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Abstract: PDEs (Partial Differential Dynamics) are essential within 

a number of fields of physics and mathematics because they give a 

mathematical model of numerous natural events. PDEs are the 

fundamental domains of application research. At the moment, 

substantial emphasis is placed upon creating accurate along with 

analytical answers for regressive PDEs. Numerous methods have 

been used recently to determine the accurate answers of complicated 

incomplete differential equations. We use these approaches in order 

to provide accurate answers for two regressive equations with partial 

differentials. The primary goal as well as motive for doing the 

suggested research is to illustrate the significance as well as 

usefulness of the relative quantification approach to Basic Unit 

Techniques of various nonlinear systems. 

 

Keywords: Nonlinear, Linear, Partial Differential Equations, 

Numerical Solutions, Approaches, Equations, etc. 

 

1. Introduction: 

Partially differential equation (or PDE) is an equation in mathematics having several 

independent variables, a function that is undefined (depending on the values), as well as a 

partial derivative of the unidentified functional with regard to the variables that are distinct. A 

fractional dynamic equation's rank is determined by the largest component encountered. A 

partial differential equation’s resolution (or specific resolution) is an operator which resolves 

the problem or, in a nutshell, converts it into an identity when it is replaced into the 

equation[1]A solution is said to be universal if it includes all of the specific solutions to the 

issue in question. Science, the motion of fluids, and other applications of computational 

mathematics require numerous operations that are not reliant on only one separate variable. 

To investigate modifications within these equations, a part of the derivative with regard for 

more than one variable that is independent is necessary, which eventually causes an equation 

of partial differential equations in the relevant field of study[2] 

The accessibility of symbolism computing software such as Topaz or Matlab has made the 

hunt for accurate answers for incomplete partial differential equations (PDEs) more exciting 

for engineers along with engineers. Exact answers for nonlinear PDEs allow for in-depth 

investigation of linear physical procedures, along with facilitating evaluation of quantitative 

solvers along with assisting within solution stability analys[3] Many ways to solving nonlinear 

PDEs have been used in the past few years, including the longer tanh variable procedure, the 

adapted prolonged tanh curve procedure, the exp-function technique, the university elliptical 

functions procedure, the technique known as Laplace breakdown method, as well as so on[4]. 

 

1.1 Partial Differential Equations (PDEs): 

Many key models in all three fields of science are quantitatively described by proportional 

differentiation equations (PDEs). The analysis is given within the context of uncertain 

functions of a number of independent variables, as well as the connection between partial 

derivatives of those variables. A nonlinear PDE is one with which the relationships of 

unobserved parameters along with their component derivatives are regressive. Although 
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appearing straightforward, regressive PDEs regulate a wide range of intricate phenomena such 

as progress, response, propagation, the equilibrium, preservation, as well as more[5] PDEs are 

widely researched via scientists and practitioners because to their critical importance within 

the fields of science and engineering. Actually, these findings were cited within several articles 

within the literature on science. They are the result of a rich collection of concepts in 

mathematics along with analytical methods for solving PDEs and illuminating the processes 

they regulate. However, analytic concepts can only account for a subset of the intricate 

procedures regulated under regressive PDEs[6] 

Scientific computing has evolved as an extremely adaptable means of supplementing concept 

with experimentation during the last sixty years. Several of these complex scientific 

computations rely on current numerical techniques, particularly ones that deal with complex 

PDEs. Actually, computations using numbers have not just united theory and experiment as a 

key instrument of study, yet they have also changed the types of investigations undertaken 

along with broadened the application of theories[7] In the mid-1940s, Alfred von Neumann 

personally used computations of nonlinear PDEs within real-world scenarios as a part of the 

war endeavor. Since then, the emergence of strong computers paired with the invention of 

complex mathematical procedures has revolutionized the fields of science and engineering in 

the same way as the introduction of the microscope as well as telescope in the 17th century 

revolutionized both fields of study[8] A fresh science of numerical weather prediction was 

born, propelled via current numerical techniques used to solve nonlinear PDEs. Ground 

investigations were supplanted with simulators of nuclear blasts. Experimental wind tunnels 

were supplanted within the build of modern aero planes by computational approaches. Just by 

repeated "computational operations" could researchers obtain insight into chaotic events along 

with fractal behaviour? Nonlinear PDE algorithms find passage via Wall Street finance 

forecasts to ordinary visitors simulations[9] 

 
 

Fig.3. 1 A schematic diagram of the various types of PDEs solutions 

[Source: Neveen G. A. Farag, 2021] 

 

A Partial Differential Equation commonly denoted as PDE is a differential equation 

containing partial derivatives of the dependent variable (one or more) with more than one 

independent variable. A PDE for a function u (x1…xm) is an equation of the form. 

