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Abstract: In this paper, we determine the coefficient estimates for 

Њ𝔮
𝛼(𝛿, 𝜆, ṅ, ẹ, 𝛩) and  Ю𝔮(𝛽, 𝜏, ŧ, ћ, 𝛩), the class of analytic and univalent 

functions  associated with quasi-subordination. We find estimates 

coefficients  |ạ2|, |ạ3|𝑎𝑛𝑑|ȧ3 − ϻȧ2
2|, ϻ ∈ ℝ for   functions in these 

classes. 
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1-Introduction and Definitions 

Let Ƀ be the class of analytic functions defined on an open unit disk Ṳ = {ʑ ∈ ℂ: |ʑ| < 1} 

,with the normalized condition 𝚏(0) = 0 = 𝚏′(0) − 1 .Let Ƕ∗ be the class of all functions 

𝚏 ∈ Ƀ which are a univalent in Ṳ. So 𝚏(ʑ) ∈ Ƕ∗ has the form: 

𝚏(ʑ) = ʑ + ∑ 𝔞į

∞

į=2

ʑį                        (ʑ ∈ Ṳ)                     (1.1) 

   Let 𝚏 and ᶃ are analytic functions in Ƀ . 𝚏 is said to be subordinate to ᶃ, or ᶃ is said to be 

superordinate to 𝚏 inṲand write 𝚏 ≺ ᶃ, if there exists a Schwarz function ẇ(ʑ) in Ṳ , which 

with ẇ(0) = 0 , and |ẇ(ʑ)| < 1, (ʑ ∈ Ṳ) ,where 𝚏(ʑ) = ᶃ(ẇ(ʑ)) .If ᶃ is univalent in 𝑈, 

then 𝚏 ≺ ᶃ if and only if 𝚏(0) = ᶃ(0) and 𝚏(Ṳ) ⊂ ᶃ(Ṳ). 

Definition (1.2)[18]: The function 𝚏 is said to be quasi-subordination to ᶃ in Ṳ and written as 

follows 𝚏(ʑ)  ≺𝔮 ᶃ(ʑ)  (ʑ ∈ Ṳ) ,if there exist Ǫ(ʑ) and ẇ(ʑ) be two analytic functions in Ṳ, 

with ẇ(0)=0 ,such that |Q(ʑ)|<1 ,|ẇ(ȥ)|<1  ,and 𝚏(ʑ)=Q(ʑ)ġ(ẇ(ʑ)) .If Q(ʑ)=1 ,then 

𝚏(ʑ)=ᶃ(ẇ(ʑ)) ,so that 𝚏(ʑ)  ≺ ᶃ(ʑ) 𝑖𝑛 Ṳ .If ẇ(ʑ)=ẇ ,then 𝚏(ʑ)=Ǫ(ʑ)ᶃ(ʑ)  ,and it is said that 

𝚏 is majorized  by ᶃ and written  𝚏(ʑ)≪ᶃ(ʑ) in Ṳ .Hence it's abvious that quasi-subordination 

is a generalization of subordination and marjorization . 

Ma and Manda (see[1,5,10,14]) defined a class of starlike and convex functions by using the 

method of subordination and studied class Ѩ(𝛩) 𝑎𝑛𝑑 Æ(𝛩), which  is defined by : 
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                                Ѩ(𝛩) = {𝚏 ∈ ℝ: 
ʑ𝚏′(ʑ)

𝚏(ʑ)
≺ 𝛩(ʑ) ʑ ∈ Ṳ}  and 

Æ(𝛩) = {𝚏 ∈ ℝ: 
ʑ𝚏′′(ʑ)

𝚏(ʑ)
≺ 𝛩(ʑ) , ʑ ∈ Ṳ}. 

