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Publication Issue: { s,s+d,s+2d,...s+(g+1)d } and g be an injective function g:
Vol. 72 No. 1 (2023) E(G) - {d.2d, 3d,...2(g — 1)d}.Then the graph G is said to be (s, d) magic

labeling if f(u) + g(uv) + f(v) is a constant, for all u,v € V(G). A
graph G is called (s, d) magic graph if it admits (s, d) magic labeling. In
this paper the existence of (s, d) magic labeling in some trees such as a
Coconut tree, Regular bamboo tree, Symmetrical tree, Olive tree, Spider
graph are found.
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1. Introduction.

The first magic-type labeling was introduced by Sedlacek in 1963 He labeled edges of a
graph with real numbers and required the sum of labels of all edges incident to a vertex to be
constant. The brief summaries of definitions which are necessary for the present investigation
are provided below

2. Definition
Definition 2.1: A graph G(p, q) is said to be (s, d) magic graph if there exists a function

f: V(G) - {s,s+d,s+2d,...s+(q+1d } and g :E (G) - {d,2d,3d......2(g-1)d} which are
injective such that the sum of the labels on the vertices and the labels of its incident edge is a
constant.

Definition 2.2 [5]: A Coconut tree CT (m, n) is the graph,for all positive integer n and m >
2 is obtained from the path Pm by appending ‘n’ new pendant edges at an end vertex of Pm.

Definition 2.3: A rooted tree in which every level contains vertices of the same degree is
called symmetrical trees.
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Definition 2.4: [3] A regular bamboo tree is a rooted tree consisting of one central vertex,
and several legs of equal length attached to it, the leaves of which are identified with leaves
of stars of equal size.

Definition 2.5: Olive tree graph 0,, is a rooted tree consisting of n branches and i**branch is
a path of length ‘i’.

Definition 2.6: [4] A spider graph SP(1™2™) is a graph formed from a star K ,,4,, and
each of its m vertices having degree 1 is joined to a new vertex.

3. Main Result

Theorem 3.1: The coconut tree CT(m,n) is (s,d) magic labeling for all positive integer
nand m > 2.

Proof: Let G = CT(m,n) be the coconut tree let u; u, .....up;v1 V5 ... ... vy, be the vertices
of coconut tree.

Let u; u, .....u,, be the vertices of the path and v, v, ..... v, be the pendent vertices
attached with the end vertex of the path P,,.

Since |[V(G)|=m+n,|[E(G)|]=m+n—1

We define f:V(G) - {s,s +d,s +2d ....s + (q + 1)d } to label the vertices.
Therefore f(u,) = s

fu)=s+({—-1d,2<i<m

fup) =s+(m—1)d

f(vy)) =s+md

f(Wj)=s+m+)Nd1<j<n-1

We define g: E(G) — {d, 2d,3d ....2(q — 1)d } to label the edges.

guuy) = 25 +2(q — Dd — (f (uy) + f(um)), 1<i<m-1
9Wiuy) =25 +2(q-Dd - (f(w) + fur)) 1<i<n

Therefore f(u;) + g(uu,y,) + f(uy,) and f(vy) + g(viuy) + f(u,, ) are constant equals
to 2(s + (¢ — 1)d)

Hence the coconut tree CT (m, n) admits (s, d) magic labeling.
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Labeling of vertices Labeling of edges
Value of | f(w) f@) | f(Wjs1) guu,) gWity,)
i andj
i=1 s S - - -
+md
i=m s - - - -
+ (m
—1)d
1<j - - s+(m+j)d |- -
<n-—-1
1<i<n |- - - - 2(s
+ (g —1d)
- (f(m)
+fum))
2<i<m |s - - - -
+({—1)d
1<i - - - 2(s+ (¢ —Da) -
=m-1 —(fu) + f(um))
Tablel Labeling of vertices and edges for the graph CT (m, n)
Example 3.1.1: The (s, d) magic labeling for the graph CT (m,n)
(g)s+11d
s-—ﬁd l_) s+12d
__‘_d_;%/g"@ s+13d
Theorem 3.2: All Symmetrical trees are (s, d) magic labeling
Proof: Let V(G) = {uy,uj41 1 <i<2"-1}%}and
21 —2 2" —2
E(G) = {uiuzl- 1<i< Uujuyiit 1<i< }
Since |[V(G)| =2"—-1,|E(G)| = 2" -2
We define f:V(G) - {s,s +d,s + 2d ....s + (q + 1)d } to label the vertices.
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Therefore f(uy) = s