𝑓 (𝑥1, … . 𝑥𝑛 ; 𝑢,
𝜕𝑢

𝜕𝑥𝑛
;

𝜕2𝑢

𝜕𝑥1𝜕𝑥1
, … . . ,

𝜕2𝑢

𝜕𝑥1𝜕𝑥𝑛
; … . ) = 0…………………………………… [1.1] 
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𝑢𝑥 =
𝜕𝑢

𝜕𝑥
  

𝑢𝑥𝑥 =
𝜕2𝑢

𝜕𝑥2 
          

𝑢𝑥𝑦 =
𝜕2𝑢

𝜕𝑦𝜕𝑥
=

𝜕

𝜕𝑦
(

𝜕𝑢

𝜕𝑥
)……..………………….… [1.2] 

The PDE is said to be linear if f is a linear function of u and its derivatives. The simple PDE 

is given by;  

∂u/∂x (x, y) = 0 …………………………………………………………….………… [1.3] 

The above relation implies that the function u (x, y) is independent of x which is the reduced 

form of partial differential equation formula stated above. The order of PDE is the order of the 

highest derivative term of the equation. 

Partial Differential Equation Classification: 

Each form of PDE has unique functions that aid in determining if a specific mathematical 

technique is acceptable for the issue being represented by the PDE. The answer is determined 

by the formula; therefore, many factors have derivatives that are partial with regard to one 

another. Within structure, there are three kinds of second-order PDEs. Elliptic PDE, Parabolic 

PDE, and Hyperbolic PDE are the three types[10] 

Considering the following equation: auxx + buyy + cuyy = 0, u = u (x, y). The equation is 

considered to be Elliptic for the specified point (x, y) if b2-ac0, which are utilized for 

expressing flexibility equations lacking inertial factors. If the requirement b2-ac>0 is satisfied, 

hyperbolic PDEs explain the phenomenon of propagation of waves. It should meet the 

criterion b2-ac=0 for parabolic PDEs. A parabolic PDE is an example of the heat absorption 

equation. 

Partial Differential Equation Types 

First-Order Partial Differential Equation: 

The equation has only the first derivative of the unknown function having ‘m’ variables. It is 

expressed in the form of; 

F (x1, xm, u, ux1, uxm) = 0 …………………………………….………… …………… [1.4] 

Linear Partial Differential Equation: 

If the dependent variable and all its partial derivatives occur linearly in any PDE then such an 

equation is called linear PDE otherwise a nonlinear PDE. 

Quasi-Linear Partial Differential Equation: 

A PDE is said to be quasi-linear if all the terms with the highest order derivatives of dependent 

variables occur linearly, that is the coefficient of those terms are functions of only lower-order 

derivatives of the dependent variables. 

Homogeneous Partial Differential Equation: 

If all the terms of a PDE contain the dependent variable or its partial derivatives, then such a 

PDE is called non-homogeneous partial differential equation or homogeneous otherwise. 

 

1.2 Nonlinear Partial Differential Equations: 

A nonlinear partial differential equation is a partial differential equation containing nonlinear 

components within the sciences and mathematics. They explain a wide range of phenomena, 

ranging gravity to fluid dynamics, and have been utilized within mathematics to answer issues 

like the Poincaré along with Calabi conjectures. They are challenging to research since there 

are essentially no generic procedures which work for any of these equations, and every single 

equation must typically be treated as a distinct issue[11] 

Nonlinear differential equation simulations serve a vital part within mathematical theory 

within both physics and math. Knowing these nonlinear partial differential formulas is also 

important for several applicable fields, including weather prediction, the field of oceanography 
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as well as aerospace engineering. The most fundamental models used within researching 

nonlinear processes are nonlinear limited simultaneous equations[12] 

The first order nonlinear partial differential equation in two independent variables x and y can 

be generally expressed in the form: 

F (x, y, u, ux, uy) = f ……………………………………………………………………… [1.5] 

F (x, y, u, ux, uy, uxx, uxy, uyy) = f ……………………………………………………… [1.6] 

