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1. Introduction and Preliminaries

A partially ordered semigroup, briefly posemigroup is a pair (., <) comprising a semigroup.§
and a partial order < on § that is compatible with its binary operation,i.e. for all s, s, ti, t2€8, 81 < t;
and s. < t, implies that s;s0 < tito. If §'is a monoid, we call (S, <) partially ordered monoid, shortly
pomonoid. We call (U, <u) a subposemigroup of a posemigroup (S, <s), if U is subsemigroup of the

semigroupSand <y=<sN(U x U). The corresponding notion of subpomonoids is defined analogously.

A posemigroup morphism f:(S, <s) — (T, <t ) is a monotone map i.e. (r <sy ==/x) <1/(y))
which is also a semigroup morphism of the underlying semigroups.

We shall also denote posemigroups (pomonoids) by .S, T etc. whenever no explicit mention of
the order relation is required.

Let § and T be posemigroups and f:5— T be a posemigroup morphism. Then fis said be an
epimorphism (epi for short) if for any posemigroup /# and any posemigroup morphisms a,f : T —
W,a of =f o fimplies a = . We observe that f:8— T is necessarily a posemigroup epimorphism
if '+ §S—T is a semigroup epimorphism, where in the latter case we disregard the orders (and hence
the monotonocity) and treat S and 7T as semigroups.

Let U be a subposemigroup of a posemigroup .8 and d €S. We say that U dominates d if for
all posemigroup epimorphisms a, 8: $— T, such that a(«) = («) for all « €U, one has a(d) = (d). The
set of all elements of .§ that are dominated by U is called the posemigroup dominion of Uin § and is
denoted by Domg(U, §). One can easily verify that Dom<(U, §) is a subposemigroup of § containing
U. A posemigroup U is said to be saturated if Dom¢ (U, ) #S8 for every posemigroup .§ containing U
properly as a subposemigroup. It can be easily verified that a posemigroup morphism f:8— T'is an epi
if and only if the inclusion 7: f{.S) — T is epi and the inclusion 7: U—S'is epi if and only it Dom.(U, )
=48

An identity u = v is said to be preserved under posemigroup epis if for any posemigroup §

satisfying the identity # = v and epimorphism « : S— T implies that T also satisfies the identity « = v.
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Equivalently, we say that if U is a subposemigroup of a posemigroup § such that Dom(U, ) = § and

U satisfies the idenity« = v implies that § will also satisty the same idenity.

The semigroup theoretic notations and conventions of Howie [4] will be used throughout

without explicit mention.

The following result is known as the Zigzag Theorem for posemigroups provided by

Sohailand Tart [6] and will frequently be used in what follows

Theorem 1.1.[6], Theorem 5 Let U be a subposemigroup of a posemigroupsS. Then we have d€

Dom.(U, 8) if and only if JEU or
d < xquq,
XiUgi—1 = Xij+1Uzj

XmUzm-1 < Uzm,

(1.1) Vo < S1Vq,
SjV2j < Sj+1V2j+1

Sm/Vom! < d,

where, Ug, Vg ... Upm, Vom! € U, X1, V1, oo Xy Yims S1, E1) e

Up = U1Yy
UpYi S Ugi41Yir 1 STsm—1

UpmYPm < d
d < votl

. ’
ij—ltj—l < vzjtj,l S] <m -1

Vom/—1tm’ = Vom!s

o Smhty €S,

Let us call the above inequalities posemigroup zigzag inequalities in .§ over U with

value d and length (m, m') and we say that it is of minimal length (m, m') if m and m’ are the

least positive integers. The first scheme of the zigzag inequalities (1.1) gives:

d < xXUp < X UY; < KUYy < 0 S Xplpm—1Ym < UpmPm < d.

This gives,

(1.2)  d=2x1Up = XU Y1 = XpUpYy = *** = XpplUpm—1Ym = UzmYVm-

Similarly the second scheme of the zigzag inequalities (1.1) gives:

d S vty S 5101t S $1Vt S S S Vo —1tm! S S/ Vo < d.

This gives,

(1.8)  d =voty = S1V1t; = S1Vpty =+ = Sy Vo' _ 1t = S/ Vam /-

The next theorems are from [1] and are very important for our investigations.

Theorem 1.2. [1], Lemma 3.2

Let d € Domg(U, S) \ Uand (1.1) be the zigzag inequalities for d of minimal length
(mm'"), then x;,y; € S\U for i =1,2...mand sj, €S\ Uforallj=1,2,..m".

