X such that
g(xo) = 9(0) = 0=F(0, 2c, c) = F(xo, Yo, o),
g(yo) = g(2¢) = 2¢ > ¢? = F(2c, ¢, 0) = F(yo, Zo, Xo)

and g(zo) = g(c) = ¢ > 0 = F(zo, Yo, Xo)
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We next verify inequality (2.1) of theorem 2.1. We take X, y, U, v € X such thatx >u,z>w,y<v
or (X, y, w) > (u, v, w). We have the following cases

Case-1 If (x,y,2)=(u,v,w)or(x,y,2)=(0,0,0), (u v,w)=(0,1,1)or(x,y,2)=(,1,1), (uv,
w) = (0, 1, 1), One can easily see

d(F(x, v, z), F(u, v, w)) < (p(d(gx‘gu‘)+ d(g’;‘gVH d(gz‘gw)). Hence inequality (2.1) holds.

Case-ll If (x,y,2) = (1, 1, 0), (u, v, w) =(0, 0, 0), then

d(F(x, . 2), F(u, v, w)) = d(F(1, 1, 0), F(0, 0, 0)) = = = ()

_ (d(g1,g0)+d(g1,g0)+ d(g0,g0)
B (p( 3 )

Hence inequality (2.1) holds.
Case-11l If(x,y,2) = (1, 1, 0), (u, v, w) = (0, 1, 1), then, we obtain

d(F(x,y, z), F(u, v, w)) = d(F(1, 1, 0), F(0, 1,1))) =§

_4_ 2 (d(glgo)+d(glg+d(gogl)
=57 0Q) (p( 3 )

Therefore, all the condition of theorem 2.1 is satisfied. Hence (0, 0, 0) is the coupled coincidence
point of F and g.

Remark 2.211t is obvious that results of papers [18] are not applicable to this example which
proves the generality of our result.

Remark 2.3 As an application of theorem 2.1, the existence and uniqueness of common solution of
periodic boundary value problem can be established as in [1, 3, 8, 11, 12] and references therein.
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