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Abstract 

In this paper we introduce IF-(𝛼, 𝛽)-n-Binormal operator on 

Hilbert space ℋ.We give some basic properties of these operator 

.An operator  δ is an intuitionistic fuzzy-(𝛼, 𝛽)-n-binormal 

operator if 𝛼2δnδ∗δ∗δn ≤ δ∗δnδnδ∗ ≤ 𝛽2δnδ∗δ∗δn  i.e. δ  

commutes with its intuitionistic fuzzy adjoint with 0≤ 𝛼 ≤ 1 ≤

𝛽 

Keywords: Self adjoint , intuitionistic fuzzy 𝛼, 𝛽 - n-binormal 

operator , intuitionistic fuzzy n-binormal operator , partial 

isometry 

 

1. Introduction  

Let IFB(H) be the set of all IF-Bounded Linear operators on IFH-space .On Intuitionistic 

Fuzzy Norm have been defined by saadati [6] . Then Goudarzi et al . [4] in 2009 ,introduced 

Intuitionistic Fuzzy Inner product space(IFIP-Space). 

Majumdhar and Samanta [7] defined IFIP-Space in 2011 .In 2018 

Radharamani et al .[1], [2] have given the definition and properties of Intuitionistic Fuzzy 

Hilbert space ( IFH-Space ) ℋ as a triplet  ℋ,ℱμ,v  , 𝒯  and also the cancept of intuitionistic 

fuzzy adjonint and self-adjont operators (IFA and IFSA , operators) in IFH-space .IFH-space 

.IFδ ∈ IFB H , ∋ < 𝛿𝑥, 𝑦 > = < 𝑥δ∗y > , ∀ 𝑥, 𝑦 ∈  ℋ .Also 𝛿 is an IFSA-operator if 

𝑆 = 𝑆 ∗. In this paper we introduce n-binormal operators acting on a Hilbert space H. An 

operator T ∈ L(H ) is n-binormal if𝑇∗𝑇𝑛   commutes with 𝑇𝑛𝑇∗ or  𝑇∗𝑇𝑛   , 𝑇𝑛𝑇∗ = 0   and it 

is denoted by  𝑛𝐵𝑁 . An operator 𝑇 ∈ 𝐿 𝐻   is called normal if   𝑇∗ 𝑇 =  𝑇∗  𝑇,   n-normal if 

  𝑇∗𝑇𝑛 =  𝑇𝑛𝑇∗,  binormal if 𝑇∗ 𝑇 commutes with 𝑇∗ 𝑇,    isometry    if 𝑇∗ 𝑇 = 𝐼,  2-

isometry  if    𝑇∗2𝑇2 − 2𝑇∗𝑇 + 𝐼 = 0 , 3-isometry  if  𝑇∗3𝑇3 − 3𝑇∗2𝑇2 + 3𝑇∗𝑇 − 𝐼 = 0 ,   n-

isometry  if 

  −1 𝑘𝑛
𝑘=0  𝑛

𝑘
 𝑇∗𝑛−𝑘𝑇𝑛−𝑘 =

0  or 𝑇∗𝑛𝑇𝑛 −  𝑛
1
 𝑇∗𝑛−1𝑇𝑛−1 +  𝑛

2
 𝑇∗𝑛−2𝑇𝑛−2. . . . . . . . .  −1 𝑛−1 𝑛

𝑛−1
 𝑇∗ 𝑇 +  −1 𝑛 𝐼 =

0 and  n-binormal if 𝑇∗𝑇𝑛𝑇𝑛𝑇∗ = 𝑇𝑛𝑇∗𝑇∗𝑇𝑛 . 
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"A note on-Intuitionistic fuzzy n-Binormal operator on IFH-space has been accepted for 

publication in the Journal  of Interdiscip linary mathematics in 2022  

Now we introduced intuitionistic fuzzy(𝛼, 𝛽)-n-binormal operator on ℋ ,if for real number 

𝛼, 𝛽 with 0≤ 𝛼 ≤ 1 ≤ 𝛽  𝑡ℎ𝑒𝑛  𝛼2𝑇𝑛𝑇∗𝑇∗𝑇𝑛 ≤ 𝑇∗𝑇𝑛𝑇𝑛𝑇∗ ≤ 𝐵2𝑇𝑛𝑇∗𝑇∗𝑇𝑛  

 Have we estadlish some theorems and an example for intuitionistic fuzzy 𝛼, 𝛽 - n-binormal 

operator like addition and multiplication of intuitionistic fuzzy(𝛼, 𝛽)- n-normal operator.  

