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1 INTRODUCTION

In the year 1982, Hdeib introduced the notion of a o-closed set. A subset B of a topological
space is called ®-closed if it contains all its condensation points. Recently general
topologists introduced and studied new types of topological sets by mixing interior, closure
operators with &-interior, d-closure operators. In this paper, our investigations on w-open sets
and o-closed sets in the sense of Hdeib, lead to the development in the following domains of
topology.

> Investigations on the relationships among the interior and closure operators; &-interior
and o-closure operators; m-interior, w-closure operators.

> New topological sets that will be defined by mixing the interior, closure operators with
o-interior, o-closure operators and also by mixing the interior, closure operators with
w-interior, m-closure operators and also by mixing interior, closure operators with -
interior, m-closure operators.

» Characterizations of recent concepts in the literature of topology by using the newly
defined sets.

> Applications of Extremally disconnected spaces by using the newly defined concepts and
their derivations.

In this paper, the mixed and ordinary operators are characterized in the classes of ro -sets

and r*w-sets. Certain topological sets that are inherited from w-open set, open set and 5-open
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set are characterized using ro -sets and r*m-sets. More over the behavior of rm -sets and r*o-
sets in Extremally Disconnected spaces are investigated. The Inclusion chains among the
mixed and ordinary operators are refined in the domains of ro -sets and r*m-sets.

2 PRELIMINARIES

Throughout this paper (X, t) (or X ) represent topological spaces on which no separation
axioms are assumed unless otherwise mentioned. The concept of &-closure was introduced
and studied by Velicko in the year 1968. A point x is in the &-closure of A if every regular
open nbd of x intersects A. ClsA denotes the d-closure of A.

Definition 2.1 A subset A of X is 8-closed [11] if A = CIsA. The complement of a 5-closed
set is 5-open. The collection of all §-open sets is a topology denoted by 1°. This 7° is called
the semi - regularization of t.

Let IntsA and ClsA denote the d-interior and o-closure of A respectively. Velicko established
that the operators CI(.) and Cls(.) have the same effect on the class of open sets and the
operators Int(.) and Ints(.) coincide on the class of closed sets.

Lemma 2.2 [11]
(i)  Forany open set A, ClsA= CIA,
(i)  Forany closd set B, IntsB= IntB.

Definition 2.3 A space (X,t) is said to be Extremally Disconnected [7] if the closure every
open set is open.

Definition 2.4

A subset M of a Space X is called:

Q) semi-open [4] if M [ cl(int(M));
(i) a-open [6] if M [ int(cl(int(M)));
(iii) regular open [8] if M = int(cl(M));
(vi) pre-open [5] if M [ int(cl(M)).

The complements of the above-mentioned open sets are called their respective closed sets.

Definition 2.5 [2] Let H be a subset of a space (X, t), a point p in X is called a condensation
point of H if for each open set U containing p, U N H is uncountable.

Definition 2.6 [2] A subset H of a space (X, 1) is called w-closed if it contains all its
condensation points.

The complement of an w-closed set is called w-open. The family of all w-closed sets is
denoted by oC(X, 1). The family of all w-open sets is denoted by wO(X ). It is well known
that a subset W of a space (X, 1) is w-open [2] if and only if for each x € W, there exists U €
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17 such that x € U and U — W is countable. The family of all m-open sets, denoted by 1o, IS a

topology on X, which is finer than 1. The interior and closure operator in (X, 1) are denoted
by int, and cl,, respectively.