In the sequal ,it assumed that Θ of the form : 

𝛩(ʑ) = Ȩ0 + Ȩ1ʑ + Ȩ2ʑ2 + ⋯,             (1.2) 

where Q(0)=1 ,and Q'(0)>0 ,also 

𝑄(ʑ) = 1 + Ą1ʑ + Ą2ʑ2 + ⋯.             (1.3) 

Now, consider the following: 

ẇ(ʑ) = 1 + ẇ1ʑ + ẇ2ʑ2 + ⋯,             (1.4) 

which are analytic and bounded in Ṳ .For more information (see[2,14,17,23,24]) ,for works 

related to quasi-subordination . Many auther have been investigated the coefficient bounded 

|ȧ2| 𝑎𝑛𝑑 |ȧ3| of Fekete-Szegö (see[3,4,7,11,14,17,19,25,27]). 

In Fekete and Szegö found the maximum value of the coefficient function |ȧ3 − ϻȧ2
2|, ϻ ∈ ℝ 

,for functions of the form (1.1) belonging to the class Ƀ (see[4,6,8,9,12,16,20,21,26]) . 

Definition (1.2) : A function 𝚏 ∈ Ƀ  defined by (1.1) is said to be in the class 

Њ𝔮
𝛼(𝛿, 𝜆, ṅ, ẹ, 𝛩) ,if the following quasi-subordination condition is hold : 

𝛾

𝛿
[(

ʑ𝚏′(ʑ)

𝚏(ʑ)
)

𝛼

+ (2ṅ + 5ẹ)𝚏(ʑ) (
ʑ

𝚏(ʑ)
)

′

+ (4ṅ + 3ẹ) (1 +
ʑ𝚏′′(ʑ)

𝚏′(ʑ)
) − 1] ≺𝔮 (Ǫ(ȥ)

− 1),                                                        (1.5) 

where (0 ≤ ṅ, ẹ ≤ 1, 𝛼 ≥ 0 , 𝛾, 𝛿 ∈ ℂ ⁄ {0}), ʑ ∈ Ṳ . 

Remark (1.1) : For ṅ = ẹ = 0 in definition (1-3), we obtain definition (1.3) obtained by 

Zayed et al. [22] . 

Definition (1.3) : A function 𝚏 ∈ Ƀ  defined by (1.1) is said to be in the class 

Њ𝔮
𝛼(𝛿, 𝜆, ṅ, ẹ, 𝛩) ,if the following quasi-subordination condition is hold: 

𝛾

𝛿
[(

ʑ𝚏′(ʑ)

𝚏(ʑ)
)

𝛼

− 1] ≺𝔮 (Ǫ(ȥ) − 1).                                                   (1.6) 

Definition (1.4): A function 𝚏 ∈ Ƀ  defined by (1.1) is said to be in the class  Ю𝔮(𝛽, 𝜏, ŧ, ћ, 𝛩) 

,if the following quasi-subordination condition is hold: 
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𝜏

𝛽
[(ŧ + ћ) (

ʑ𝚏′′(ʑ)

𝚏′(ʑ)
) + (ŧ − ћ)ʑ2 (

𝚏(ʑ)

ʑ
)

′

+ (2ŧ − 2ћ) (

ʑ𝚏′′(ʑ)
𝚏′(ʑ)

ʑ𝚏′(ʑ)
𝚏(ʑ)

) − 1] ≺𝔮 (Ǫ(ȥ)

− 1),                                                  (1.7) 

where (0 ≤ ŧ, ћ ≤ 1, 𝛽, 𝜏 ∈ ℂ   ⃥{0}), ʑ ∈ Ṳ.  

Lemma (1.1) [13]; Let ẇ(ʑ) = 1 + ẇ1ʑ + ẇ2ʑ2 + ⋯ be in the clas Ƀ ,then for any complex 

number ϻ 

|ẇ3 − ϻẇ2
2| ≤ 𝒎𝒂𝒙 {𝟏, |ϻ|}.                                                              (1.8) 

The result is sharp for the function ẇ(ʑ) = ʑ2  𝑜𝑟 ẇ(ʑ) = ʑ. 

