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Let us suppose that g”(a, ﬁ) be a periodic function with a period 27, which is integrable in

the Lebesgue sense over the square R(—z, 7;—7, 7). The Fourier series of ¢ (a, f) is

z Z fu,v':pu,vcosua C05V,3+qu'\,5inua COSVﬂ
u=0 v=0

+r, , COsUa sinvﬂ+suyvsinUasinv,B] (1)
where,
1 foru=0,v=0
4
1
&= > foru=0,v>0,u>0,v=0
1 for u>0,v>0
also
pulvzizﬂg(u,v)cosw cos 3 dadp )
7 R
1 :
qu,v=—2”§(U,V) sinua cosvp dadp .. (3
4 R
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w—%” u, v) cosue sinvg dad g 4)
R

suyvzﬁﬁg(u,v)sinua sinvB dadp (5)
R

The series (1) can also be written as

¢ (o, ﬂ)Dzll Zl: (parsap),, .. (6)

The allied series of (6) can be obtained by differentiating first with respect to « , then with
respect to £, and then with respect to « and £ simultaneously and omitting the constant.

Thus, we get allied series

f Zw (s,-r.-a, p;a.B),, (D
f f (r.s,=p -d;a p),, .. (8)
2

s,~r;a, f),, )

From here on out, the first, second, and third allied series will refer to these.

Let & (a, B), &, (e, B) and &, (o, B) be three conjugate functions of ¢ (e, B), associated
with the first, second and third allied series respectively,

where,
1 T
=2—H cot— cot— dAde

(10)
_ 1 T l
& (a, ,3)=Z }[!;(2(/1, €) cotE dide

(11)
— 1 %%
G(a B)=o- !!;{3(4, £) cot% dide

(12)

5)=%[§(a+/1, B+e)-¢(a+i, f-¢)
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~{(a-4 p+e)+s(a-A, p-¢)]
(13)

2 (4 8)=%[§(a+/1, B+&)+¢ (a+A, f—&)

~{(a-24, B+e)-¢(a-4, B-¢)]
(14)

2(4, g)=%[§(a+/1, p+e)=¢(a+d, p-¢)

+(a—2, f+&)-¢(a—4, ﬂ—g)]
(15)

Also, we consider a function ¢(4, ¢),
o(A, 5):%[§(a+1, B+e)+l(a+a, B—¢)

+¢(a-4, p+e)+¢(a-A, f-g)-4s]
(16)

1. Definition:

u

Lett,,=> > 0,

=0 k=0
A7)

o0

An infinite series " > g, , with the sequence of partial sums {t, ,}

u=0 v=0

is said to be summable by Borel’s exponential method (or summable B)

. o (ah) 2 a" b’
if 6, , =lim lim e " — =t

a—o b—wo - < ul! v

M

(18)
has a finite value t.
With this we may define Borel summability for double series, as well as single ones [1].

Takahashi and Wang [2] and Sahney [3] both talk about how Borel summability can be used
with Fourier series. Both the resulting Fourier series and its conjugate series were shown to
be Borel summable by the work of Sahney [4] and Sinvhal [5]. In the special case of
conjugate series, Kathl [6] found a distinct set of requirements.
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In this study, we set out to show the following theorems about double Fourier series and
related series.

Theorem1l: Ifas A —+0, ¢ > +0,

vt i)

logA™ loge™
(19)
n A i
!db £¢(a, b)da _O(Iogﬂlj
(20)
4 & g
!da .([(o(a, b)db =o(logg_1j
(21)

then the double Fourier series of function g(/%, g) is summable by Borel exponential mean

tothesumtat A=a, c=4.

Theorem2: If,as A —>+0, ¢ —>+0,

F (4, 5):.Ida,1;|ll(a’ b)|db:°( e j

logA™ loge™
(22)
n A i
!db !;ﬁ(a, b)da :O(logTj
(23)
! da ! 7(a b)db =o(log€g_1J
(24)

If the conjugate integral has a value of B, then the linked series (7) can be summed.
Zl(a, ,B), given by (10), provided the integral exists.