Theorem 1.3.([1], Lemma 3.3)
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For any d €S \ U and for any positive integers & and k' there exist

Up, Upy e, U, Ve, Vg, o, Uy EU and  dg,dyr € S\U such that d =uju,..updy =
A/ V1V _q e Vo Vg

Bracketed statements whenever used shall mean the dual to the other statements.
2. Permutative posemigroups

A semigroup S is said to be permutative if .S satisfies a permutation identity

(2.1) X1 Xg o X = X Xiy X

Where i is a non trivial permutation of the set {1, 2, ..., n}.

We call a posemigroup S a permutative posemigroup if it is such as a semigroup. In [1],
Ahanger and Shah have shown that if U is a commutative posemigroup then for any
containing posemigroup S, Dom<(U, S) is also a commutative posemigroup. In particular it
shows that commutativity is preserved under epimorphisms in the category of posemigroups.
In this paper we extend this result to the case when U is any permutative posemigroup
satisfying the permutation identity,

(2.2) X1 XXz = X Xi, Xig
wherez is any non-trivial permutation on {1, 2, 3}.
The permutative identity (2.2) can have any of the following form:

T1X02Xs = T1XsZe [left normal]
L1 ZoZs = To1 s [right normal]
L1 ZoXs = TsTely [semi-commutative)]
L12eX5 = ZoXsX; [CT1-Permutative]
T122xs = Zsx122 [CT2-Permutative]

In this paper by permutative posemigroup we shall mean a posemigroup S satistying the
permutation identity (2.2).

Let U be a subposemigroup of a posemigroups such that Dom(U, §) = § and let
d€S\U, k=1, 2, 3. By Theorem 1.1, each dy has zigzag inequalities of type (1.1) in S over
U of minimal length (mi,my"),

dy = xfk)u(()k) , u(()k) < uik)yl(k)

(r), (k) k), (k) (k) (k) () (k) :
Xp UpZ g S XU U Y S Upii Vil ST Sm—1

23 20000 < 0w w0 g

mpg 2my—1 - 2my uka my

(k) (k) (k) (k) (k) (k) (k) , (k) ;
(k) (k) _ (k) (k) (x)
Sm;C 172m;€ = dy, va’k—ltm;c = UZm;( ’
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Where, u(()k) ,vék) , ___.,ug,(,)lk ,vé':r)ll,( ,€ U and by Theorem 1.2, xik),yl(k), ...... , x,(rlfz ,y,(ni),

s, o0 100 ¢ o\

oS
’ )
my k

In Lemmas 2.1 to 2.6, U is a permutative posemigroup satisfying the permutation identity

(2.2) and S'is any posemigroup containing U properly as a subposemigroup such thatDom.
(0,8 =S8

Lemma 2.1. If Uis right [left] normal posemigroup, then so is S.

Proof: We prove the lemma for the case when U is right normal posemigroup, the other
case follows on similar lines. We have,

(2.4) UqUyUz = Uyuqus forall uy,u,,uz € U.
We show that §'is also right normal posemigroup, that is:
(25) d1d2d3 = d2d1d3 for all dl,dz, d3 evV.

If all of di, do, ds€ U, then there is nothing to prove. So assume that not all of di, ds, ds are in
U. Now we have the following cases:

Case 1: d,ES\ Uand d» = us, ds = us€U. Then we have,
diususz < xil)ugl)

= xil)uzugl)us, (as U satisfies the identity (2.4))

u,u; (by zigzag inequalities (2.3)

< xfl)uzugl)yl(l)% (by zigzag inequalities (2.3)).

Nextfor/=1,2,...,m— 1, we have
1 e 1 1 1
xl( )uzugl)_lyl( u = xl( )uzugl)_lu(l)y(l)ug (where uMy® = yl( ) u® g y,y®

€ S\U by Theorem 1.3 as yl(l) € S\U)

= xl(l)ug) wuPyDus(as U satisfies the identity (2.4))

< xl(i)lug)uzu(l)y(l)u3 (by zigzag inequalities (2.3))

= xl(i)luzug?u(l)y(l)ug (as U satifies the identity (2.4)

1 1. (1 1
= X ugty v us (asu®y® =y

= xl(i)luzugﬂlyl(ﬂ% (by zigzag inequalities (2.3)).