2.  PRELIMINARIES 

Definition 2.1:  4 A continuous t – norm T  is called continuous t- representable iff ∃ a 

continuous t- norm * and  a continuous  t- conform ◊ on the interval [0,1] such that for all 

x =(x1,x2) , y =(y1,y2) ∈ L* , 𝒯 x, y =  x1 ∗ y1   , x2 ◊ y2 . 

Definition 2.2:  4  Let μ ∶  V2  ×   0 , + ∞ →  0,1  and  ϑ: V2  ×   0, ∞  →  0,1   be Fuzzy 

sets , such that μ x, y, t +  ϑ x, y, t  ≤ 1, ∀ x, y ∈ V & 𝑡 > 0 . An Intuitionistic Fuzzy Inner 

Product Space  

(IFIP-Space) is a triplet  v, ℱμ,v  , 𝒯  , whrer V is real Vector Space ,𝒯 is a continuous t –

representable and ℱμ,v  is an Intuitionistic Fuzzy set on V2  ×  ℝ satisfying the following 

conditions for all x , y , z ∈ V and s , r , t ∈ ℝ ∶ (IFI-1) ℱμ,v x , y, 0  = 0 and ℱμ,v x , y , t  >

0 , for every t > 0 . 

(IFI-2) ℱμ,v  x, y , t  =  ℱμ,v  y , x , t  .(IFI-3) ℱμ,v  x , x , t  ≠ H (t) 

for some t ∈ ℝ iff x ≠ 0 

           Where  H  t =   
1 ,           if          t > 0                   
 0 ,             if     t ≤ 0                       

  

(IFI-4) For any ∝ ∈ ℝ , 

 
 
 

 
 ℱμ,v   x, y,

t

∝
 ,              ∝ > 0

               H  t ,               ∝ = 0 

𝒩s  ℱμ,v  x, y,
t

∝
  ,     ∝ < 0

  

IFI − 5)sup  𝒯  ℱμ,v x, z, s , ℱμ,v y, z, r   = ℱμ,v x + y, y, t . )

IFI − 6)ℱμ,v x, y, .  : ℝ →  0,1  is Continuous on ℝ\  0 .  )

IFI − 7) Iimt⟶0. ℱμ,v x, y, t = 1 )

Note 2.3: [4] 

(i) Here the standard negator𝒩s  x = 1 − x , ∀ x ∈ [0,1] 

 ii By putting  x, y =  ℱμ,v x, y ,   .  , it is very simple to show that       the 

Intuitionistic Fuzzy Inner Product acts quite similarly as 

     theOrdinary Inner Product. 

Definition 2.4:  IFSA − operator   [2] Let (V, ℱμ,v , 𝒯)   be an IFH-Space with IP:  x, y = sup 

  t ∈  ℝ: ℱμ,v  x, y, t <  1 , ∀ x, y ∈ v and let 𝒮 ∈ IFB  V . Then 𝒮  is Intuitionistic Fuzzy 

Self- Ad joint operator , if 𝒮 = 𝒮
∗
 ,where of 𝒮

∗
is Intuitionistic Fuzzy Self- ad joint of 𝒮. 

Theorem  2.5:  2 Let v, ℱμ,v  , 𝒯 be an IFIP − Space , where 𝒯is a 
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continuoust– representable for every x, y ∈ V,sup { t ∈  ℝ 

ℱμ,v  x, y, t < 1 <  ∞ . 𝐷𝑒𝑓𝑖𝑛𝑒. , . ∶ V × V → ℝ by x, y =sup 

t ∈  ℝ ∶  ℱμ,vx,y,t<1.Then V, . , .  is an IFIP-space, so that V,𝒫μ,v is normed 

 space , where  𝒫μ,v x, t =  x, x 
1

2 ∀ x ∈ V 

3.  MAIN RESULTS 

In this section , we  introduced the definition of intuitionistic fuzzy(𝛼, 𝛽)- n-Biormal operator 

in IFH - space and also explain some elementary properties of IF-(𝛼, 𝛽)- n-Binormal operator 

in IFH, space in detail. 