Definition 2.7 The set A of a space X is called

Q) a-w-open [9] if A= IntuCl Int,A
(i)  semi-w-open [9] if AcCI IntoA
(i)  pre-w-open [9] if Ac InteCI A

The complements of the above-mentioned open sets are called their respective closed sets.
3ro-SETS AND r*e-SETS
Proposition 3.1 For any subset A of a space (X,t), the following always hold.
Q) IntCloIntA cIntCloIntoA cIntClintoA cIntoClintoA
(i) IntCloIntAcIntClIntA cIntClinteA cIntoClinteA
@iii)  IntCloIntAcIntsCloIntA cIntoClIntA cIntoClintoA
(iv)  IntCloIntAcIntsCloIntA cInteCloInteA cinteClinteA
Proof.
IntCloIntA cIntCloIntoA by using Int(.)cInte(.)
clIntClintoA by using Clo(.) <CI(.)
clIntoClintoA by using Int(.)cInts(.). This proves (i)
IntCloIntA cIntClintA by using Cle(.) <CI(.)
clIntCl IntoA by using Int(.)cInte(.)
cIntoClintoA by using Int(.)clInte(.). This proves (ii)
IntCloIntA cIntoCloIntA by using Int(.)cInte(.)
cIntoCl IntA by using Cle(.) <CI(.)
cIntoCl InteA by using Int(.)cInte(.). This proves (iii)
IntCloIntA cIntoCloIntA by using IntAcintoA
cIntoClo InteA by using Int(.)cInte(.)
cIntoCl InteA by using Clo(.) <CI(.). This proves (iv).

Proposition 3.2
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Q) CloIntsAcClIntsA=ClsIntsAcClsIntA=ClIntAcClIntoAcClsinto A
(i) ClolntsAcCloIntAcCloIntoAcClintoAcClsIintoA
(iii) IntsCloAcIntCloAcIntCIA= IntsClIAcIntsClsA=IntClsAcIntoClsA
(iv) IntsCloAcIntCloAcinteCloAc Into,CIA < IntoClsA
Proof. IntsA < IntA c IntoA < Ac CloA < CIA c CI5A.
CloIntsA cClintsA using Clo(.) < Cl ()
= ClsIntsA using Lemma 2.2(i)
c ClsIntA using Ints(.)<lInt(.)
= ClIntA using Lemma 2.2(i)
< ClintoA using Int(.)cInte(.)
c ClsIntoA using CI(.)<Cls(.).
Therefore CloIntsAcClintsA=ClsIintsAcClsintA= ClintAcClintoAcClsIntoA.
This proves (i).
Now  CloIntsAcCloIntA  using Ints(.)cInt(.)
cClolntoA using Int(.)cInts(.)
cClIntoA using Clo(.)cCI(.)
c ClsIntoA using CI(.)cCls(.).
Therefore CloIntsA < ClolntA < ClolIntoAc ClintoAc ClsintoA.
This proves (ii).
Again now IntsCloAcIntCloA using Ints(.)<Int()
cIntCIA using Clo(.)cCI(.)
= IntsCIA using Lemma 2.2(ii)
cIntsClsA  using CI(.)<Cls(.)
= IntCIsA using Lemma 2.2(ii)
cIntoClsA  using Int(.)cInte(.).
Therefore IntsCloAcIntCloAcIntCIA=IntsCIAcIntsClsA=IntClsAcInt,ClsA.
This proves (iii).
Vol. 71 No. 4 (2022) 13012
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IntsCloAcIntCloA using Ints(.)<Int(.)
cIntoCloA using Int(.)cInts(.)
cInto,CIA using Clu(.)<CI(.)
clIntoClsA using CI(.)cCls(.).
Therefore IntsCloA cINtCloA cIntoCloA < IntoCIA < IntoClsA.
This proves (iv).
Proposition 3.3 For any subset A of a space (X,t), the following always hold.
(1) CloIntCloAc CloIntCIA cCloIntoCIA cClint,CIA
(i) CloIntCloAc CloIntsCloA cCloIntoCIA <Clint,CIA
(iii)  CloIntCloAc ClintCloA cClinteCloA cClintCIA
(iv)  CleIntCloAc ClintCloA <ClIntCIA cClintoCIA
Proof. CleIntCloAc CloIntCIA by using Cle(.) <CI(.)

cClolIntoCIA by using Int(.)cInte(.)