Therefore we have the following

1 1 1
dujus < x,(n)uzugni_ly,(n)%

1 1 1
= xr(nl)uzugn)ll_lu(l)y(l)ug (Where u(l)y(l) = yTE’ll)'u’(l) € U,y(l)

€ S\U by Theorem 1.3 as y,(nll) € S\U)

= xﬂfugzl_luzu(l)y(l)ug, (as U satifies the identity (2.4))
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< ugi,)lluzu(l)y(l)% (by zigzag inequalities (2.3))

= uzugr)llu(l)y(l)ug, (as U satifies the identity (2.4))

€0)

2m1

(1))

1
= UgUfp Vim, us (as uDy® = -

= u,dqus(by zigzag inequalities (2.3)).

On similar lines by using the second scheme of the zigzag inequalities (2.3), we obtain uad;us
< diusus. Therefore diusus = uodius.

Case 2: dy,d, € S\U and d3 = uz € U.Then we have,
dydyus < dyxPuPus (by zi inequliti
1daus < dix;"uy'us (by zigzag inequlities (2.3))

< ugz)dlez)u3 (by Case 1)

< uPy@q xPy, (by zigzag inequality 2.3)).

Nextfor [=1,2,...,m— 1, we have

()

uZl—lyl(Z)dlxl(Z)

Uz = yl(z)dlxl(z)ug)_lug (by Case 1)

< yl(z)dlxl(f)lug)% (by zigzag inequalities (2.3))

= ug?)’z(z)dlxl(i)lug (by Case 1)

< ugﬁlyl(ﬂdlxl(ﬂ% (by zigzag inequalities (2.3)).

Therefore we have the following

2 2 2
dydyuz < ugn)lz—1y7(nz)d1xr(n2)u3

2 @y, @

—
- ym2 my u2m2

_quz (by Case 1)

< y,(nzz)dlugf,)lz% (by zigzag inequalities (2.3))

= ug‘zrr)lzy‘r(nzz)dlug (by Case 1)
= d,dyus(by zigzag inequalities (2.3)).

On similar lines by using the second scheme of the zigzag inequalities (2.3), we obtain
d2d1u3 < dldzug.TheT‘efOTe d1d2u3 = d2d1u3

Case 3: dy,d;,d; € S\U.Then we have
d dyd; = d,d,vit3 (by zigzag inequalities (2.3))
= d,d,v3t3 (by Case 2)
= d,dyd;(by zigzag inequalities (2.3)),
as required.

13224

Vol. 71 No. 4 (2022)
http://philstat.org.ph


http://philstat.org.ph/

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Lemma 2.2. If Uis semicommutative posemigroup, then so is S.
Proof: Since U is semicommutative, therefore, we have,
(2.6)uquyus = uzuyuy forall uq,uy,uz € U.

We show that § is also semicommutative, that is,

(2.7) d,d,d; = dzd,d; foralld,,d,,d; €S.

If all of dy,d,,d3 € U, there is nothing to prove. So assume that not all of
dy,d,,d; are in U. Now we have the following cases:

Case 1: d, € S\Uand d, = u,,d; = u; € U.Then we have,

diuyuz < xf )u(() )u2u3 (by zigzag inequalities (2.3))

= xfl)u3u2u0 ) (as U satifies the identity (2.6))

< xPuzuuMy® (by zigzag inequalities (2.3))

= xPuPyyuyyt )(as U satifes the identity (2.6)).
Next for [=1,2,...,m;-1, we have
x )ugl) LU2U3Y, @ = xl(l)u3u2u2) 13’1( ) (as U satifies the identity (2.6))

< x( )u3u2u( ) 1(+i (by zigzag inequalities (2.3))

< xl( )ug)uzu3yl+1 (as U satisfies the identity (2.6))

< x® M

l+1u21+1u2u3yl+1(by zigzag inequalities (2.3)).

Therefore we have the following

diususz < x(l)ugn)l _1u2u3y,(nl)

< ugl) u2u3ym) (by zigzag inequalities (2.3))

= u3u2u;,)llym)(as U satifies the identity (2.6))

= uguzdl(by zigzag inequalities (2.3)).
On Similar lines by using the second scheme of the zigzag inequalities (2.3),
we obtain, uzu,d; < dyu,usz.Therefore diuu; = uzu,d;.
Case 2: dy,d, € S\U and d; = u; € U.Then we have,

didyus < dlx(z) (2 )u3 (by zigzag inequalities (2.3))
= u3u02)d1x£2) (by Case 1)
13225
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< u3u§2)y1(2)d1x£2)(by zigzag inequalities (2.3)).