The nonlinear partial differential equation is called homogeneous if f = 0, and inhomogeneous 

if f /= 0. Examples of the first order nonlinear partial differential equations are given by: 

ut +2uux = 0, ……………………………………………………………………....…… [1.7] 

ux −u2 …………………………………………………………………………......…… [1.8] 

uy = 0, …………………………………………………………………………....…..… [1.9] 

ux +uuy = 6x, ……………………………………………………………..……...….… [1.10] 

ut +uux = sinx, …………………………………………………………….…....…….. [1.11] 

Examples of second order nonlinear partial differential equations are given by: 

ut +uux −νuxx = 0, …………………………………………………………..………… [1.12] 

utt −c2 uxx +sinu = 0. ………………………………………………………….....…… [1.13] 

 

1.3 Difference Between Linear Partial Differential Equations and Nonlinear Partial 

Differential Equations: 

 

Table.1.1 Difference Between Linear Partial Differential Equations and Nonlinear Partial 

Differential Equations: 

Characteristic Linear PDEs Nonlinear PDEs 

Linearity Linear PDEs are 

characterized by linear 

combinations of the 

unknown functions and their 

derivatives. 

Nonlinear PDEs exhibit 

nonlinear combinations of 

the unknown functions and 

their derivatives. 

Example Heat equation, wave 

equation, Laplace's equation 

Navier-Stokes equations, 

Burger's equation, 

Korteweg-de Vries equation 

Superposition Principle Satisfy the superposition 

principle, which means 

solutions can be added 

together to obtain new 

solutions. 

Do not satisfy the 

superposition principle, 

making solutions generally 

nonlinear combinations. 

Homogeneous vs. 

Inhomogeneous 

Can be either homogeneous 

(without source terms) or 

inhomogeneous (with 

source terms). 

Can be homogeneous or 

inhomogeneous, often 

involving source terms that 

depend on the unknown 

function. 

Solution Methods  Linear PDEs often have 

well-defined analytical 

solutions using methods like 

separation of variables, 

Fourier series, or transform 

techniques. 

Nonlinear PDEs often lack 

analytical solutions, and 

numerical methods are 

frequently required for 

solution. 

Stability and Linearity Linear PDEs are typically 

more stable and predictable 

Nonlinear PDEs can exhibit 

instability, chaos, and 
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in terms of their behavior, 

leading to simpler numerical 

solutions. 

complex dynamics, which 

can make numerical 

solutions challenging. 

Principle of Superposition The principle of 

superposition holds for 

linear PDEs, allowing for 

the addition of solutions to 

obtain new. 

Superposition does not hold, 

and solutions are not 

additive; they interact 

nonlinearly. 

Physical Systems Linear PDEs often model 

physical systems with linear 

relationships between 

variables, such as heat 

conduction or wave 

propagation. 

Nonlinear PDEs are used to 

describe complex physical 

systems with nonlinear 

dependencies and 

behaviors. 

 

1.4 Related Work: 

Accurate Resolutions of Nonlinear Partial Differential Equations Using the Latest Doubled 

Analytic Transformation and The Iterative Technique, investigated using Shams A. Ahmed, 

et.al. [2022]. This paper shows how the novel Multiple Laplace-Sumudu transformation 

(DLST) is effectively used along with the iterative technique to achieve accurate answers for 

equations involving nonlinear partial differential equations (NLPDEs) under defined 

circumstances. The findings demonstrate that the provided strategy has the potential to solve 

different kinds of NLPDEs. Mariam Sultana, et.al. [2022] has out study on a New Numerical 

Solution to Solving Highly Nonlinear Fractional Partial Difference Equations Using a 

Fractional Novel Analysis Technique. The fractionated new analysis methodology (FNAM) 

is effectively applied on certain well-known, severely nonlinear fractional partial differential 

equations (NFPDEs) in this study, as well as the outcomes demonstrate the effectiveness of 

the methodology. The major goal is to demonstrate the technique's efficacy on FPDEs while 

minimizing computation work. The innovative numerically strategy has been displayed to be 

the most basic technique for achieving a numerical solution to any version of the fraction part 

differential equation (FPDE). Techniques for Handling Nonlinear Pseudo-Hyperbolic Partial 

Differential Equations Using Computational Schemes, studied by Sadeq Taha Abdulazeez, 

et.al. [2022]. This paper presents computational approaches to the regressive pseudo-

hyperbolic differential equation with nonlocal circumstances. The homotopy algorithm 

