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1-Introduction and Definitions

Let B be the class of analytic functions defined on an open unit disk U = {z € C: |z| < 1}
,with the normalized condition £(0) =0 = £'(0) — 1 .Let Hb* be the class of all functions
f € B which are a univalent in . So £(z) € Hb* has the form:

f(z) =2+ Z a; 2! (z € V) (1.1)
=2

__Let £ and g, are analytic functions in B . f is said to be subordinate to g, or g, is said to be
superordinate to f inUand write £ < g, if there exists a Schwarz function w(z) in U, which
with w(0) =0, and |w(z)| < 1, (z € U) ,where f(z) = g,(W(z)) .If g, is univalent in U,
then £ < g, if and only if £(0) = g,(0) and £(U) < g,(U).

Definition (1.2)[18]: The function f is said to be quasi-subordination to g in U and written as
follows f£(z) <, g,(2) (z € U) ,if there exist Q(z) and w(z) be two analytic functions in U,
with w(0)=0 ,such that |Q(z)|<l ,w(z)|<l ,and f(z2)=Q(z)g(w(z)) .If Q(z)=1 ,then
f(z)=g(w(z)) ,s0 that £(z) < g,(z) inU .If w(z)=w ,then £(2)=0(z)g(z) ,and it is said that
f is majorized by g and written f(z)<<g(z) in U .Hence it's abvious that quasi-subordination
is a generalization of subordination and marjorization .

Ma and Manda (see[1,5,10,14]) defined a class of starlike and convex functions by using the
method of subordination and studied class FA(@) and £(®), which is defined by :
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IA(O) = {f € R: %< 6(z) z € U} and
f”
£6) =1fer 2@ 20w zeul
f(z)

In the sequal ,it assumed that ® of the form :

@(Z) = Eo + Elz: + EzZZ + .-, (12)
where Q(0)=1 ,and Q'(0)>0 ,also
Q(z) =1+ A1z +A7° + . (1.3)

Now, consider the following:
w(z) =1+ w2z + wWwpz% + -, (1.4)

which are analytic and bounded in U .For more information (see[2,14,17,23,24]) ,for works
related to quasi-subordination . Many auther have been investigated the coefficient bounded
|a,| and |as| of Fekete-Szegt (see[3,4,7,11,14,17,19,25,27]).

In Fekete and Szego found the maximum value of the coefficient function |a; — pas|,p € R
,for functions of the form (1.1) belonging to the class B (see[4,6,8,9,12,16,20,21,26]) .

Definition (1.2)_: A function f € B defined by (1.1) is said to be in the class
b3 (6, 4,1, ¢, ) ,if the following quasi-subordination condition is hold :

y [(2f' @)\* . z \ . 21" (2)
EK f(Z)) +(2n+5e)f(z)<@> + (4n + 3e) <1+ o) >—1

-1, (1.5)
where (0 <ne<1,a>0,y,6€C/{0}),z€U.

<, (0(@)

Remark (1.1) : Forn = e = 0 in definition (1-3), we obtain definition (1.3) obtained by
Zayed et al. [22] .

Definition (1.3) : A function f € B defined by (1.1) is said to be in the class
by (6,4, 1, ¢, ) ,if the following quasi-subordination condition is hold:

(2 @\,

d |\ f(z)
Definition (1.4): A function £ € B defined by (1.1) is said to be in the class 10,(8,7,th, @)
If the following quasi-subordination condition is hold:

<, (0(z) = D). (1.6)
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Zf”(Z)
T 2f"(2) f(2)\ f'(2)
7 (t+h)( 0 >+(t—h)zz (7) +@e-20)| Ees |- 1] <, 0@
£(z)
-1), (1.7)

where (0 < th < 1,8,7 € C\{0}),z € U.

Lemma (1.1) [13]; Let w(z) = 1 + W,z + W,2% + --- be in the clas B ,then for any complex
number m

|Ws — nws3| < max {1, |} (1.8)
The result is sharp for the function w(z) = z% or w(z) = z.