For all /= 1,2,....,mo- 1 and by applying zigzag inequalities (2.3) and Case 1 it can be easily
verified that

2) (2 2 2) (@ 2
ugug i S ugugrh v dicy.

Therefore we have the following

2 2 2
didyus < u3ugn)lz_13’r(nz)d1xr(n2)

2 2). (2
( )dlxr(nz)ugn)lz_l% (by Case 1)

< Vm, dlug,)lzu3 (by zigzag inequalities (2.3))

2)

= u3u§22y,(nz d, (by Case 1)

= u3d2d1(by zigzag inequalities (2.3)).
By a similar token, we have, uzd,d; < d,dyus. Therefore usd,d; < d;d,us.

Case 3: dy,d,,d; € S\U.Then we have,
_ (3),(3) . . e
didyd; = didyv, 't (by zigzag inequalities (2.3))

= v(§3)d2d1 t1(3) (by Case 2)

< 51(3)v1(3)d2d1t£3)(by zigzag inequalities (2.3)).

Next, foralll =1,2,...,m; — 1,we have
3)..(3 3 3 3) .3
sl( )vz(lzldzdltl( ) = 51( )d1d2172(121t1( ) (by Case 2)
< 51(3)d1d2v2(?)tl(f)1 (by zigzag inequalities (2.3))

= 51(3)172(?)612 dltl(f)l (by Case 2)

< 51(3)1'72(1311‘12 dltl(f)l (by zigzag inequalities (2.3)).

Thus we have the following

dydyds < sV dydytl)

ms v2m3 -

3 3 3
= sr(ngdldzvz(nzs_ltr(n; (by Case 2)

< s$3d1d2v2(323 (by zigzag inequalities (2.3))

= 51(33172(230{2611 (by Case 2)

< dgdzdl(by zigzag inequalities (2.3)).
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On similar lines, we have, dzd,d; < d;d,d3.Therefore d;d,d3; = d3d,d;.Hence the
lemma follows.[ ]

Lemma 2.3. If U is CT1 [CT2] posemigroup then so is S.

Proof: We prove the lemma for CT'1 posemigroup, the other case follows on similar lines.
We have,

(2.8)uquyus = uyuzuy for all ug,uy, uz € U.
We show that S is also CT1,that is,
(2.9)d1d2d3 = d2d3d1 fOT' all dll dz, d3 ES

If all of dq,d;,d3 € U, the result follows trivially. So assume that not all
dy,dy,d3 are in U. Therefore we have the following cases:

Case 1:/f dy € S\U and d, = u,,d; = uz € U.Then we have,

(1),
0

diupuz = x; uyus (by zigzag inequalities (2.3))

= Xl(l)uzu3u(()1) (as U satifies (2.9))

< xil)u2u3u§1)y1(1) (by zigzag inequalities (2.3))

= xfl)ugl)uzum@) (as U satisfies (2.9)).

By zigzag inequalities and the identity (2.9) it can be easily verified that for all [ =
1,2,.m; -1

1 1 1 1 1 1
xl( )ugl)—luzu3yl( )< x1(+)1u5111u2u33’1(+1-

Thus we have the following

1) (1 1
diususz < x,(nl)ugn)ll_luzuw,(nl)

£y

< ugzluzugy,(nl (by zigzag inequalities (2.3))

= u2u3u$r)lly,(nll) (as U satifies (2.9))
= u2u3d1(by Zigzag inequalities (2.3)).

On similar lines, we can show that, dyuyu3 = uyuszd;. Therefore, dyuuz = uuzd;. By a
similar token we can show that u,uszd; = uzd u,. Therefore diu,usz = Uuzd; =
uzdu,.

Case 2: If d;,d; € S\U and d3 = uz € U. We first verify that for all s € S\U and v €
U,sv = vs. By Theorem 1.3, s = s'v’,where s’ € S\Uand v' € U,as s €
S\U.Now we have

sv =s"v'v

= vs'v'(By Case 1)
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(2.10) = vs.