cClintoCIA by using Clo(.) <CI(.). This proves (i)
CloIntCloAc CloInteCloA by using Int(.)cInte(.)

cClolIntoCIA by using Cle(.) <CI(.)

cClintoCIA by using Clo(.) <CI(.). This proves (ii).
CloIntCloAc ClIntCloA by using Clo(.) <CI(.)

cClIntoCloA by using Int(.)cInte(.)

cClintoCIA by using Clo(.) CI(.). This proves (iii).
ClolIntCloAc ClIntCloA by using Cle(.) <CI(.)

cClIntCIA by using Clo(.) <CI(.)

cClIntoCIA by using Int(.)clInte(.). This proves (iv).

The assertion (i) of Proposition 3.2 will be used to find the inclusion chains among some
mixed three level operators as shown in the next proposition.

Proposition 3.4

Q) IntsCloIntsAcIntCloIntsAcIntClIntsA=IntClsIntsAcIntClsIntA
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(i) IntClsIntA=IntClintAcIntClintoA cIntClsintoA cIntoClsintoA
@iii)  IntsClolntsAcIntsClintsA=IntsClsIntsA cIntsClsIntA=IntsClintA
(iv)  IntsClintAcIntsClintoAcIntsClsIntoAcIntClsinto AcIntoClsInto A
(V) IntsCloIntsAcIntCloIntsAcintoClo IntsAcInt,ClintsA=Into ClsInts A
(vi)  IntoClsIntsA cInt,ClsIntA=Int,ClintAcInt.ClintoAcIntoClsIntoA
Proof.

Taking interior, é-interior and w-interior operators on the assertion (i) of Proposition 3.2 we
get the following three equations.

IntCloIntsAcIntClintsA=IntClsIntsAcIntClsIntA=IntClIintA
cIntClintoAcIntClsintoA.
IntsCloIntsAcIntsClintsA=IntsClsIntsAcIntsClsIntA=IntsClIntA
cIntsClintoAcIntsClsintoA.
IntoClolIntsAcIntoClintsA=Int,ClsIntsAcIntoClsIntA=Int,ClIntA
cIntoClintoAcIntoClsIntoA.
IntsCloIntsAcIntCloIntsAcIntClintsA=IntClsInts A
cIntClsintA=IntClintAcIntClintoA
cIntClsintoA cIntoClsintoA.
This proves (i) and (ii).
IntsCloIntsAcIntsClintsA=IntsClsIntsA
cIntsClsIntA=IntsClIntA
cIntsClintoAcIntsClsintoA
cIntClsIntoAcIntoClsintoA.
This proves (iii) and (iv).
IntsCloIntsAcIntCloIntsAcIntoCloIntsA
cIntoClintsA=Int,ClsIntsA
cIntoClsintA=Int,ClIntA

cl NtuClII ntoAcl ntoClsintoA.
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This proves (v) and (vi).

The assertion (iii) of Proposition 3.2 will be used to find the inclusion chains among some
mixed three level operators as shown in the next proposition.

Proposition 3.5

0) CloIntsCloAc ClintsCloAcClIntCloAc ClIntCIA= ClintsCIACCIIntsClsA
@it)  ClintsCIsA=ClIntClsAc ClintoClsA < CIsA IntoClsA

(iii)  CloIntsCloAcClIntsCloAcClsIntsCloAcClsIntCloAc ClsINtCIA

(iv)  ClsIntClIA= ClsIntsCIA cClsIntsClsA=ClsIntClsAc ClsintoClsA

(v)  CloIntsCloAcCloIntCloAc CloIntCIA= CloIntsCIA cCloIntsClsA

(vi)  ClelIntsClsA=CloIntClIsAcCloIntoClsAcClinto,ClsAcClsInto ClsA.

Proof. Taking closure, 3-closure and w-closure operators on the assertion (iii) of Proposition
3.2 we get the following three equations.