Lemma (1.2) [15]; Let 𝛩(ʑ) = Ȩ0 + Ȩ1ʑ + Ȩ2ʑ2 + ⋯ be an Analytic function in Ṳ ,such that 

|𝛩(ʑ)| ≤ 1. 𝑇ℎ𝑒𝑛 |Ȩ0| ≤ 1, 

and 

|Ȩ𝑛| ≤ 1 − |Ȩ0
2| ≤ 1   , 𝑛 = {1,2, … }.                                              (1.9) 

2-Main Results : 

Theorem (2.1) ; A function 𝚏 is given by (1.1) belong to the class Њ𝔮
𝛼(𝛿, 𝜆, ṅ, ẹ, 𝛩),then 

ǀạ2ǀ ≤
𝛿Ą1

𝛾(𝛼 + ṅ − ẹ)
  ,                                                                           (2.1) 

and  

ǀạ3ǀ ≤  
𝛿Ą1

𝛾(4𝛼 + 6ṅ + 2ẹ)
[1 + 𝑚𝑎𝑥 {1,

𝛿(𝛼2 − 3𝛼 + 5ṅ + 2ẹ)

2𝛾(𝛼 + ṅ − ẹ)2
Ą1  + |

Ą2

Ą1
|}],       (2.2) 

and for some ϻ ∈ ℂ ,we have 

|ȧ𝟑 − ϻȧ𝟐
𝟐| ≤  

𝛅Ą𝟏

𝛄(𝛂 + ṅ − ẹ)
 [𝟏

+ 𝐦𝐚𝐱 {𝟏,
𝛅(𝛂𝟐 − 𝟑𝛂 + 𝟓ṅ + 𝟐ẹ)

𝟐𝛄(𝛂 + ṅ − ẹ)𝟐
Ą𝟏 + |

Ą𝟐

Ą𝟏
|

−
𝛅(𝟒𝛂 + 𝟔ṅ + 𝟐ẹ)

𝛄(𝛂 + ṅ − ẹ)𝟐
Ą𝟏|ϻ|}] . (𝟐. 𝟑) 

Proof ; Let 𝚏 ∈ Њ𝔮
𝛼(𝛿, 𝜆, ṅ, ẹ, 𝛩) and ,then ,there are analytic functions  Q(ȥ) in Ṳ with 

ǀQ(ȥ)ǀ<1  and ẇ:Ṳ→Ṳ ,with ẇ(0)=0 and ǀẇ(ȥ)ǀ<1, such that  

𝛾

𝛿
[(

ʑ𝚏′(ʑ)

𝚏(ʑ)
)

𝛼

+ (2ṅ + 5ẹ)𝚏(ʑ) (
ʑ

𝚏(ʑ)
)

′

+ (4ṅ + 3ẹ) (1 +
ʑ𝚏′′(ʑ)

𝚏′(ʑ)
) − 1] ≺𝔮

= (𝛩(ȥ)[𝑄(ẇ(ȥ)) − 1]).                                 (2.4) 
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Since  

(
ʑ𝚏′(ʑ)

𝚏(ʑ)
)

𝛼

= 1 + 𝛼ȧ2ʑ + [4𝛼ȧ3 −
1

2
(𝛼2 − 3𝛼)ȧ2

2] ʑ2 + ⋯,        (2.5) 

and  

(2ṅ + 5ẹ)𝚏(ʑ) (
ʑ

𝚏(ʑ)
)

′

+ (4ṅ + 3ẹ) (1 +
ʑ𝚏′′(ʑ)

𝚏′(ʑ)
) − 1

= (2ṅ + 5ẹ)[−ȧ2ʑ − (2ȧ3 − ȧ2
2)ʑ2 + ⋯ ]

+ (4ṅ + 3ẹ)[1 + 2ȧ2ʑ + (6ȧ3 − 4ȧ2
2)ʑ2 + ⋯ ].              (2.6) 

Then implies that  

𝛾

𝛿
[(

ʑ𝚏′(ʑ)

𝚏(ʑ)
)

𝛼

+ (2ṅ + 5ẹ)𝚏(ʑ) (
ʑ

𝚏(ʑ)
)

′

+ (4ṅ + 3ẹ) (1 +
ʑ𝚏′′(ʑ)