Theorem 3: If,as 4 —>+0, £ —>+0,

F (4, g)zjda:flzl(a, b)|db:°( i J

logA™ loge™
(25)
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jdb

A
I;(Z (a, b)da|= O(Iog/l j
(26)

roomf{ge

(27)

jda
0

If this is the case, then the associated series (8) can be summed up to the value of the
conjugate integral. Z(a, ﬁ), given by (11), provided the integral exists.

Theorem4: If,as A —+0, ¢ —>+0,

F(4, g)=fdai|;(3(a, b)|db=o[ L g_J
(28)
.[Zz (a, b)da|=

logA™t loge
A
0
=
(29)

r £
e omfeo{ ]

(30)

jdb

jfda
0

If the conjugate integral has a value of B, then the linked series (9) can be summed.
&, (a, B), given by (12), provided the integral exists.

These theorems extend the theorems of Sahney [4], for double Fourier series. Sahney [3] also
proved a theorem which is similar to theorem 1, which is weaker than our result.

Proof of theorem 1: The (u, v)th partial sum of double Fourier series of the function {(4, ¢)

is

1 %5 sinuAl sinv
t, (4, 5):—2IJ¢(/1, €) 2 ggd/ldg
00

using the result of Hardy [1],

we have

7%0,, =e ™ Hq)(l’ d Zmi (sm ui = smv<9b—]d/1dg
’ 00 lg u,v=0 U V -
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1A 1 1 1
woboa 1T b 2% 19(4, &) sin(asin4) sin(bsine)
= + + + di de,
_(')‘ _([ ,([ ,[ 1[ 2[ ;‘; ,! de ea(l—cosl) eb(l—cosg
pb" a" b"
where
O<mc< 1
2
0<n<1
2
=L+, +1;+1, say
31)
Now, applying second mean value theorem for double integral,
a™ b" P o o
l, = — I I{gp(i, ¢) sin(asin A) sin(bsinz)jdAde
. a 2sin? I+b 2sin I} aimbin
1
where —<r<r,
a
— <0<
Thus,
a"b" ¢
|I4|— T IH(/) 2, g)‘d/lde
11
a" b"
=0(1),as a,b >0,
Also,
1 1
T8 T % |p(4, €) sin(asin ) sin(bsing)
I, = did
3 _1[ _!._'_‘!‘ 1[ le ea(l—cos/i) eb(l—coss €
a” a"™ b
=1, +1;,, say
(32)
By second mean value theorem, we have
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1
o  ag(l, g) . . sin(bsine
|31_ a.25in27m '1[ '([ (5 )sm(asmﬂ)ﬁdidg
e a"
L
am LA 1] ﬂ, &
"31‘ =T ,[ .[ : )‘ (be)drde
1o €
1
_ba o b_| (using (20) and (21))
e? logb
=0(1)
(33)
and
1
a" 1t %e(2 e
1| — -~ .f I (4 ¢) dide,
ea sin® —— e sin 7% % &

where O<n<n'<%

By partial integration by parts, we get

1

1,,]=0@)| [ {w(2b") bj (4, €) —dg da
1
b

where (4, )= [ |o(4, b)|db,
0
provided the integral exists and is oo otherwise.

Therefore,  |l,,|= O{$J+O(Iog n'), (by (20) and (21))

=0(1)
(34)

Thus, |I,/=0(1)
(35)
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Similarly,  |I,|=0(1)
(36)
Also,
1111 1 11
a b a” b a b” a" b" H H H H
B @(4, €) sin(asin 1) sin(bsin¢)
Il_ ,([ .([+'l[ _([+_(|). _!.—i_.!. _1[ Ae ea(l—cosﬁ) eb(l—COSg) dide
a b a b
=l +la+ 1, say
(37)
For I, .,
11
a b l’
=1 | ol 8)‘o(az)0(bg)dzdg
5 0 Aeg
1 .
=O[—j, (using (19))
loga logh
=0(1)
(38)
For I ,,
w3 lp(n. o)
l a" b (0(/1’ (9)
I, .= O(be)dad
‘12‘ ea12m ! .([ 1 ( 8) &
=0(1), asin I,
(39)
similarly,  [1,;/=0(1)
(40)
For I, ,,
using second mean value theorem,
we have
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11
am™ b
l,,= azsin2211+bzsin221b .1[ .1[ {go(j:) sin(asin/l)sin(bsing)}d)tdg
e = a b
1 .
Where 0O<m<m'<=, O<n<n'<=.
2 2
11 ‘ ‘
am™ b (0(/1, g)
I, ,[=0(1 ——=dAd
‘1,4‘ ().!. _! e &
a b
1 1
1 1) % 1)1 ., vl 1
ZW[a—m,an"'Il/l(l,b—nj?b dﬂ,-i"!.lﬂ(a—m,nga de
a b
11
a™  p" W(ﬂ)g)
did
+! ! L €
a b
1 L -
=0(1)+0 aJT ! di|+0 bj de |[+0O ajm bj L 1 dide
1 Aloga™ 1 eloge™ i 1 Aloga™ eloge™
a b a b