(HAM) along with the technique of variational iteration (VIM) are used to resolve this 

problem. The findings suggest that the HAM methodology is more suitable, efficient, along 

with accurate compared to the VIM technique. Hijaz Ahmad, et.al. [2020] undertook research 

on an alternate viewpoint on standard approaches for nonlinear time-fractional differential 

equations that This paper intends to offer a unique technique to determine a numerical answer 

to nonlinear non-integer order partial differential equations, which is known as the fractions 

iterative Algorithm-I. The suggested method is created and evaluated on the nonlinear 

fractionally ordered Fornberg-Whitham equation avoiding the use of transformations, 

Adomian polynomials as tiny perturbations, differentiation, or linearization, or linear The 

numerical findings for a variety of fractional-order differential problems are displayed 

visually, demonstrating the efficiency of the suggested method along with revealing that the 

suggested method is very effective, suitable for fractional PDEs, along with can be viewed as 

a generalisation of current approaches to handle integer along with non-integer order 

differential equations. 

Yohai Bar-Sinai, et.al. [2019] has out study on Training driven by data discretizations for 

fractional differential problems. The method employs neural networks in order to calculate 
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spatial derivatives, and and they're then optimised from start to finish for optimal performance 

of the formulae on a low-resolution grid. The resultant computations are astonishingly exact, 

enabling us to incorporate over time an assortment of nonlinear equations in one space 

dimension at resolutions 4 to 8 coarser that traditional finite-difference approaches. Mixed 

ODE along with PDE solutions, studied by Hans Petter Langtangen, et.al. [2014]. The 

experimental findings stated in this study illustrate the fundamental features of wave travel as 

well as the capacity of feasible solutions to limit the influence that soil disturbances on 

structure reaction for both active and passive separation instances. The initial summation 

approach was used to find precise answers for two complicated differential equations with 

partial solutions, studied by Hossein Jafari, et.al. [2013]. This approach is used within this 

study to get accurate responses to two nonlinear partial differential equations such as the 

double Sine-Gordon along with Boltzmann equations. It is discovered that Feng's approach is 

an incredibly effective method for obtaining accurate answers to an extensive number of 

nonlinear differential equations with partial differentials. Zaid Odibat, et.al. [2008] 

Numerical approaches for nonlinear partial differential equations of fractional magnitude were 

investigated. The variational iterations approach as well as the Adomian decomposition 

method are used by the speaker within the present paper to solve nonlinear partial differential 

equations of the fractional order. Being used for fractal-order partial differential equations, the 

numerical findings suggest that the two techniques are simple to carry out or efficient. 

 

1.5 Problem Statement: 

Nonlinear partial differential equations (PDEs) are extensively utilized in technology and 

study, with applicability spanning from science to biology to finance. Resolving these 

equations rationally can prove challenging, and numerical techniques are required to get 

substantial results. While plenty of study has been conducted on numerical techniques for 

linear PDEs, tackling nonlinear PDEs offers major hurdles due to the intrinsic complexities of 

nonlinearities. The goal is to examine and assess fundamental approaches for solving 

nonlinear partial differential equations numerically. Evaluate the usefulness of basic function-

based algorithms in solving a range of nonlinear PDEs, such as finite difference, finite 

element, and finite volume techniques. Examine strategies for changing fundamental 

functionality concepts to cope with severely nonlinear occurrences such as singularities and 

discontinuities which could arise during the evolution in specific PDEs. The goal of the 

investigation is to contribute to the production of reliable and efficient numerical algorithms 

for nonlinear PDEs, hence boosting progress in a wide range of science and technology 

sectors. 

 

2. Methods for Nonlinear Partial Differential Equations 

A nonlinear partial differential equation is a partial differential equation containing nonlinear 

elements in science and mathematics. They explain a wide range of phenomena, form gravity 

to fluid dynamics, and have been utilised within arithmetic to answer issues like the Poincaré 

along with Calabi conjectures. They are challenging to research since there are essentially no 

generic procedures that are effective for any of these formulas, therefore every single solution 

must typically be treated as a distinct issue. 

Several nonlinear phenomena are critical components of both study as well as technology. 

Nonlinear formulas may be discovered in a variety of dynamics-related situations, including 

hydrodynamics, particle the universe, solid-state mechanics, quantum fields, and wave 

propagation in shallow water. Partial complex equations govern the reliability and error range 

of the equations. The fact that these formulae are so widely used has made mathematicians 

aware of them. Nonetheless, solving these problems with math is neither numerically nor 
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conceptually simple. A great deal of emphasis has been placed in recent research on 

discovering precise or approximate answers to these sorts of problems. 