𝚏′(ʑ)
) − 1]

=
𝛾

𝛿
[(1 + 2ṅ + ẹ) + (𝛼 + ṅ − ẹ)ạ2ȥ

+ [(4𝛼 + 6ṅ + 2ẹ)ạ3 − (
1

2
(𝛼2 − 3𝛼) + 5ṅ + 2ẹ) ạ2

2] ȥ2

+ ⋯ ] ,                                                                                                    (2.7) 

and since 

𝑄(ẇ(ʑ)) = 1 + ẇ1Ą1ʑ + (ẇ2Ą1 + ẇ1
2Ą2)ʑ2 + ⋯           , Ą1 > 0 

Θ(ʑ)[𝑄(ẇ(ʑ)) − 1] = Ȩ0ẇ1Ą1ʑ + (Ȩ1Ą1ẇ1 + Ȩ0ẇ2Ą1 + Ȩ0ẇ1
2Ą2)ʑ2 +

⋯.                                                                                                                    (2.8) 

Putting (2.7) and (2.8) in (2.4) ,and equating ceofficients in both sides, we get 

ạ2 =
𝛿Ȩ0ẇ1Ą1

𝛾(𝛼 + ṅ − ẹ)
 ,        

and  

ạ3 =  
𝛿Ą1Ȩ0

𝛾(4𝛼 + 6ṅ + 2ẹ)
[,

𝛿(𝛼2 − 3𝛼 + 5ṅ + 2ẹ)

2𝛾(𝛼 + ṅ − ẹ)2
Ą1Ȩ0ẇ1

2 + ẇ1

Ȩ1

Ȩ0
+ ẇ2  + ẇ1

2
Ą2

Ą1
] .        

Thus 

ȧ𝟑 − ϻȧ𝟐
𝟐 =  

𝛿Ą1Ȩ0

𝛾(4𝛼 + 6ṅ + 2ẹ)
[
𝛿(𝛼2 − 3𝛼 + 5ṅ + 2ẹ)

2𝛾(𝛼 + ṅ − ẹ)2
Ą1Ȩ0ẇ1

2 + ẇ1

Ȩ1

Ȩ0
+ ẇ2  

+ ẇ1
2 (

Ą2

Ą1
−

𝛿(4𝛼 + 6ṅ + 2ẹ)

𝛾(𝛼 + ṅ − ẹ)2
Ą1Ȩ0ϻ)] 

Since Q(ʑ) is analytic and bounded in Ṳ ,by using lemma (1.2) ,we have 
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|Ȩ𝑛| ≤ 1 − |Ȩ0
2| ≤ 𝟏, 𝑛 ≥ 0. 

By using this fact and the well-known inequality ǀẇ(ȥ)ǀ<1,we get 

|ȧ3 − ϻȧ2
2| ≤  

δĄ1

γ(4α + 6ṅ + 2ẹ)
 [

𝛿(𝛼2 − 3𝛼 + 5ṅ + 2ẹ)

2𝛾(𝛼 + ṅ − ẹ)2
Ą1

+ |ẇ2  + ẇ1
2 (

Ą2

Ą1
−

𝛿(4𝛼 + 6ṅ + 2ẹ)

𝛾(𝛼 + ṅ − ẹ)2
Ą1Ȩ0ϻ)| + 1] 

Now, we shall use lemma (1.1) to 

[
𝛿(𝛼2−3𝛼+5ṅ+2ẹ)

2𝛾(𝛼+ṅ−ẹ)2
Ą1 + |ẇ2  + ẇ1

2 (
Ą2

Ą1
−

𝛿(4𝛼+6ṅ+2ẹ)

𝛾(𝛼+ṅ−ẹ)2
Ą1Ȩ0ϻ)| + 1] , 

yields the 

|ȧ3 − ϻȧ2
2| ≤  

δĄ1

γ(α+ṅ−ẹ)
 [1 + max {1,

δ(α2−3α+5ṅ+2ẹ)

2γ(α+ṅ−ẹ)2 Ą1    + |
Ą2

Ą1
| −

δ(4α+6ṅ+2ẹ)

|ϻ|γ(α+ṅ−ẹ)2 Ą1|ϻ|}] . 

