Mathematical Statistician and Engineering Applications
ISSN: 2326-9865

More on IF-(a, B)-n-Normal operator on IFH-space

Tuka Adnan Alrubaiy®, Dr. Hadeel.Shubber?
L2Department of Mathematics, College of Education for Pure Science, University of Thi-Qar, Irag.
tukaadnan90@gmail.com
hadeelali2007 @utg.edu.ig

Article Info Abstract
Page Number: 1025 - 1028 In this paper we introduce IF-(a,)-n-Normal operator on Hilbert space
Publication Issue: JH .We give some basic properties of these operator .An operator § is an

Vol. 71 No. 3 (2022) intuitionistic fuzzy-(a, B)-n-normal operator if a?8*8" < &"6* < B28* 8"

. i i.e. § commutes with its intuitionistic fuzzy ad joint with0O<a <1<p
Article History

Article Received: 12 January 2022 Keywords: Self ad joint , intuitionistic fuzzy (e, B)- n-normal operator ,
Revised: 25 February 2022 intuitionistic fuzzy n-normal operator , partial isometry

Accepted: 20 April 2022
Publication: 09 June 2022

1. Introduction

Let IF B(H) be the set of all IF-Bounded Linear operators on IF H-space .On Intuitionistic Fuzzy Metric and Norm
have been defined by saadati [6] . Then Goudarzi et al . [4] in 2009 ,introduced Intuitionistic Fuzzy Inner product
space(IFIP-Space).

Majumdhar and Samanta [7] defined IFIP-Space in 2011 .In 2018

Radharamani et al .[1], [2] have given the definition and properties of Intuitionistic Fuzzy Hilbert space ( IFH-
Space ) I as a triplet (}[ P ,T) and also the cancept of intuitionistic fuzzy adjonint and self-adjont operators
(IFA and IFSA , operators) in IF H-space .IF H-space .IF 8§ € IFB(H),3 < éx,y >=<x8y >,Vx,y €
H .AlSo & is an IF SA-operator if 6§ = &§*. An operator T is said to be normal if T*T = TT*, (it is well known that
normal operators have translation — invariant properties r ,i.e. ,if T is normal operator, then (T — A)is normal
operator for evry( A € C);

Self ad joint if T* =T; projection if T? =T = T*. For an operator T € H , if ||TX||= ||x|| for all x € H (or
equivalently T*T = 1),

Then T is called an isometric .An on to isometric is called unitary .An operator T € IF B(H) is called partial
isometry if T*T is projection, An operator S € IF B(H) is called intuitionistic fuzzy n-normal operator if S"S* =
S*sn
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"A note on-Intuitionistic fuzzy n-Normal operator on IF H-space has been accepted for publication in the Journal
of Interdisciplinary mathematics in 2022

Now we introduced intuitionistic fuzzy(a, 8)-n-normal operator on 7 ,if for real number a, S with0< a <1 <

B thena? T*T™ < T"T* < B*T*T™

Have we estadlish some theorems and an example for intuitionistic fuzzy (a, 8)- n-normal operator like addition
and multiplication of intuitionistic fuzzy(a, 8)- n-normal operator.

2. PRELIMINARIES
Definition 2.1: [4]A continuous t —norm T is called continuous t- representable iff 3 a continuous t- norm * and
a continuous t- conform ¢ on the interval [0,1] such that for all

X =(x1,X2) , Y =(V1,y2) € L* , T(x,y) = (X1 * y1 ,%2 0 y2).
Definition 2.2: [4] Letp: V2 x (0,+ o) — [0,1] and 9: V? x (0,) — [0,1] be Fuzzy sets, such that
ux,y,t) + 9(x,y,t) <1,Vxy € V&t > 0.An Intuitionistic Fuzzy Inner Product Space
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(IFIP-Space) is a triplet (v, Fov ,T) , WhrerV is real Vector Space ,7" is a continuous t —representable and 7, ,, is
an Intuitionistic Fuzzy set on V2 x R satisfying the following conditions for all x,y,z € Vands,r,t € R:
(IFI-1) 7, ,(x,y,0) =0and 7, ,(x,y,t) >0, foreveryt >0.

(IFI-2) £y (xy,t) = F,(y,x,0) .(IFI-3) F,,(x,x,t) # H (1)

forsomet e Riffx #0

(1, if  t>0
Where H(t)—{o’ i ot<o0
(IF1-4) Forany x € R,

(IF1 — 5)sup {T (SFH‘V (%,2,5), Fv (v, 2, r))} =F (x+yy0.
(IFI - 6)F, ,(x,y,.): R — [0,1] is Continuous on R\ {0}.
(IF1 = 7) lim_. F, . (x,y, 1) = 1
Note 2.3: [4]
(i) Here the standard negator®V; (x) = 1 — x, vx € [0,1]
(i)By putting (x,y) = F,,(x,y, .),itis very simple to show that the
Intuitionistic Fuzzy Inner Product acts quite similarly as
theOrdinary Inner Product.
Definition 2.4: (IFSA — operator) [2] Let (V,%,,,T) be an IFH-Space with IP: (x,y)= sup
{t e RiF,(xy,) < 1},Vxy €vandletS € IFB (V). Then § is Intuitionistic Fuzzy Self- Ad joint operator ,

ifs=s ,where of S'is Intuitionistic Fuzzy Self- ad joint of §.
Theorem 2.5: [Z]Let(v, Foy ,T)be an IFIP — Space , where Tis a

continuoust-representable for everyx,y € V,sup {t € R
Fiy X%yt <1< oo.Define.,.:V XV - Rbyx,y=supt€ R: F, <1 Then(V,.,.)is an IFIP-
space, so that(V, ?H‘V)is normed

space ,where P, ,(x,t) = (x, X>1/2VX eV

3. MAIN RESULTS

In this section , we introduced the definition of intuitionistic fuzzy(a, 8)- n-Normal operator in IFH - space and
also explain some elementary properties of IF(«, 8)- n-Normal operator in IFH, space in detail.