fujp1) =s+id,1<i<2"-2

We define g: E(G) — {d, 2d,3d ....2(q — 1)d } to label the edges.
2n -2

guiuz;) =25 +2(q —Dd = (f(u) + f(uz)) 1<is<

21 -2
2

Itz ) =25 +2(q — Dd — (f(u) + f(uzip1)) 1=<i<

Therefore f(u;) + g(uwjuy ) + f(uy) and f(w;) + g(uugivr ) + f(uzie1) are constant
equalsto 2(s + (g — 1)d)

Hence all symmetrical trees admit (s, d) magic labeling.

Labeling of | Labeling of edges
vertices
Value of i f) | fuisr) g(uuy;) g(Uiuzi41)
i=1 Ry — - -
, 1<i<2"-2 | — s+id |- -
1<i<2’7—2 - - 2(s+ (g — 1ad) 2(s+ (g —1Dd)
-T2 —(fw) +fuz)) | —(f(uwy)
+ f(u2i+1 ))

Table 2 Labeling of vertices and edges for the graph symmetrical tree

Example 3.1.2: The (s, d) magic labeling for Symmetrical tree 15 vertices

s+7d s+8d s+9d s+10d s+11d s+12d s+13d s+14d

Theorem 3.3: Every regular bamboo tree is (s, d) magic labeling
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.u]'-7 be the vertices of jt* path where u, be the central vertex.let

V1, Vs, ... Uy be the pendent vertices the bamboo tree has k(n + m — 1) + 1 vertices and
k(n +m — 1) edges.

We define f:V(G) - {s,s +d,s + 2d ....s + (q + 1)d } to label the vertices.

Therefore f(uy) = s

f)=s+((-Dk+j)d 1<i<ml<j<ng

fw)=s+Mmk+i)d 1<i<mk

We define g: E(G) — {d, 2d,3d ....2(q — 1)d } to label the edges.
gluow)) =2s+2(q—-Dd - (flu) + f(u)) 1<j<k

g(ww™) =25 +2(q - Dd - F(w) + @ 1<j<kl<i<n-1

9(W'v;) = 25+2(q—1)d—(f(u?)+f(vi)) 1<j<kl<i<m

Therefore (up) + g(uo) + F(). £+ 9(uu™) + £ ™)

g(u'v;) + f(v;) are constant equals to 2(s + (g — 1)d)

and  f(u') +

Labeling of Labeling of edges
vertices
Value of | f(w) fw) f(u) g(uowf) | g(uju*™) | g(ul'v)
i andj
i=0 S - -
1<i=j |- s - -
<n + (- Dk
+j)d
1<i - S - -
<mk + (nk
+i)d
1<j<k|- 2s -
+2(q —1)d
— (f (uo)
+ f(w))
1<i - - 2s
<n-1 +2(q
—1)d
- (F(w)
+fth
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1<i - - - - - 2s
<m +2(q
-1
- (re
+ ()

Table3 Labeling of vertices and edges for the graph regular bamboo tree

Example3.1.3 The (s, d) magic labeling for regular bamboo tree

1-] d 5+13d
s+4d s+7d s+10d /" 16d  s+14d
@ 29d i) 23d - ™
Al 2 154
s+5d s+8d
) 27d 4 21d

Theorem 3.4: Olive tree 0, is (s, d) magic labeling
Proof: Let 0, be the olive tree having n paths of length 1,2,... n adjoined at on vertex vy o