ClintsCloAcClIntCloAc ClIntCIA= ClintsCIA
cClIntsClsA=CIlIntClsAc ClintoClsA.
ClsIntsCloAcClsIntCloAc ClsIntCIA= ClsintsCIA
cClsIntsClsA=ClsIntClsAc ClsintoCIsA.
CloIntsCloAcCloIntCloAc CloIntCIA= CloIntsCIA
cCloIntsClsA=CloIntClsAc CloIntoClsA.

CloIntsCloAc ClintsCloAcClIntCloAc ClIntCIA= ClintsCIA
cClIntsClsA=ClIntClsAc ClintoClsA < CIsA IntoCl5A.

This proves (i) and (ii).
CloIntsCloAcClIntsCloAcClsIntsCloAcClsIntCloA

c ClsIntCIA= ClsIntsCIA

cClsIntsClsA=ClsIntClsAc ClsIntoClsA.

This proves (i) and (iii).

CloIntsCloAcCloIntCloAc CloIntCIA= CloIntsCIA
cCloIntsClsA=CloIntCIsAcCloIntoCIsACClInto,CIsACClsIntoClsA.
This proves (v) and ( vi).
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Proposition 3.6 For any subset A of an Extremally Disconnected space (X,t), the following
results hold.

Q) ClIntA is open

(i) IntCIA is closed
(iii))  IntClIntA = ClIntA
(iv)  ClntCIA = IntCIA
(V) ClintsA is open

(vi)  IntClsA is closed
(vii)  IntClintsA = ClintsA
(viii)  ClIntClsA = IntCIsA

Proof. The assertions (i), (ii), (v) and (vi) follow from Definition 2.1. The assertions (iii)
and (iv) follow from (i) and (ii). The assertions (vii) and (viii) follow from (v) and (vi).

Proposition 3.7 For a subset A of an Extremally Disconnected space (X,t), the following
results hold.

Q) IntCloIntAcClIntA cIntClintoA cIntoClinteA

(i) CloIntCloAc ClIntCloA cIntCIA cClintoCIA

@iii)  IntsCloIntsAcIntCloIntsAcClIntsA=IntClsIntsAcIntClsIntA

(iv)  IntClsIntA=ClIntAcIntClintoA cIntClsint,A clIntoClsinteA

(V) ClolIntsCloAc ClintsCloAcClINtCloAc IntCIA= ClintsCIACClIntsClsA
(vi)  ClintsClsA=IntClsAc ClintoClsA < ClsintoClsA

Proof. The assertion (i) follows from Proposition 3.1(ii).

The assertion (ii) follows from Proposition 3.3(iv).

The assertions (iii) & (iv) follow from Proposition 3.4(i) & (ii).

The assertions (v) & (vi) follow from Proposition 3.5(i) & (ii).
Corollary 3.8 Let A be a subset of an Extremally Disconnected space (X,1),
0] If A is semi-open then it is a-w-open.

(i) If A is semi-closed then it is a-m-closed.

Proof. Obvious.
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Example 3.9 Let R denote the set of all real numbers and t be the standard topology on R.
Let Q be the set of all rational numbers and Q° denote the set of all irrational numbers. It is
easy to prove the following.

Q is w-closed and Q° is w-open.

Any super set of Q° is w-open.

A subset of Q is w-closed.

Any countable subset of R is ® -closed.

Every open interval is m-open.

Any w-open set U in R is of the form U=V UA where V is a subset of Q° and A is a
subset of Q.

YV YV V VY

Definition 3.10 A subset A of a space (X,1) is

Q) an ro-set if IntCloA = IntCIA,
@i)  an r*e-set if ClintoA =ClIntA and
(iii)  anrr*w-set if it is both an rm-set and an r*o-set.

As seen from Example 3.9, it is evident that

Q) Q is an r*e-set but not an rm-set; Q° is an re-set but not an r*m-set;
(i)  Qu(a, b) is an r*m-set but not an re-set and
@iii)  Q°U(a, b) is an rm-set but not an r*m-set where a<b.