Lemma (1.2) [15]; Let @(z) = E, + E1z + E,2% + - be an Analytic function in U ,such that
|0(z)| < 1.Then |Ey| < 1,

and
E <1-[El<1 ,n={12.} (1.9)
2-Main Results :

Theorem (2.1) ; A function f is given by (1.1) belong to the class Ibg (6, 4,1, ¢, ©),then

6A
la,)| < ——, 2.1
@t (21
and
SA, §(a? —3a + 5n + 2e) A,
lasl < 1 1, - - —¢l, 2.2
4l = y(4a + 61 + 2¢) + max{ 2y(a +n—e)? Y (22)
and for some p € C ,we have
844
v Al e — 1
o —réz] < S =9
8(a? — 3a+ 5n + 2e) A,
1, . ' —
+“‘a"{ Zylatn—e? 17 A1|

6(4a + 61 + 2e) 5

Proof ; Let £ € Ib§(5,4,1n,¢,0) and ,then ,there are analytic functions Q(z) in UJ with
IQ(z)I<1 and w:U—U ,with w(0)=0 and Iw(z)I<1, such that

(£ @) : 2\ . 2" (2)
5|(Fey) @ sore(gy) +aneso (1) 1)<

= (0(@)[Q(W(2)) —1]). (2.4)
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Since

<fo(g)> =1+ adz+ [4aag —%(az _ 3a)a§] 24, (25)

and

(2n + Se)f(z,)( ) + (40 + 3e) (1 N Z,fﬂ@)) ~

f(z) t'(2)
= (21 + 5e)[—a,2z — (243 — a3)z% + - ]
+ (4n + 3e)[1 + 24,7 + (645 — 443)z* + -+ |. (2.6)

Then implies that

Y |(2f'(2)
gl( ) > + (2n+ 5e)f(Z)(

) + (4n + 3e) <1 + ”(Z)> 1]

f£(2) ' (2)

=%[(1+2r’1+e)+(6¥+fl—¢)322

1
+ [(46( + 61 + 2e)az — (E

+] (2.7)

(a? —3a) +5n + 2@) a%] 72

and since
Q(W(2) = 14 WiA12 + (WA; + WiA,)Z + - AL >0

0(2)[Q(W(2)) — 1] = EgW1A12 + (B1A1W, + EqW,Ay + EqWiA,)z% +
(2.8)

Putting (2.7) and (2.8) in (2.4) ,and equating ceofficients in both sides, we get

- 0EoW1A4
2 y(@+n—¢)’
and

6A1E 5(a? — 3a + 5n + 2e) E, LA
W37 y(Ada+6n+2¢e)|” 2y(a+n—e)? AEoWE + Wy — B + W, +Wwi— ALl

Thus

S5AE, 5(a? — 3a + 51 + 2e) . B
y(4a + 6n + 2e) 2y(a+n—e)? AaboWi + W E w2

A, &(4a+ 61+ 2e)
tw (Al y(a+n—e)? AlEO”)]

. -2
a3 —Haz =

Since Q(z) is analytic and bounded in U ,by using lemma (1.2) ,we have
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[E.l<1-1Efl<1, n=0
By using this fact and the well-known inequality Iw(z)I<l,we get

8A, 5(a? — 3a + 5n + 2e)
y(4a + 6n + 2e) 2y(a+n—e)?
A, 6(4a+ 6n+ 2e)

" +W2<E y(a+n—e)? AlEO”)‘Jrll

Now, we shall use lemma (1.1) to

las — pa3| < 1

+

A,  S(4a+6n+2e)

A+ |W2 + Wi (__—AlEOl’l)| + 1] :

[5(a2—3a+5r‘1+2e)

2y(a+n—e)? Aq y(a+n—e)?
yields the
Y SA4 8(a?—3a+5n+2e) Az| _ 8(4a+6i+2e)
las = nazl < S [1+max{1' PCTTE R R IS |n|y(a+n—e)2A1|”|}]'