 Definition 3.1: let (𝜈1, Fμ,v , 𝑇) be IFH-space and let 𝜏 ∈ 𝐼𝐹𝐵 𝜈  Then T is called IF-(𝛼, 𝛽)n-

normal if for real number 𝛼, 𝛽 with 0≤ 𝛼 ≤ 1 ≤ 𝛽 , 

𝛼2𝑇𝑛𝑇∗𝑇∗𝑇𝑛 ≤ 𝑇∗𝑇𝑛𝑇𝑛𝑇∗ ≤ 𝐵2𝑇𝑛𝑇∗𝑇∗𝑇𝑛An immediate consequence of a bove definition 

𝛼2 𝑇𝑛𝑇∗𝑇∗T𝑛𝑥, 𝑥  ≤  𝑇∗𝑇𝑛𝑇𝑛T∗𝑥, 𝑥 ≤ 𝛽2 𝑇𝑛𝑇∗𝑇∗T𝑛𝑥, 𝑥 For all 𝑥 ∈ 𝐻 

Theorem 3.2:if 𝑆1𝑆2 are commuting  IF-(𝛼, 𝛽) n-binormal operator,then 𝑆1𝑆2 is an IF-(𝛼, 𝛽) 

n-binormal operator. 

Proposition 3.3:  let T,S is be a commuting IF-(𝛼, 𝛽)- n-binormal operator such that 

(𝑆 + 𝑇)∗commutes with   𝑛
𝑘
 𝑛−1

𝑘=1 𝑆𝑛−𝑘𝑇𝑘  Then (𝑆 + 𝑇) is an IF- 𝛼, 𝛽 − n-binormal 

operator. 

Theorem 3.4: Let 𝑇 ∈ 𝐼𝐹𝐵 𝐻 Then 𝑇 is IF −  𝛼, 𝛽 − n − binormal  operator Then  𝑇∗ is 

∈ [𝐼𝐹 − (𝛼, 𝛽) − 𝑛 − 𝐵𝑁] operator . 

Theorem 3.5: Let 𝑇1 …… . . 𝑇𝑚  be commute IF- 𝛼, 𝛽 -n -binormal operator in IFB(H) then 

(𝑇1⨁…… . .⨁𝑇𝑚) are IF- 𝛼, 𝛽 -n -binormal operator 

Theorem 3.6: Let 𝑇1 …… . . 𝑇𝑚  be commute IF- 𝛼, 𝛽 -n -binormal operator in 

IFB(H)then(𝑇1⨂…… . .⨂𝑇𝑚) are IF- 𝛼, 𝛽 -n-binormal operator 

Theorem 3.7 ∶Let 𝑆1 ∈ [𝐼𝐹 − (𝛼, 𝛽) − 𝑛 − 𝐵𝑁]  and    𝑆2 ∈  [𝐼𝐹 − (𝛼, 𝛽) − 𝑛 − 𝐵𝑁]   If  𝑆1 

and   𝑆2 are doubly  commuting . Then 𝑆1𝑆2 ∈  𝐼𝐹 −  𝛼2, 𝛽2 − 𝑛 − 𝐵𝑁  

Theorem 3.8: Let 𝑇 ∈ 𝐵(𝑉)be an IF- 𝛼, 𝛽 -n-binormal operator, if 0 ≤ 𝑝 ≤ 1 or 𝑝 ≥ 2 , and 

 𝟏 𝒑  +  𝟏 𝒒  = 𝟏 . Then we have 

  𝑷𝝁,𝒗 𝑻
∗𝑻𝒏𝑻𝒏𝑻∗𝒙 + 𝑻𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝒑

+  

  𝑷𝝁,𝒗 𝑻
∗𝑻𝒏𝑻𝒏𝑻∗𝒙 − 𝑻𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝒑

≥ 

             𝟐(𝟏 + 𝜶𝟐𝒒)𝒑−𝟏  (𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙 , 𝒕  

𝒑

(3.1) 

Proof: use the following known inequality : 

  𝑷𝝁,𝒗 𝒂 + 𝒃, 𝒕  
𝒑

+   𝑷𝝁,𝒗 𝒂 − 𝒃, 𝒕  
𝒑

≥ 𝟐    𝑷𝝁,𝒗 𝒂, 𝒕  
𝒒

+   𝑷𝝁,𝒗 𝒃, 𝒕  
𝒒
 
𝒑−𝟏

(3.2)   

 Which is valid any 𝒂, 𝒃 ∈ 𝑯 where 𝑯 is Hilbert space . 