By using the equation (2.10) it can be easily verified that,
(2.11)d1d2 = d2d1

Now,

d,dyus; = d,d us (by equation (2.11))
= d,usd, (by equation (2.10)).
Again, we have d;d,uz = uzd;d,. Therefore ddyus; = dyuszd; = uzd,d,
Case 3:1fdy, d,,d; € S\U.Then we have,
did,ds = dydsd; (by equation (2.11)),
as required. [ |

Theorem 2.4. Let U be a permutataive posemigroup satistfying the permutation identity
(2.2) and § be any posemigroup containing U properly as a subposemigroup such that
Dom<(U,S) = 8. Then Sis also permutative posemigroup satistying the permutation identity
(2.2).

Corollary 2.5. Any permutative identity of the type (2.2) is preserved under epimorphisms

of posemigroups.

3. Saturated Variety of Permutative Posemigroups

Ahanger and Shah 17, have shown that the commutative posemigroups is saturated if and
only if it satisfies a non-trivial identity I such that Iis not a permutation identity and at least
one side of I has no repeated variable. In particular, it shows that if U is a commutative
posemigroup satisfying an identity I other than a permutation identity and at least one side
of I'has no repeated variable, then every epi from U s surjective. In this paper we extend this
result to permutative posemigroups satisfying the permutation identity (2.2).

Lemma 3.1. Let § be any permutative posemigroup satisfying the permutative identity
(2.2). Then the following hold:

(1) If neither xix; nor x;x3 are subwords of X; X; X;, , then x;xyx,x3 =
X1YXX3X3 and X1 X, XyX3 = X1X,YXX3 respectively.
(i1) Ifi; # 1 [iz # 3], then S satisfying the following permutation identity

XYX1XpX3 = YXX1XpX3 [X1X2X3XY = X1 XpX3YX]
Proof: The proof follows from [57, Proposition 4.1. [ ]

From Lemma 3.2 to Lemma 3.6, Uis a permutative posemigroup satisfying the permutation
identity (2.2) and § is any posemigroup containing U properly as a subposemigroup such
that Dom.(U,S) = §.

Lemma 3.2.For any x,y € Sand s,t € S\U, sxyt = syxt.
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Proof: Since by Theorem 1.3, s = sys,53and t = t;t,t3, where s;,¢; €S, for i =
1,2,3 and either iy # 1 or iz # 3, therefore the result follows from Lemma 3.1 (ii).

[

Lemma 3.3. Let jbe any permutation of the set {1,2,....,k}, then
§X1X3 . Xt = SXj1Xjp .. Xjit forall s,t € S\U,xy, %3, ..., X € S.
Proof: It follows from Lemma 3.2. [ ]
Lemma 3.4. Ifi; # 1 [i5 # 3]then xyt = yxt [sxy = syx]for all x,y € Sand
t € S\U [s € S\U].
Proof: It follows from Lemma 3.1 (ii).[ ]

Lemmas.5.
Ifi; # 1 [i3 # 3] then x; x5 ... it = Xj1Xj3 ... Xyt [sx1x2 X = SXj1Xjp ...xjk] for all
X1Xo ... X € Sand t € S\U [s € s\U] for any permutation j of the set {1,2,.....k}.

Proof: It follows from Lemma 8.4.[ |

Lemma 3.6. Let U satisfies the non-trivial identity I such that one side of I has no repeated
variable. Then for any u € U and x,t € S\U, sut = sult for some q = 2.

Proof: As in( [57], Theorem 5.1) without loss of generality we can assume that I has
the following form:

3.1) 212y . Zy = W(Z4, 22, n\ Zp),
Where |z;|,, 2 1 foralli = 1,2,..,nand |zj|, = 2 for some j € {1,2,...,n}
(lzly, for any variable z is the number of occurences of the variable z in the word w).
By theorem 1.3, we have,
(3.2) t = UUy ... Upty (for somet, € S\U and uq,u,,..,u, € U.
Therefore we have,
sut = suuquU, ... Uyt, (by equation (3.2))

= SUgUy ... (UY)) ... Unty (by Lemma 3.3 as s, t, € S\U)

= sw(uy, Uy, .., Ulj,.., Up)t, (as U satifies the identity (3.1))

= sulw(uq, Uy, ..., Uy)ty, (by Lemma 3.3, where q = |zj|,, = 2)

= sulu u, ... uyt, (as U satifies the identity (3.1))

= sult (by equation (3.2)),
as required.| |
Lemma 3.7. Forallu € U,s,t € ST and x,y € S\U,xsuty = xsulty for some q = 2.