If we put n = 0,in above inequality ,we get derived estimate

§(a?—3a+5n+2e)

§A1 [ {
lagl £ ———— |1 +maxil, T aho)?

yY(4a+6n+2e)

Az
+
A+ 3

ik

Theorem (2.2) ; A function £ € B satisfies:

gl(Zf’(Z)> + (20 + 5e)f(2) (L) + (4n + 3e) <1 + zf”(z)) — 1] K (0(z) — D).

f(z) f(z) £'(z)
Then
la,l < }%,
and
S5A, 5(a? — 3a + 5n + 2e) A

1

|

y(4a + 6n + 2¢) 2y(a +n—e)? Ay

and for some p € C, we have

Az

Ax| S(4a+6n+2e)
A1

y(a+n—e)?

8A, [6(a2—3a+5h+2¢)
y(4a+6n+2e) 2y(a+n—e)?

A+ A1|Fl|]-

lag — a3 <
Proof:_The results following by taking w(z)=z ,in the proof of theorem (2.1) .

Setting a = 0 in the theorem (2.1), we get the following corollary

Corollary (2.1) ; A function £ is given by (1.1) in the class by (6, 4,1, ¢, ), then

6A,
< _
22l < y(h—e)’
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and

6(5n + 2e)
2y(n—e)?

A,
L A

lagl < 1+ max {1,

f

8(6n + Ze)

(6 +2 )l

and for some p € C ,we have

5A, 8(5n + 2e)
(n—e) [1 i max{l' 2y(n — e)?

Settinga = n =e =1 intheorem (2.1), we get:

As
1 ¥ A,

|lag — pa3| <
Y

Corollary (2.2) ; A function £ is given by (1.1) in the class Ibg (6, 4, 1,1, ©),then

6A

la, < —=,

and

L |8

lagl < —[1 + max{ A1 A,

f

and for some p € C, we have

a2l < 9, 4 [fe] 228
laz — paz| < 12y [1+max{1,2yA1+ A Ailpn |}]

Theorem (2.3) ; A function f is given by (1.1) belong to the class by (6, 4, @), then

5A1
la,| < — 2.9
az va ' (2.9)

and

Az

2 }l , (2.10)

Ay 5(a—3)
Ia3l < M—a[1+ { ’—26(]/ Al + AI

and for some p € C, we have

6(a—3
B R e

Az

%

Proof ; Let £ € by (6,4, @) and ,then ,there are analytic functions Q(z) in U with 1Q(z)I<1
and w:U—U ,with w(0)=0 and IWw(z)I<1, such that

i) -
6|\ f(2)

o
—y—aAllriI}l-(Z-ll)

1| <= (0(@)[Q(W(2)) — 1]. (2.12)

Since
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'@\ . . .
(Zf(g)) is defined by (2.5) ,then implies
v [(#f' @))* y 1
L —1l=Z (g2 = 2,2 4 ...
6[( @) > 1] 6[“322 + l4aa3 <2 (a 3a)> azlz + l . (2.13)
It follows (2.8) and (2.13) that
_ SEoW1 Ay
2= (2.14)
and
6A.Eo | 6(a—3) P 1
az = 4;)/0 l: v A EoWi + Wy — B, +w,; + W1 —-(2.15)
Thus
. . 6AEq [6(a —3) . B
— w32 = 2 z1
az — Maz 4ay e A Eowi + Wy E, +w;
A, 8 ]
+w (— -— > 2.16
1 A, ya A Eon ( )
with this fact ,and using lemma (1.1) and lemma (1.2) ,we obtain
)
la,l < ﬁ
a
and
A1l { 5(a —3) A, }l
lagl< — 1|14+ m T + [—] ]
T dya T,
Further
. . 8A, 8(a— | 8
lag — pas| < % [1 +max{1, (« 3)A1 21 —a—yAllnI}].
Theorem (2.4) ; A function £ € B satisfies
v[(2f @)\*
= -1l K -1).
() -] <o
Then
)
2, < 21,
a
and
2030
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4 [Ae

ol

lagl <

Ay

A, 1 §(a—3)
a ay

and for some p € C ,we have

Az

A1

4ya oy

5
las — paj| < A, + —Y_aA1|I1|]-

Proof: The results following by taking w(z)=z in the proof of theorem (2.3).