As a result, getting to know with all analysing along with computational techniques, as well 

as recently invented approaches to resolve nonlinear equations involving partial differentials, 

have grown more essential: for illustration, the Adomian decay procedure, variational iteration 

method, homotopy disturbance technique, lowered variations grow technique, along with 

other people. 

A novel doubles fundamental transformation known as the DLST has just been successfully 

applied to solve several integral along with partial differential equations. In addition, an 

appealing equation for the DLST of the fractional derivative known as Caputo was discovered 

as well as utilized to build multiple sets for multiple sets of linear fractional differential 

equations. However, unlike other essential transforms, this transformation does not address 

nonlinear issues or most sophisticated models of mathematics. As a consequence, a few 

investigators have integrated these incremental transformations with other techniques to 

resolve multiple complex equations, like the differential change technique, the homotopy 

perturb approach, the Adomian factorization technique, along with the technique of variational 

iteration. 

In the present study, we consider the general nonlinear partial differential equation, which 

covers the majority of the nonlinear partial differential equations solved in, of the following 

form: 

 

∑ 𝑐𝑛
𝑁
𝑛=0  

𝜕𝑛𝛹(𝑦,𝑡)

𝜕𝑡𝑛 +  ∑ 𝑑𝑚
𝜕𝑚𝛹(𝑦,𝑡)

𝜕𝑦𝑚
𝑀
𝑚=1 + 𝑁[𝛹(𝑦, 𝑡)] = 𝑔(𝑦, 𝑡), (𝑦, 𝑡)  ∈

 𝑅+
2…………………... [2.1] 

 

with the initial conditions (ICs) 

 

 
𝜕𝑛𝛹(𝑦,0)

𝜕𝑡𝑛 = 𝑓𝑛(𝑛 = 0,1, … , 𝑁 − 1, 𝑦 ∈

𝑅+)………….…………………………………………… [2.2] 

 

and the conditions 

 
𝜕𝑚𝛹(0,𝑡)

𝜕𝑦𝑚 = ℎ𝑚(𝑡), 𝑚 = 0,1, … , 𝑀 − 1, 𝑡 ∈

𝑅+…………..……………………....................……. [2.3] 

 

where cn, 0 ≤ n ≤ N and dm, 1 ≤ m ≤ M are the given coefficients and N and M are positive 

integers. N[ψ(y, t)] is nonlinear term, and g(x, t) is the source term in the following form g(x, 

t) = g1(x, t) + g2(x, t). 

 

2.1 Methods for studying nonlinear partial differential equations: 

 

Existence and uniqueness of solutions: 

The existence as well as the distinctiveness of an answer for certain limits is a key concern 

with regard to any PDE. These issues are often exceedingly difficult for nonlinear formulae: 

for example, the demonstration of persistence for a Monge-Ampere solution was the most 

difficult aspect of Yau's resolution of the Calabi problem. One of the seven Billion Award 

problems pertaining to math’s is the open issue related to the very existence (as well as 

smoothness) of resolutions to the the Navier-S formulas. 
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Singularities: 

The The fundamental problems regarding singularity (their generation, transmission, as well 

as elimination, as well as the consistency of answers) are similar to those for linear PDE, but 

significantly more difficult to investigate. With the linear case, one can simply employ areas 

of payments, but since nonlinear PDEs are seldom formed on random payments, extensions 

like Sobolev universes are used instead. The Ricci circulation is an example of pinnacle 

creation: Richard S. Hamilton demonstrated that although immediate resolutions are present 

singularity normally arise after a limited period. Igor Perelman's solutions to the Poincare 

problem was based on a thorough examination of these singularities, which are in which he 

demonstrated how to extend the answer beyond the absurdities singularities. 

 

Linear approximation: 

The solutions in a neighborhood of a known solution can sometimes be studied by linearizing 

the PDE around the solution. This corresponds to studying the tangent space of a point of the 

moduli space of all solutions. 

 

Moduli space of solutions: 

If the formula has a broad symmetry group, one generally is just interested with the 

coefficients space of remedies multiplied by the number of symmetry company, which is 

occasionally a finite-dimensional dense dramatically with singularities, which are like in the 

case of the Seiberg-Witten formulas. The self-dual Yang-Mills solutions are a little more 

difficult instance, where the modulo space is finite-dimensional but not strictly small, although 

it may frequently be compactified directly. Another scenario where one may occasionally 

expect to charactaries all solutions is with perfectly integrated models, where responses can 

sometimes be a form of aggregation of solitons; this occurs, for example, with the Korteweg-

de Vries equations. 