Proof: [t follows from the proof of the Lemma 3.6.[ ]
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Lemma 38.8. Ifi; # 1 [i; # 3], then xyz = yxz [xyz = xzy] forall x,z € Sand y € S\U

Proof: We prove the lemma for the case iy # 1, the other case follows on similar
lines. Let (1.1) be the zigzag inequality for y and minimal length (m,m"). If i3 = 3. Then
i; # 2and therefore the result follows trivially. If i3 # 3, then we have,

xyz < xvytyz (by zigzag inequalities (1.1))
= voxt 1z (by Lemma 3.4 ast; € S\U and i; # 1)
< syvyxtyz (by zigzag inequalities (1.1))
= s;xv;1t,z (by Lemma 3.4 as t; € S\U).

Next by applying the Lemma 3.4 and zigzag inequalities (1.1) it can be easily verified that
foralll =1,2,..,m' — 1,we have

S1XV21-1t1Z < S141 XV 14101412
Thus we have following
XYZ < SyuXVpm! 1ty Z
< SpuXVomiz (by zigzag inequalities (1.1))
= Sy VamuxZ (by Lemma 3.4 as s,,,, € S\U and i; # 3)
= yxz (by zigzag inequalites (1.1)).
On similar lines, we can show that xyz = yxz and therefore xyz = yxz as required.

Theorem 3.9. A permutative posemigroup satisfying the permutation identity (2.2) is
saturated if and only if it admits the not-trivial identity I such that I is not a permutation
identity and one side of I has no repeated variable.

Proof. Assume on contrary, then there exist a permutative posemigroup U satistying the
permutation identity (2.2) and the identity I and a posemigroup . containing U properly as
a subposemigroup such that Dom<(U,8)=S. By Theorem 2.4, S is also permutative
posemigroup. Now to complete the proof of the theorem take any d € S\U and let (1.1) be
the zigzag inequalities for d of minimal length (m,m’). Note that for the non-trivial

permutation 7 of the set {1,2,3} either i; # 1 or i3 # 3. We only consider the case i; # 1,
the other case follows dually. Now,

d = syvit; (by zigzag equations (1.3))
= s,v]t; (by Lemma 3.6)
= sl oty
= vlq_lslvltl(by Lemma 3.5).

Next forj =1,2,..,m' —1,we have

~
o~

-1 -1 . .
1_[ vgk_l SVt = 1—[ vgk_l S141V2141t141 (BY Zigzag equations (1.3))
k=1 k=1
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= [ve2 4 t11 (byL 3.6
= Vyr_1 Si+1V5141ti+1 (by Lemma 3.6)
k=1
l
= a1 pdt by L 3.5
- v2k_1v21+151+1v21+1tl+1 ( y Lemma >s. )
k=1
1+1
_ q-1
= Vak—1 St+1V21+1t141
k=1
Therefore we have the following
m’
_JT1T.a1
d= Vok—1Sm'Vam'-1tm’
k=1
m’
[T g-1 . .
= Vo1 Sm!Vam' (DY zigzag equation (1.3))
k=1
m' m'
[ aes '
= v | | Vok—1Sm/Vam' (by Lemma 3.3 as i; # 1 and s,y € S\U)
A A
k=1 k=1
m' m'-1
_I1,92
= Vak-1 V2k-1V2m'-15m' Vam’
A A
k=1 k=1
m’ m'-1
_2 .
= | | vgk_l | | Vak—1Sm/'Vam/—1Vam' (by Lemma 3.8 as i; # 1 and s,,;» € S\U)
k=1 k=1
m' m'-1
> q-2 (b , , liti (1 1))
> (2 Vok—1Sm'—1V2m'—2Vam' (DY Zigzag inequalities (1.1)).
k=1 k=1
Continuing in this way we get,
m’ '
q-2
d= Vyr_1 V151 | | Vok
k=1 k=1
!

ml

vzk__z1 2 HUZR (by Lemma 3.8 asi; # 1 and s; € S\U)
k=1

k=1
m' m’
> vgk__zl 1_[ v,r (by zigzag inequalities (1.1)).
k=1 k=0

. . ’ -2 '
By a similar token, we obtain ,d < [[F%, ng—l [170 v2k and therefore d =
m' q-2