Theorem (2.5) ; A function f is given by (1.1) belong to the class 10,(8, 7, h, 8), then

BAL

la,l < =)’ -1

(2.17)

}l , (2.18)

3B(t — 3h)
WAH |}l .(2.19)

and

Az

y {1 28(2h —t) A;
A

Tee—m Y

al= g7 ( - 3h) [
and for some p € C, we have

Az
A

Proof ; Let f € I0,(B,7,£h,0) and ,then ,there are analytic functions Q(z) in U with
IQ(z)I<1 and w:U—U ,with w(0)=0 and IWw(z)I<1, such that

2B8(2h —
x{1 B(( h)?Al

a3—r1e'1§|S m[l'i‘

Zf”(Z)
T 2£"(2) f(2)\ f'(2)
3 (t+h)< 0 >+(t—h)zz(7> + (2t — 2h) 20 -1
£(z)
= (0@ [Q(W(=z)) — 1]D. (2.20)
Since
Zf”(Z)
T 2£"(2) (7) t'(z)
5 (t+h)< f,(Z)> (t—h)z (—) +@e-2m)| Sao | -1
f(2)
%[(t — ) + (2¢ + 2h)a,z + [(3¢ + 9h)a; — (16h — BE)a2]z2

+ -] (2.21)
It follows (2.8) and (2.12) that

o = PEowiAs
2T 2t(h— %)

2031
Vol. 72 No. 1 (2023)

http://philstat.org.ph


http://philstat.org.ph/

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343

2326-9865
_ BAiEo [2B(2h-¢)
and az = 37(e—30) | t(e—n)2 AEoW3 ‘|‘W1E +w, +
w? 2], (2.23)
1
Thus
. .2 BAEo 2p(2h —¢) By
az faz = 3T(t _ 31;1) T(t )2 AlEoW1 + W1 EO +w;
A; 3p(t—3h)
tw <A1 4__[(t h)z ‘%1EOI.l 1(224)
with this fact and using lemma (1.1) and lemma (1.2), we obtain
_BA1 2(2h—t) A,  3B(t-3h)
las — naz| < 37(e-3h) [1 +max {1’ ez A T Gy Al }]
If we put n = 0,in above inequality ,we get derived estimate
BA, 28 (2h—%)
a5l < 37(t—3h) [1 +max { 7(e—h)? At }]
Theorem (2.6) ; A function £ € B satisfies
Z:f”(Z)
T 2£"(2) £(2)\ f'(2)
—=|(t+h - +(t—h 2(—>+ 2t —2h -1
f(2)
< (0@ - 1.
Then
2] < _ BAL
2 =2t(t—n)’
and
2p(2h —¢) Ay
|33| = 1 re 4
3T (t — 3h) T(t — h)? Ay
and for some p € C, we have
. a2 A1 [2B(2h-9) Az| _ 3B(=3h)
la; — naz| < 31(t—3h) [‘t(t h)2 At Al 4t(e-h)2 ey Ml l]'
Proof:_The results following by taking w(z)=z in the proof of theorem (2.5).
Setting t=1, and h=0 in the theorem (2.5), we get the following corollary
Corollary (2.3); A function f is given by (1.1) in the class 10,(5,7,1,0) , then
2032
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la,l < %,

and

BA. Az 2P
o= 22 1 e [ 2] - 2, )]

and for some p € C, we have

las — padl < B |14 max{1, [ - A~ Al
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