Now , if we take 𝒂 = 𝑻𝒏𝑻∗𝑻∗𝑻𝒏𝒙 and 𝒃 = 𝑻∗𝑻𝒏𝑻𝒏𝑻∗𝒙in (3.2)  , Then  for any 𝒙 ∈ 𝑽 we get 

  𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙 + 𝑻∗𝑻𝒏𝑻𝒏𝑻∗𝒙, 𝒕  

𝒑

+   𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙 − 𝑻∗𝑻𝒏𝑻𝒏𝑻∗𝒙, 𝒕  

𝒑

≥ 
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            𝟐    𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙 , 𝒕  

𝒒

+   𝑷𝝁,𝒗 𝑻
∗𝑻𝒏𝑻𝒏𝑻∗𝒙, 𝒕  

𝒒
 
𝒑−𝟏

 

           ≥ 𝟐    𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙 , 𝒕  

𝒒

+ 𝜶𝟐𝒒   𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝒒
 
𝒑−𝟏

 

            = 𝟐 (𝟏 + 𝜶𝟐𝒒)𝒑−𝟏    𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏 𝒙, 𝒕  

𝒒
 
𝒑−𝟏

(3.3) 

            = 𝟐 (𝟏 + 𝜶𝟐𝒒)    𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝒒
  

Now , Taking the supremum over  𝑷𝝁,𝒗 𝒙, 𝒕 = 𝟏 in (3.3)  , We get  

  𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙 + 𝑻𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝒑

+  

  𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙 − 𝑻∗𝑻𝒏𝑻𝒏𝑻∗𝒙, 𝒕  

𝒑

≥ 

                 𝟐(𝟏 + 𝜶𝟐𝒒)𝒑−𝟏  (𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙 , 𝒕  

𝒑

. □ 

 Theorem (3.9):  Assume that T is [𝑰𝑭 − (𝜶, 𝜷) − 𝒏 − 𝑩𝑵] operator .Then for any real 𝒔  

with 𝟎 ≤ 𝒔 ≤ 𝟏 ,we have  

   
𝟏 − 𝒔

𝜷𝟒
 + 𝒔   𝟏 − 𝒔 +

𝒔

𝜷𝟒
  𝑷𝝁,𝒗 𝑻

𝒏𝑻∗𝑻∗𝑻𝒏, 𝒕  
𝟒
 

≤   𝟏 − 𝒔 + 𝒔𝜷𝟒]  𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝟐

 

 𝑷𝝁,𝒗 𝑻
∗𝑻𝒏𝑻𝒏𝑻∗ − 𝑻𝒏𝑻∗𝑻∗𝑻𝒏 , 𝒕  

𝟐

+ 𝝎((𝑻∗𝑻𝒏𝑻𝒏𝑻∗)∗𝑻𝒏𝑻∗𝑻∗𝑻𝒏))𝟐. 

 Proof . By [9, Theorem 2.6]( see also [10, Theorem 2.4]) we have  

  𝟏 − 𝒔  𝑷𝝁,𝒗 𝒂, 𝒕  
𝟐

+ 𝒔  𝑷𝝁,𝒗 𝒃, 𝒕  
𝟐
   𝟏 − 𝒔  𝑷𝝁,𝒗 𝒃, 𝒕  

𝟐
  

+𝒔   𝑷𝝁,𝒗 𝒂, 𝒕  
𝟐
 − | 𝒂, 𝒃 |𝟐 ≤   𝟏 − 𝒔  𝑷𝝁,𝒗 𝒂, 𝒕  

𝟐

+ 𝒔  𝑷𝝁,𝒗 𝒃, 𝒕  
𝟐
  

  𝟏 − 𝒔  𝑷𝝁,𝒗 𝒃 −𝒎𝒂, 𝒕  
𝟐

+ 𝒔 𝑷𝝁,𝒗 𝒎𝒃− 𝒂, 𝒕  
𝟐
            (3.4) 