! . . .
ke1Vzp-1 k=0 V2x € U, a contradiction as required.
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The posemigroup V (as every semigroup is a posemigroup with trivial order) or [3] is

commutative, so is permutative satisfying the permutation identity (2.2) and also satisfies

the identity of the type whose both sides have repeated variables. But Higgins in [ 87, Lemma

3 proved that V is not saturated. Therefore if Uis a permutative posemigroup satisfying the

permutation identity (2.2) is saturated then U must satisfies the identity 1. This proves the
theorem completely.| ]

Theorem 3.10. Let U be a permutative posemigroup satisfying the permutation identity
(2.2) and admits the not-trivial identity I such that Iis not a permutation identity and one
side of I has no repeated variable then every epimorphism from U is surjective.

Proof: Sine every identity is preserved under every morphisms. Therefore the result follows
from the Theorem 3.9.[ |

4. Epimorphically Closed Varieties Of Permutative Posemigroup

In [17], Theorem 2.5 Ahanger and Shah have shown that any identity of
commutative posemigroups is preserved under epis. We extend this result to a permutative
posemigroup satistying the permutation identity (2.2).

In Lemma 4.1 and Lemma 4.2, U is a permutative posemigroup satisfying the
permutation identity (2.2) and § is any posemigroup containing U properly as a
subposemigroup such that Dom<(U,S) = S. Moreover by Theorem 2.4, S is a permutative
posemigroup satisfying the permutation identity (2.2).

Lemma 4.1. If iy = 1 [i3 = 3]and w is any word in variables yy,y5, ..., Yp

Then

w(tlsl, tyS5, ..., tpsp) = W(tl, ty, .., tp)w(s1, 2, eesSp)
forallt;,s; € S*,j=12,..,p.

Proof: Sincei; =1, therefore s;5,53 = 51535, for all s;,55,553 €S. Therefore
W(tlul, tzuz, ey tpup) = W(tl, tz, ey tp)W(ul, Uy, ..., up) follows terlally The case i3 =3

follows on similar lines.| ]

Now let S®) denotes the Cartesian product of p copies of S. Then one can easily
verify that S®) s a posemigroup under componentwise binary operation and order. Also
U® is a subposemigroup of S® . We first show that Dom(U® , (§1)®) = @) Take
any (dq,dyp, ..., dp ) € s,

Asin ([1], Lemma 2.4)each dy, 1 < k < p, have the following zigzag inequalities in

Stover U of some common length (m, m'):

b=, ul <uly
O, <, Wy <y (= 12, eem— D)
WO <l u® = dy,and
1) b < W0 g = 09,00
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s, 0 () . (k) 2O U () (k) '
i Vyi S SjyiVa5ha Va1t Vaj ]+1(—’_12 ,m —1)
S(k,)v(k) = d, p B () U(k)

Vom/—1tm’ 2m’ *

where ugk) ,v].(k) eUvV(=12..2m, j=12, ...,2m’)andx ,ylk ,S (k) t(k) €

S@{=12,..,m, j=12,..,m')and by Theorem1.2, for any d; € S\
U, xU),yL S,EJ), ,((j) e S\U.

Now we use the following notation:
X = (X1, X9, e, Xi)
In this notation, we have,

CI = (dl,dz, . dk)

i, = (us”,ul®, ...,uk))(p= ., 2m),
%= (xx®, . x) (= 12,..,m),
7= (y 02, J&§O= o),
ﬁqz(éﬂmy%mmfﬁ(q=04” 2m’)

5=(5"52,5%) (G = 12,..,m),

D @ ) (i — '
ti _(] Y PR )(]—1,2,...,m).

Lemma 4.2. Every element of S® is dominated by U®.

Proof. Let (di,dy,..,d;) € S and (4.1) be the zigzag inequalities of d,, 1 < r < k.
Now one can easily verify the following.

d= fll_lo ’ ﬂo < al}_ll
Xilpi—1 < XipqUp;, Upi¥i S Upiy1Yi4r,1ST=m—1
fmﬁZm—l = ﬁZm ’ ﬁZm}_’m = d
(42) Ty <57, d = Doty

SjV2j < Sj+1V2j+41 ﬁzj—lfj—lgﬁzjfj'l <jsm' -1
Sm!Vom! < C?, 17Zm'—lfm' < Upm!
Therefore by Theorem1.1, d € Dom, (U® ,5® Y which proves the Lemma.[ ]

Theorem 4.3. Let Ube a permutative posemigroup satisfying the permutation identity (2.2).
Then all the identities of U are preserved under posemigroupepimorphisms.