If we put  ϻ = 0 ,in above inequality ,we get derived estimate  

ǀạ3ǀ ≤  
𝛿Ą1

𝛾(4𝛼+6ṅ+2ẹ)
[1 + 𝑚𝑎𝑥 {1,

𝛿(𝛼2−3𝛼+5ṅ+2ẹ)

2𝛾(𝛼+ṅ−ẹ)2 Ą1  + |
Ą2

Ą1
|}] . 

Theorem (2.2) ; A function 𝚏 ∈ Ƀ  satisfies: 

𝛾

𝛿
[(

ʑ𝚏′(ʑ)

𝚏(ʑ)
)

𝛼

+ (2ṅ + 5ẹ)𝚏(ʑ) (
ʑ

𝚏(ʑ)
)

′

+ (4ṅ + 3ẹ) (1 +
ʑ𝚏′′(ʑ)

𝚏′(ʑ)
) − 1] ≪ (Ǫ(ȥ) − 1).    

Then  

ǀạ2ǀ ≤
𝛿Ą1

𝛾(𝛼 + ṅ − ẹ)
 ,       

and  

ǀạ3ǀ ≤  
𝛿Ą1

𝛾(4𝛼 + 6ṅ + 2ẹ)
[
𝛿(𝛼2 − 3𝛼 + 5ṅ + 2ẹ)

2𝛾(𝛼 + ṅ − ẹ)2
Ą1  + |

Ą2

Ą1
|] ,       

and for some ϻ ∈ ℂ, we have 

|ȧ3 − ϻȧ2
2| ≤  

δĄ1

γ(4α+6ṅ+2ẹ)
 [

δ(α2−3α+5ṅ+2ẹ)

2γ(α+ṅ−ẹ)2
Ą1 + |

Ą2

Ą1
| −

δ(4α+6ṅ+2ẹ)

γ(α+ṅ−ẹ)2
Ą1|ϻ|]. 

Proof: The results following by taking ẇ(ʑ)=ʑ ,in the proof of  theorem (2.1) . 

Setting 𝛼 = 0 in the theorem (2.1), we get the following corollary 

Corollary (2.1) ; A function 𝚏 is given by (1.1) in the class Њ𝔮
𝛼(𝛿, 𝜆, ṅ, ẹ, 𝛩), then 

ǀạ2ǀ ≤
𝛿Ą1

𝛾(ṅ − ẹ)
  ,      
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and  

ǀạ3ǀ ≤  
𝛿Ą1

𝛾(6ṅ + 2ẹ)
[1 + 𝑚𝑎𝑥 {1,

𝛿(5ṅ + 2ẹ)

2𝛾(ṅ − ẹ)2
Ą1  + |

Ą2

Ą1
|}]  ,       

and for some ϻ ∈ ℂ ,we have 

|ȧ3 − ϻȧ2
2| ≤  

δĄ1

γ(ṅ − ẹ)
 [1 + max {1,

δ(5ṅ + 2ẹ)

2γ(ṅ − ẹ)2
Ą1 + |

Ą2

Ą1
| −

δ(6ṅ + 2ẹ)

γ(ṅ − ẹ)2
Ą1|ϻ|}] 

Setting 𝛼 = ṅ = ẹ = 1  in theorem (2.1), we get:  

Corollary (2.2) ; A function 𝚏 is given by (1.1) in the class Њ𝔮
𝛼(𝛿, 𝜆, 1,1, 𝛩),then 

ǀạ2ǀ ≤
𝛿Ą1

𝛾
 ,       

and  

ǀạ3ǀ ≤  
𝛿Ą1

12𝛾
[1 + 𝑚𝑎𝑥 {1,

5𝛿

2𝛾
Ą1  + |

Ą2

Ą1
|}] ,       

and for some ϻ ∈ ℂ, we have 

|ȧ3 − ϻȧ2
2| ≤  

δĄ1

12γ
 [1 + max {1,

5δ

2γ
Ą1 + |

Ą2

Ą1
| −

12δ

γ
Ą1|ϻ|}]. 