Let the vertices of 0, be {v1,0, V1,1 -+ Vigy Vo1s oo+ Vap=1)) V3,15 V3,2 e - V3(n=2) =+ U1}

2
Here [V(G)| = 122 +2"+2 and|E(G)| = —”(";1)

We define f:V(G) -» {s,s +d,s +2d ....s + (q + 1)d } to label the vertices.
flvio) =s

fvy;)=s+jd 1<j<ny

fij) = f(Wicigea—i) +jd 2<i<n—-2;1<j<n+1-i

f(vg-11) = f(vy_z3) +d

f(vy-12 ) = f(vy-23) + 3d
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g(vi,jvi+1,j) =25+2(q—-1) — (f(vi,j) +f(vi+1,j) A<jsn-Ll<isn—j

9(171,0771,1') =25s+2(q—-1) - (f(vl,o) + f(vl,j) A1<j<n

Therefore
constant equals to 2(s + (¢ — 1)d)

fi;)+ 9(vivier;) + fivr;)and  f(vio) + g(viove) + f(vy;) are

Hence
Olive
tree
admits
(s,d)
magic
labelin
g.

Labeling of vertices

Labeling of edges

Value

fvio | f(vi;] fviy)

iandj

f(vn—1,1

f (Vn—1,2

f (Un,l)

g(vi,jvi+1,j

g (U1,0U1, j

f(vn—2,3
+d

f(vn—2,3
+ 3d

f(vn—l.lj
+d

+jd

2s

+ 2(q
—1)

- (f(vl,o
+ f(v1,j)
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2=i |- ) f(Ui—l,n+2— ) ) ) ) )
=7 +jd

1<j |- - - - - - 2s -

<n +2(q
—1: -1

<i — (f(viy)

=1 + f(Vig1,)

Table 4 Labeling of vertices and edges for the graph Olive tree

Example 3.1.4: The (s, d) magic labeling for olive tree

Theorem 3.5: A Spider graph SP(1",2™) is (s, d) magic labeling where n and m be positive
integers.

Proof :Let Spider graph SP(1"7,2™) have a vertex set

V(SP(1™,2™)) = {W, V1, V3 «u.. Uy, W1 Wy oo . Wiy, X1, X oo Xy }

and the edge E(SP(l”, Zm)) = {UV1, UV, . UV, UW, UW, oUWy, e WX e WX }
Sincep=2m+n+1landqg =2m+n

We define f:V(G) —» {s,s +d,s + 2d ....s + (q + 1)d } to label the vertices.

fw) =s
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fw)=s+id , 1<i<m
fw)=w,+id,1<i<n
fx)=v,+id,1<i<m
We define g: E(G) — {d, 2d,3d ....2(q — 1)d } to label the edges.
guv) =2s+2(q-Dd -+ f(w),1<i<ng
gluw) =2s+2(q—1Dd—-(Fw+fw),1<i<m
glux)=2s+2(q—-1Dd—(fw+f(x),1<i<m
Therefore  f(uw) + g(uv;)) + f(vy) , f(w) +gluw;) + f(w;) and
fu) + glux;) + f(x;) are constant equals to 2(s + (g — 1)d)
Hence Spider graph admits (s, d) magic labeling.
Labeling of vertices Labeling of edges
Value of | f(uw) f(wy) fy) f(x) guv;) guwy) g(ux;)
i
S - - - - -
1<i - s+id |- 12 - 2s 2s
< +id +2(q +2(q
—1)d —1)d
- (fw - (f(w)
+ f(w;) + f(x;)
1<i - - Wi - 2s -
<7 +id +2(q—1)d
- (fw
+ f(vy)

Table 5 Labeling of vertices and edges for the graph Spider graph
Example 3.1.5 The (s, d) magic labeling for the graph Spider graph
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ad &) s+od
&) s+8d

(s+7d

Conclusion

In this paper, the (s,d)magic labeling number for some trees is determined. Our future work
will involve calculating the (s,d)magic labeling number for more families of graphs in trees.
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