Proposition 3.11 A subset A of a space (X,t) is
Q) an ro-set <IntCloA = IntsCIA,
(i)  an r*e-set <ClintoA =ClsIntA

Proof. Using Proposition 3.2(i) & (iii), we have IntCIA= IntsCIA and ClsIntA= ClIntA. This
along with Definition 3.10, proves the proposition.

Corollary 3.12

Q) The set Ais an ro-set <IntCloA = IntCIA= IntsCIA.

(i)  The set A'is an r*@-set <ClintoA =ClIntA = ClsIntA.

Proof. Follows from Proposition 3.11.

Proposition 3.13 Let A be an rm-set in an Extremally Disconnected space (X,t). Then
CloIntCloA= ClIntCloA = INtCIA= IntCloA = IntsCIA= ClIntsCIA is valid.

Proof. Let A be an reo-set in an Extremally Disconnected space (X,t). Then using
Proposition 3.7(ii), we get
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Using Corollary 3.12(i) in the above expression we have

CloIntCloAc CliIntCloA cIntCIA= IntCloA = IntsCIA <Clint,CIA. (G)
SincelntCloA < CloIntCloA, (G) becomes

CloIntCloAc ClintCloA cIntCIA= INtCloA = IntsCIA < CloIntCloA that implies
CloIntCloA= ClIntCloA = INtCIA= IntCloA = IntsCIA. (H)
Now using Proposition 3.7(v), we get
CloIntsCloAcClIntsCloACClNtCloACINtCIA=CIIntsCIACCIIntsClsA.

Using Corollary 3.12(i) in the above expression we have
CloIntsCloAcClIntsCloAcClIntCloAcIntCIA=INtCloA=IntsCIA

=ClIntsCIA cClintsClsA ()

. SincelntCloA < ClIntCloA, (I) becomes
IntCloAClIntCloAcIntCIA=IntCloA=IntsCIA=ClIntsCIA that implies
ClintCloA=IntCIA=IntCloA=IntsCIA=ClIntsCIA. )
Combining (H) and (J) we have

CloIntCloA= ClIntCloA = IntCIA= IntClobA = IntsCIA= ClIntsCIA. This proves the
proposition.

Proposition 3.14 Let A be an rm-set in an Extremally Disconnected space (X,t). The
followings are equivalent.

Q) A is a-wo-closed
(ii) ClintCloA cA
(iii)  A'is semi-w-closed
(iv)  Ais semi-closed
(v) IntsCIA cA
(vi)  ClintsCIA cA.

Proof. Let A be an rw-set in an Extremally Disconnected space (X,t). Then using
Proposition 3.13, we have

CloIntCloA= ClIntCloA = INtCIA= IntCloA = IntsCIA= ClIntsCIA . (K)
Therefore
Vol. 71 No. 4 (2022) 13018
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A is a-o-closed <CloIntCloA cA <ClIntCloA cA
<IntCloA cA < A is semi-m-closed

<IntCIA cA < A'is semi-closed

<IntsCIA cA.

<ClIntsCIA cA.

This proves the proposition.

Proposition 3.15 Let A be an rw-set in an Extremally Disconnected space (X,t). The
followings are equivalent.

(i) Ais regular open

(ii) A=ClIntCloA

(iii) A= ClIntCloA

(iv) A= IntCloA

(v) A= IntsCIA

(vi)A=ClIntsCIA .

Proof. Let A be anrm-setin an Extremally Disconnected space (X,1).
Then using (K) we have

Ais regular open < A = IntCIA
< A=ClyIntCloA

< A= CliIntCloA

< A= IntCloA

< A= IntsCIA

< A=ClIntsCIA

This proves the proposition.

Proposition 3.16 Let A be an re-set in an Extremally Disconnected space (X,t). The
followings are equivalent.