=0(1)+O(logm')+O(logn’)+O(logm" logn*)
~0(1).
The theorem has now been proven.Proof of theorem 2:

The (u, v)th partial sum of the allied series (7) is

- 1
tu,v (ﬂ, 8) = 4—72_2

A 1 & 1
z COSE—COS U+E A COSE—COS V+§ &
j ;(l(/i, g) dide

. A .1
0 sin— sin—
2 2

O e

taking 6. as Borel transform for allied series (7), and avoiding the detail by omitting some
similar integrals, in our calculate, we have

47% O — 2(4 €) cot% cot%dﬁdg

ma‘-ﬁ'—.ﬁ
Ty =
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oo . cos/;—cos(u+;)/1 »
_ —(a+b) a
_'([ lll(/l’ £)e %:o sin? ul
2

& 1
COSZ—COS(V+2j8 bY
— |dAde—
vl

. &
V=0 sin—
2

x 1 & 1
o . cos(u+2j}t iy . cosz—cos(v+2)g b
J. _([751(2, 6‘) g (@) %:0 — 2 U ;0 — vl dide
alm sin— sma

¢ V! u=0

1 A 1
cos v+§ &£ b . cosz—cos u+§ A 2
_ z — dide
sin— u:
2

|
o'—img‘-ﬁ
TN =y
R
—_
&
)
N—"
CDI
&
+
=
EMS

. A
sin—
2

1 1
cos|ju+— |4 cos|v+— g,
( 2) a . [ 2) b

+J. j;{l(ﬂ, g)ef(am) Z — — Z — 5 dide
zz u=0 sin— U= 1| o smE v:

T oz . A . £
b 1 . cos asm/1+E 1 cos b3|ng+E 1
:j .[ (4, &) cotz cotE 1- = =111~ S — |d2de
0 0 C0S — COS —
2
1 . A . &
- (4 8) . cos(asm/Hz] cos(bsme+) 1
—j I ZEAGRD : 1— —_ dide—
. 2 ea(l cos ) eb(l cose) &
7 0 sin= CoS—
a” 2
= . (4, ) cos(bsing+;j 1
I I Ll E) ot E _ dide
L& 2 e(1 cose)
o 7 sin— COS —
b 2 2
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ea(l—cosi) eb(l—cos £)

J’_
Ly e—y

. A€
sin =sin=
2 2

where 0<a<l, 0<b<1
2 2

=L+, +1;+1,, say
(41)

For

3 a" b" y
a2sin? 1 +b2sin? 1
2a™ 2b"

|4

ma‘kl'—a“'

bn
T T

where —<7r<7m,—<d0<rx
a" b"

thus,

m

{gﬁ(ﬂ,g)}dﬂds

a" b" j;

II’]

CT:‘N'—;%

)

=0(1),as a,b—>oo.

. A . c
x cos(asm/Hj cos(bsngrj
J‘ n(4 ) 2 2
3
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dide,

)
J. {;(l(/i, €) cos(asin/ugj cos(bsing+§j}dﬂdg +0(1)

If we assume the existence of the conjugate integral (10) and follow the theorem's lines of
reasoning in order, the three remaining integrals on the right-hand side disappear.

The theorem has now been proven.

Similar theorems (3) and (4) can also be proved for the allied series (11) and (12).
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