Theorem (2.3) ; A function 𝚏 is given by (1.1) belong to the class Њ𝔮
𝛼(𝛿, 𝜆, 𝛩), then 

ǀạ2ǀ ≤
𝛿Ą1

𝛾𝛼
 ,                                                                         (2.9) 

and  

ǀạ3ǀ ≤  
𝛿Ą1

4𝛾𝛼
[1 + 𝑚𝑎𝑥 {1,

𝛿(𝛼 − 3)

2𝛼𝛾
Ą1  + |

Ą2

Ą1
|}] ,       (2.10) 

and for some ϻ ∈ ℂ, we have 

|ȧ3 − ϻȧ2
2| ≤  

δĄ1

4γα
 [1 + max {1,

δ(α − 3)

αγ
Ą1 + |

Ą2

Ą1
| −

δ

γα
Ą1|ϻ|}] . (2.11) 

Proof ; Let 𝚏 ∈ Њ𝔮
𝛼(𝛿, 𝜆, 𝛩) and ,then ,there are analytic functions  Q(ȥ) in Ṳ with ǀQ(ȥ)ǀ<1  

and ẇ:Ṳ→Ṳ ,with ẇ(0)=0 and ǀẇ(ȥ)ǀ<1, such that  

𝛾

𝛿
[(

ʑ𝚏′(ʑ)

𝚏(ʑ)
)

𝛼

− 1] ≺𝔮= (𝛩(ȥ)[𝑄(ẇ(ȥ)) − 1]).                              (2.12) 

Since  
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(
ʑ𝚏′(ʑ)

𝚏(ʑ)
)

𝛼

 is defined by (2.5) ,then implies  

𝛾

𝛿
[(

ʑ𝚏′(ʑ)

𝚏(ʑ)
)

𝛼

− 1] =
𝛾

𝛿
[𝛼ạ2ȥ + [4𝛼ạ3 − (

1

2
(𝛼2 − 3𝛼)) ạ2

2] ȥ2 + ⋯ ] .               (2.13) 

It follows (2.8) and (2.13) that 

ạ2 =
𝛿Ȩ0ẇ1Ą1

𝛾𝛼
 ,                                                                               (2.14)       

and  

ạ3 =  
𝛿Ą1Ȩ0

4𝛼𝛾
[,

𝛿(𝛼 − 3)

𝛾𝛼
Ą1Ȩ0ẇ1

2 + ẇ1

Ȩ1

Ȩ0
+ ẇ2  + ẇ1

2
Ą2

Ą1
] . (2.15)       

Thus 

ȧ𝟑 − ϻȧ𝟐
𝟐 =  

𝛿Ą1Ȩ0

4𝛼𝛾
[
𝛿(𝛼 − 3)

𝛾𝛼
Ą1Ȩ0ẇ1

2 + ẇ1

Ȩ1

Ȩ0
+ ẇ2  

+ ẇ1
2 (

Ą2

Ą1
−

𝛿

𝛾𝛼
Ą1Ȩ0ϻ)],                               (2.16) 

with this fact  ,and  using lemma (1.1) and lemma (1.2) ,we obtain 

ǀạ2ǀ ≤
𝛿Ą1

𝛾𝛼
 ,       

and  

ǀạ3ǀ ≤  
𝛿Ą1

4𝛾𝛼
[1 + 𝑚𝑎𝑥 {1,

𝛿(𝛼 − 3)

𝛼𝛾
Ą1  + |

Ą2

Ą1
|}].         

Further  

 |ȧ3 − ϻȧ2
2| ≤  

δĄ1

4αγ
 [1 + max {1,

δ(α−3)

γα
Ą1    + |

Ą2

Ą1
| −

δ

αγ
Ą1|ϻ|}]. 