(i) Ais pre-open
(if) AcClIntCloA
(ii1) AcClIntCloA
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(iv) AciIntCloA

(v) AcIntsCIA

(Vi)AcClIntsCIA .

Proof. Let A be an reo-setin an Extremally Disconnected space (X,1).
Then using (K) we have

Ais pre-open < A cIntCIA

< AcCloIntCloA

< AcClIntCl,A

< AcIntCloA

< AclIntsCIA

< AcClIntsCIA

This proves the proposition.

Proposition 3.17 Let A be an r*eo-setin an Extremally Disconnected space (X,t). Then
ClintA= ClintoA= ClsIntA cIntClintoA = Int,ClintoA = IntClsIntA is valid.

Proof . Let A be an r*m-set in an Extremally Disconnected space (X,t). Then using
Proposition 3.7(i) we have IntCleIntAcCIIntA cIntClintoA cIntoClintoA.

Using Corollary 3.12(ii) in the above expression we get

IntCloIntAcClIntA= Clint,A= ClsIntA cIntClintoA cIntClintoA that implies

ClintA= ClintoA= ClsIntA cIntClintoA clIntoClintoA < ClintoA  so that

ClintA= ClintoA= ClsIntA cIntClintoA = InteClInteA (L)

Now using Proposition 3.7(iv) we have

IntClsIntA= ClintAcIntClIintoA cIntClsintoA clIntoClsintoA.

Using Corollary 3.12(ii) in the above expression we get

IntClsIntA= ClintoA= ClsIntA =ClIntAcIntClinto,A cIntClsintoA cIntoClsintoA that implies
IntClsIntA= ClintoA= ClsIntA =ClIntAcIntClintoA <Clint,A so that

IntClsIntA= ClintoA= ClsIntA =ClIntA=IntClIntoA (M)

Combining (L) and (M) we get
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ClintA= ClintoA= ClsIntA cIntClinteA = IntoClinteA = IntClsintA. This proves the
proposition.

Proposition 3.18 Let A be an r*w-set in an Extremally Disconnected space (X,t). The
followings are equivalent.

(i) A'is a-w-open

(ii) A < IntClIntoA
(iii) A'is semi-w-open
(iv) A is semi-open
(V)A cClsIntA.

(Vi)A cIntClsIntA.

Proof. Let A be an r*w-set in an Extremally Disconnected space (X,t). Then using
Proposition 3.17, we have

ClintA= ClintoA= ClsIntA cIntClintoA = IntoClIntoA = IntClsIntA. (N)
Therefore

A is a-m-open < Ac InteoClintoA < A c IntClint,A

< A cClintoA < A is semi-m-open

< A c ClIntA < A is semi-open

< A cClsintA< A cIntClsIntA.

This proves the proposition.

Proposition 3.19 Let A be an r*m-set in an Extremally Disconnected space (X,t). The
followings are equivalent.

(i) A is regular closed
(i1) A= IntoClintoA
(iii) A = IntClintoA
(iv) A = ClintoA

(v) A = ClsIntA

(vi) A = IntClsIntA

Proof. Let A be an r*m-set in an Extremally Disconnected space (X,t). Then using (N) we
have
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A is regular closed < A c ClIntA
< A= IntoClInteA

< A = IntClintoA

< A =ClInteA

< A = ClsIntA

< A = IntClsIntA

This proves the proposition.

Proposition 3.20 Let A be an r*w-set in an Extremally Disconnected space (X,t). The
followings are equivalent.

(i) A'is pre-closed
(ii) Ao IntClintoA
(iif) Ao IntClInt,A
(iv) A oClintoA
(v) A =ClsIntA

(vi) A IntClsIntA.

Proof. Let A be an r*m-set in an Extremally Disconnected space (X,t). Then using (N) we
have

A is pre-closed < A o ClIntA
< Ao IntoClintoA

< Ao IntClintoA

< A oClintoA

< Ao= ClsIntA

< A oIntClsIntA

This proves the proposition.
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