Definition 3.1: let (v;, F,,, T) be IFH-space and let T € IFB(v) Then T is called IF-(a, f)n-normal if for real
number a, f with0O< a <1<,

a’T*T" < T"T* < B2T*T™

An immediate consequence of a bove definition

a®(T*T"x, x) <(T"T*x,x) < B*(T*T"x,x)Forall x € r

Theorem 3.2:if S$;S, are commuting IF-(a, §) n-normal operator,then S;S, is an IF-(a, ) n-normal operator
Proposition 3.3: let T,S is be a commuting IF-(a, 8) n-normal operator such that (S + T)*commutes with
Xrzi(3) Sm*T* Then (S + T) is an IF-(a, B) n-normal operator

Theorem 3.4: Let T € IFB(H)Then T is IF-(a, 8)-n-normal operator if and only if T" is IF-(a, 8)-normal
operator where n € N

Theorem 3.5: Let T; ... .....T,, be commute IF-(a, 8)-n -normal operator in IFB(H) then (T;® ........®T,,) are
IF-(a, B)-n -normal operator
Theorem 3.6: Let Tj ........T,, be commute IF-(a, 8)-n -normal operator in IFB(H)then(T;® ........®T,,) are IF-

(a, B)-n-normal operator
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Theorem 3.7 :Suppose T is both IF-(a, 8)-k-normal operator and

IF-(a, B)-(k+1)-normal operator for some positive integer K

Then T is IF-(a, B)-(k+2)-normal operator and hence T is

IF-(a, B)-n-normal operator for all n > K

Theorem 3-8: Let T € B(V)be an IF-(a, 8)-n-normal operator, if 0 < p < 1 or p = 2,then we have

2p
(Ruy (T T + T, 6)% + (B, (TT" = T"T7),6)?)P 2 (P (T°T™,8)) " (@, )

Where ¢(a,p) = 2P (1 + a??)? + (2P — 22)a?P) (3.2)

Proof:

We use the following inequality [8, Theorem 8, page 551]:

(P (a+b,)2+ (P, (a—b)2) =
22 (((Puy (@, )7 + (B (b, ))P)? + (2P — 22) (B, (@, )P (B.v (B, ))P) (3.2)
Where a and b are two vectors in a Hilbert spaceand 0 <p < 1lorp = 2
Now, ifweputa = T*T"xand b = T"T*x in (3.3)
Then we obtain
2 2
(P @ T+ T T2,0)) + (B (T Tx =TT, 1)) )P 2
= 2P (B (T T"x,t))P + (P, (T"T"x, £)P)? + (2P —22)
Py (T*T"x, )P (P, (T"T*x,1))P)
> 2P (P (T*T"x, 1)) (1 + a®?)? + (2P — 2%)a?P (P, ,(T*T"x,t))*")(3.4)
= 2P (P, (T*T"x,£)) (1 + a?P)? + (2P — 28)a?P)
= (B (T"T"x, 1)) p(a, p)
Now , Taking the supremum over P, ,(x,t) = 1in (3.5)
We get
((Puy (T*T™ + TMT*), 6)% + (P, (T*T™ — T"T*), £)2)P > (PH‘V(T*T",t))zp o(a,p)
Where ¢(a,p) = 2P (1 + a??)? + (27 — 2%)a?P)0
Theorem (3.9): Let T € B(V)be an IF-(a, §)-n-normal operator, if (T™) = 0 and for any x € V with
Pv(x,t)=1

We have P, , ( " e t) <p

Puyv(Tixt) Py (Thxt)’

2 2
Then we have a2 (B, (T°T™,6)) < w((T"T*)"(T"T*) + 3 p?a? (B, (T"T"x, t))
Proof :
We use the following reverse of Schwarz's inequality :

(0 S)(Pp,v (a’ t)(Pp_v (b: t)) - |(av b)l
< (R (@ D)) Py (b,t) —Re{a,b) < 2By (0,0, (b,t)  (36)
. . . . a b
Which is valid for a,b € V/0 and p > 0,with P, (m e t) < p (see[9]) .
Wetake a = T*T"x and b = T"T*x in (3.8) to get
(B (T T2, ) (B (T'T°x,8)) < KT T2, T T 20| + 2 p? (B, (@, DB (b,8)  (37)
2 2
Thus , we obtain a2 (PH,V(T*T"x, t)) < [T*T™x, T"T*x)| + 5 p2 52 (PW(T*T"x, t)) (3.8)
2 * 2 *) * * 1 2p2 * 2
& (B (T'T",6))" < {(T"T) (T, )| + 5 %62 (Pu (T T, 1))
Now , Taking the supremum over P, , (x, t) = 1 in (3.10) we get
2 1 2
a? (P, (1T, 0)) < O((T"T*) (T"T)) + 5 p*B? (R (T'Tmx,0) o
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