Theorem (2.4) ; A function 𝚏 ∈ Ƀ   satisfies 

𝛾

𝛿
[(

ʑ𝚏′(ʑ)

𝚏(ʑ)
)

𝛼

− 1] ≪ (Ǫ(ȥ) − 1) .       

Then  

ǀạ2ǀ ≤
𝛿Ą1

𝛾𝛼
 ,        

and  
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ǀạ3ǀ ≤  
𝛿Ą1

4𝛾𝛼
[1

𝛿(𝛼 − 3)

𝛼𝛾
Ą1  + |

Ą2

Ą1
|] ,        

and for some ϻ ∈ ℂ ,we have 

|ȧ3 − ϻȧ2
2| ≤  

δĄ1

4γα
 [

δ(α−3)

αγ
Ą1 + |

Ą2

Ą1
| −

δ

γα
Ą1|ϻ|]. 

Proof: The results following by taking ẇ(ʑ)=ʑ in the proof of theorem (2.3). 

Theorem (2.5) ; A function 𝚏 is given by (1.1) belong to the class Ю𝔮(𝛽, 𝜏, ŧ, ћ, 𝛩), then 

ǀạ2ǀ ≤
𝛽Ą1

2𝜏(ŧ − ћ)
 ,                                                                               (2.17) 

and  

ǀạ3ǀ ≤  
𝛽Ą1

3𝜏(ŧ − 3ћ)
[1 + 𝑚𝑎𝑥 {1,

2𝛽(2ћ − ŧ)

𝜏(ŧ − ћ)2
Ą1  + |

Ą2

Ą1
|}] ,      (2.18) 

and for some ϻ ∈ ℂ, we have 

|ȧ3 − ϻȧ2
2| ≤  

βĄ1

3τ(ŧ − 3ћ)
 [1 + max {1,

2β(2ћ − ŧ)

τ(ŧ − ћ)2
Ą1 + |

Ą2

Ą1
| −

3β(ŧ − 3ћ)

4τ(ŧ − ћ)2
Ą1|ϻ|}] . (2.19) 

Proof ; Let 𝚏 ∈ Ю𝔮(𝛽, 𝜏, ŧ, ћ, 𝛩) and ,then ,there are analytic functions  Q(ȥ) in Ṳ with 

ǀQ(ȥ)ǀ<1  and ẇ:Ṳ→Ṳ ,with ẇ(0)=0 and ǀẇ(ȥ)ǀ<1, such that  

𝜏

𝛽
[(ŧ + ћ) (

ʑ𝚏′′(ʑ)

𝚏′(ʑ)
) + (ŧ − ћ)ʑ2 (

𝚏(ʑ)

ʑ
)

′

+ (2ŧ − 2ћ) (

ʑ𝚏′′(ʑ)
𝚏′(ʑ)

ʑ𝚏′(ʑ)
𝚏(ʑ)

) − 1] 

= (𝛩(ȥ)[𝑄(ẇ(ȥ)) − 1]).                                                                      (2.20) 

Since  

𝜏

𝛽
[(ŧ + ћ) (

ʑ𝚏′′(ʑ)

𝚏′(ʑ)
) + (ŧ − ћ)ʑ2 (

𝚏(ʑ)

ʑ
)

′

+ (2ŧ − 2ћ) (

ʑ𝚏′′(ʑ)
𝚏′(ʑ)

ʑ𝚏′(ʑ)
𝚏(ʑ)

) − 1] 

=
𝜏

𝛽
[(ŧ − ћ) + (2ŧ + 2ћ)ạ2ȥ + [(3ŧ + 9ћ)ạ3 − (16ћ − 8ŧ)ạ2

2]ȥ2

+ ⋯ ].                                                                                         (2.21) 

It follows (2.8) and (2.12) that 

ạ2 =
𝛽Ȩ0ẇ1Ą1

2𝜏(ћ − ŧ)
 ,       
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and ạ3 =  
𝛽Ą1Ȩ0

3𝜏(ŧ−3ћ)
[

2𝛽(2ћ−ŧ)