Where 𝟎 ≤ 𝒔 ≤ 𝟏,𝒎 ∈ ℝ 𝒂𝒏𝒅 𝒂, 𝒃 ∈ 𝓥. By taking 𝒎 = 𝟏,𝒂 = 𝑻𝒏𝑻∗𝑻∗𝑻𝒏𝒙  and 𝒃 =

𝑻∗𝑻𝒏𝑻𝒏𝑻∗𝒙in (3.4) ,we have 

  𝟏 − 𝒔  𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝟐

+ 𝒔 𝑷𝝁,𝒗 𝑻
∗𝑻𝒏𝑻𝒏𝑻∗𝒙, 𝒕  

𝟐
   𝟏 − 𝒔  𝑃𝝁,𝒗 𝑻

∗𝑻𝒏𝑻𝒏𝑻∗𝒙, 𝒕  
𝟐

+ 𝒔 𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝟐
  

−| 𝑻𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝑻∗𝑻𝒏𝑻𝒏𝑻∗𝒙 |𝟐

≤   𝟏 − 𝒔  𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝟐

+  𝒔  𝑷𝝁,𝒗 𝑻
∗𝑻𝒏𝑻𝒏𝑻∗𝒙, 𝒕  

𝟐
   𝟏 − 𝒔  𝑷𝝁,𝒗 𝑻

∗𝑻𝒏𝑻𝒏𝑻∗𝒙 − 𝑻𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  
𝟐
  

 +𝒔  𝑷𝝁,𝒗 𝑻
∗𝑻𝒏𝑻𝒏𝑻∗𝒙 − 𝑻𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝟐
     (3.5) 
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Thus ,we have 

  
𝟏 − 𝒔

𝜷𝟒 
  𝑷𝝁,𝒗 𝑻

∗𝑻𝒏𝑻𝒏𝑻∗𝒙, 𝒕  
𝟐
  +𝒔  𝑷𝝁,𝒗 𝑻

∗𝑻𝒏𝑻𝒏𝑻∗𝒙, 𝒕  
𝟐
   𝟏

− 𝒔  𝑷𝝁,𝒗 𝑻
∗𝑻𝒏𝑻𝒏𝑻∗𝒙, 𝒕  

𝟐
  +

𝒔

𝜷𝟒
 𝑷𝝁,𝒗 𝑻

∗𝑻𝒏𝑻𝒏𝑻∗𝒙, 𝒕  
𝟐
  

−|  𝑻∗𝑻𝒏𝑻𝒏𝑻∗𝒙 ∗𝑻𝒏𝑻∗𝑻∗𝑻𝒏𝒙,  |𝟐  

≤    𝟏 − 𝒔  𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝟐

+  𝒔𝜷𝟒  𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝟐
   𝑷𝝁,𝒗 𝑻

∗𝑻𝒏𝑻𝒏𝑻∗𝒙 − 𝑻𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  
𝟐

 

Finally , we take supremum over 𝐏𝛍,𝐯 𝒙, 𝒕 = 𝟏 

   
𝟏 − 𝒔

𝜷𝟒
 + 𝒔   𝟏 − 𝒔 +

𝒔

𝜷𝟒
  𝑷𝝁,𝒗 𝑻

𝒏𝑻∗𝑻∗𝑻𝒏, 𝒕  
𝟒
 

≤   𝟏 − 𝒔 + 𝒔𝜷𝟒]  𝑷𝝁,𝒗 𝑻
𝒏𝑻∗𝑻∗𝑻𝒏𝒙, 𝒕  

𝟐

 

 𝑷𝝁,𝒗 𝑻
∗𝑇𝑛𝑇𝑛𝑇∗ − 𝑇𝑛𝑇∗𝑇∗𝑇𝑛  , 𝑡  

2

+ 𝜔((𝑇∗𝑇𝑛𝑇𝑛𝑇∗)∗𝑇𝑛𝑇∗𝑇∗𝑇𝑛))2.□ 
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