Proof. Let S be a posemigroup with Dom<(U, §) = § and U satisfying an identity
(4.3) u(x) = v(x)
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By Theorem 2.4, S is also a permutative posemigroup satisfying the permutation identity

(2.2). We show that S satisfles the identity (4.8), that is ,u(d) = v(d), where d =
(dy,d3, ..., dg) and d, € 5,1 <r < k. If each d,- € U, then result follows trivially. Assume
that there exists d;, 1 < | < k such that d; € S\U . Clearly either i; # 1 or iz # 3. If i3 #

3and i; # 1. By Lemma 3.6, both the words u(d)and v(d) begin with d;. To prove the
theorem completely we take the following two cases:

Case 1: i3 # 3 and i; # 1.Then we have,

u(&) = u(x,uy) (byzigzag inequalities 4.2)
=u(x)u(ty) (asiz#3andi; #1)

=u(x;)v(uy) (asU satisfies (4.3))

<u(xy)v(uyy;) (byzigzag inequlities 4.2)
=ulx)v(u)v(y;) (asiz#3andi; #1)
= u(xy)u(u)v(y;) (as U satisfies 4.3)
=u(x;u)v(y;) (asiz #3andi; # 1).
Next for /=1,2,..., m~-1, it can be easily verified that
U(XUzi-1)v(Vi) = u(Xi41U2i4 1)V Fig1)-
Now,
u(&) = u(XUzm—1)V(m)
< u(ty)v(Fy) (by zigzag inequalities 4.2)
= V(U ) V(W) (as U satisfies (4.3))
= V(Uym¥m) (asiz #3andiy #1)
= v(cf) (by zigzag inequalities 4.2).

By similar argument, we obtain, v(d) < u(d). Therefore v(d) = u(d) and hence the
theorem follows in this case.

Case 2: If either i, = 1 or i; = 3.Then we have,

u(d) =u(xuy) (by zigzag inequalities 4.2)
=u(x;)u(iy) (BylLemma4.las i,=1o0riz=3)

=u(x;)v(uy) (asU satifies (4.3))
<u(x)v(uy,) (byzigzag inequlities 4.2)
=u(x))v(u)v(y;) (ByLemmadlas iy=1oriz=3)
=u(xp)u(u)v(y;) (as U satifies 4.3)
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=u(x,u)v(y,)(By Lemma4.1as iy =1ori; =3 ).

Next for 7=1,2,..., m-1,we have,
W(XUzi-1)v(YVi) = wW(Xir1Uoi+ 1)V (Fig1)-
Therefore we have
u(ci) = U(XpUzm-1)VVm)
S u(ym)v(m) (by zigzag inequalities 4.2)
= V(Uym)V(W) (as U satisfies (4.3))

= v(aZm:)_’m) (By Lemma4.las i =1o0riz =3 )

IA

v(cf) (by zigzag inequalities 4.2).

On similar lines, we have v(cf) < u(c?) Therefore u(cf) = v(ci) Hence the theorem is
proved completely.

References

[1] S. A. Ahanger, A. H. Shah, Epimorphisms, Dominions and Varieties of Commutative
Posemigroups, Asian-European Journal of Mathematics 14 (4) (D.O.I:
10.1142/S1793557121500480) (14 pages) (2021).

[2] L.S. Bloom, Variety of ordered algebras, J. Comput. System Sci. 13, 200-212 (1976).

[3] P.M. Higgin, Saturated and Epimorphically Closed Varieties of Semigroups, J. Austral.
Math. soc.(Series A)36,153-175 (1984).

[4] J. M. Howie, Fundamentals of Semigroup Theory, Clarendon Press, Oxford (1995).

[5] N. M. Khan, On Saturated Varieties and Consequences of Permutative Identities, J.
Austral. Math. soc. (Series A)38, 186-197 (1985).

[6] S. Nasir and L. Tart, Dominions, Zizags and epimorphisms for partially ordered

semigroup, ActaEtCommentationesUniversitatisTartuensis De Mathematica 18(1) 81-
91 (2014).

13235
Vol. 71 No. 4 (2022)
http://philstat.org.ph


http://philstat.org.ph/