𝜏(ŧ−ћ)2 Ą1Ȩ0ẇ1
2 + ẇ1

Ȩ1

Ȩ0
+ ẇ2  +

ẇ1
2 Ą2

Ą1
].                                            (2.23)         

Thus 

ȧ𝟑 − ϻȧ𝟐
𝟐 =  

𝛽Ą1Ȩ0

3𝜏(ŧ − 3ћ)
[
2𝛽(2ћ − ŧ)

𝜏(ŧ − ћ)2
Ą1Ȩ0ẇ1

2 + ẇ1

Ȩ1

Ȩ0
+ ẇ2  

+ ẇ1
2 (

Ą2

Ą1
−

3𝛽(ŧ − 3ћ)

4𝜏(ŧ − ћ)2
Ą1Ȩ0ϻ)] , (2.24) 

with this fact and using lemma (1.1) and lemma (1.2), we obtain 

|ȧ𝟑 − ϻȧ𝟐
𝟐| ≤   

𝛽Ą1

3𝜏(ŧ−3ћ)
[1 + 𝑚𝑎𝑥 {1,

2𝛽(2ћ−ŧ)

𝜏(ŧ−ћ)2 Ą1 +
Ą2

Ą1
−

3𝛽(ŧ−3ћ)

4𝜏(ŧ−ћ)2 Ą1|ϻ| }]. 

If we put  ϻ = 0 ,in above inequality ,we get derived estimate  

ǀạ3ǀ ≤  
𝛽Ą1

3𝜏(ŧ−3ћ)
[1 + 𝑚𝑎𝑥 {1,

2𝛽(2ћ−ŧ)

𝜏(ŧ−ћ)2 Ą1 +
Ą2

Ą1
}]. 

Theorem (2.6) ; A function 𝚏 ∈ Ƀ  satisfies 

𝜏

𝛽
[(ŧ + ћ) (

ʑ𝚏′′(ʑ)

𝚏′(ʑ)
) + (ŧ − ћ)ʑ2 (

𝚏(ʑ)

ʑ
)

′

+ (2ŧ − 2ћ) (

ʑ𝚏′′(ʑ)
𝚏′(ʑ)

ʑ𝚏′(ʑ)
𝚏(ʑ)

) − 1] 

≪ (Ǫ(ȥ) − 1).   

Then  

ǀạ2ǀ ≤
𝛽Ą1

2𝜏(ŧ − ћ)
 ,       

and  

ǀạ3ǀ ≤  
𝛽Ą1

3𝜏(ŧ − 3ћ)
[
2𝛽(2ћ − ŧ)

𝜏(ŧ − ћ)2
Ą1  + |

Ą2

Ą1
|]  ,       

and for some ϻ ∈ ℂ, we have 

|ȧ3 − ϻȧ2
2| ≤  

βĄ1

3τ(ŧ−3ћ)
 [

2β(2ћ−ŧ)

τ(ŧ−ћ)2
Ą1 + |

Ą2

Ą1
| −

3β(ŧ−3ћ)

4τ(ŧ−ћ)2
Ą1|ϻ|]. 

Proof: The results following by taking ẇ(ʑ)=ʑ in the proof of theorem (2.5). 

Setting ŧ=1, and ћ=0 in the theorem (2.5), we get the following corollary 

Corollary (2.3); A function 𝚏 is given by (1.1) in the class Ю𝔮(𝛽, 𝜏, 1, 𝛩) , then 
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ǀạ2ǀ ≤
𝛽Ą1

2𝜏
 ,       

and  

ǀạ3ǀ ≤  
𝛽Ą1

3𝜏
[1 + 𝑚𝑎𝑥 {1, |

Ą𝟐

Ą𝟏
| −

2𝛽

𝜏
Ą1 }] ,        

and for some ϻ ∈ ℂ, we have 

|ȧ3 − ϻȧ2
2| ≤  

βĄ1

3τ
 [1 + max {1, |

Ą2

Ą1
| −

2β

τ
Ą1 −

3β

4τ
Ą1|ϻ|}]. 
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