 

Exact solutions: 

It It is frequently feasible to write down certain specific answers directly in terms of basic 

functionalities (but it is seldom feasible to explain all answers like way). One technique of 

discovering these explicit resolutions is to convert the equation to problems of lesser scale, 

ideally common divergent equations, that can frequently be resolved correctly. This may 

occasionally be achieved by separation of variables, or by seeking for very symmetry answers 

solutions. 

 

Numerical solutions: 

Computing solutions on a computer are practically the sole way to get data on infinite PDE 

situations. There has been a great deal of research finished, but there continues to be a lot of 

effort to be done on computing particular systems, particularly the the Navier-S along with 

additional equations linked to climate forecasting. 

 

Lax pair: 

 

If a system of PDEs can be put into Lax pair form 
𝑑𝐿

𝑑𝑡
= 𝐿𝐴 −

𝐴𝐿…………………………………………………………………………………….. [2.4] 
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Euler–Lagrange equations: 

Systems of PDEs often arise as the Euler–Lagrange equations for a variational problem. 

Systems of this form can sometimes be solved by finding an extremum of the original 

variational problem. 

 

2.2 Non-Linear Partial Differential Equations: 

Non-Linear First-Order Partial Differential Equations: 

For a broad class of quasi-linear scalar first-order equations of the form, 
𝜕𝑢

𝜕𝑡
+ ∑

𝜕

𝜕𝑥𝑖
∅𝑖(𝑡, 𝑥, 𝑢) + 𝛹(𝑡, 𝑥, 𝑢)𝑛

𝑖=1 =

0.……………………………………………………… [2.5] 

the existence and uniqueness problem for the Cauchy problem with an initial condition 

for t=0 has been established for all t>0. 

For a narrower class of equations of the form the question of the asymptotic behaviour of the 

solutions of such problems as t→+∞ and boundary value problems have also been discussed. 

The theory of systems of quasi-linear first-order partial differential equations has been 

developed less completely. 

 

Non-Linear Second-Order Partial Differential Equations: 

Equations of elliptic and parabolic type. The theory of global solvability of boundary value 

problems for a broad class of quasi-linear scalar second-order equations of elliptic type of the 

form, 

∑
𝜕

𝜕𝑥𝑖

𝑛
𝑖=1 𝑎𝑖(𝑥, 𝑢, 𝐷𝑢) + 𝑎(𝑥, 𝑢, 𝐷𝑢) =

0………………………………...………………..………. [2.6] 

∑ 𝑎𝑖𝑗
𝑛
𝑖,𝑗=1  (𝑥, 𝑢, 𝐷𝑢)

𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑗
+ 𝑎(𝑥, 𝑢, 𝐷𝑢) =

0……..………………………………….…………. [2.7] 

is relatively complete under the condition that an a priori estimate of maxx|u(x)| is available. 

Here the coefficients of the equations are subject to certain conditions. A similar situation 

prevails in the theory of global solvability of boundary value (mixed) problems for the broad 

class of quasi-linear scalar second-order equations of parabolic type of the form, 
𝜕𝑢

𝜕𝑡
= ∑

𝜕

𝜕𝑥𝑖

𝑛
𝑖=1 𝑎𝑖 (𝑥, 𝑢, 𝐷𝑢) +

𝑎(𝑥, 𝑢, 𝐷𝑢)………………………………………....…...…………. [2.8] 
𝜕𝑢

𝜕𝑡
= ∑ 𝑎𝑖𝑗 𝑛

𝑖.𝑗=1 (𝑥, 𝑢, 𝐷𝑢)
𝜕2𝑢

𝜕𝑥1𝜕𝑥𝑗
+

𝑎(𝑥, 𝑢, 𝐷𝑢)……….……………………..……………..……. [2.9] 

This solvability theory is based on a priori estimates and the Leray–Schauder method. 

 

Non-Linear Partial Differential Equations of Higher Order: 

The solvability of boundary value (mixed) problems has been studied for the broad class of 

quasi-linear equations in divergence form, 

∑ (−0)|𝛼|𝐷𝛼𝐴𝛼|𝛼|≤𝑚 (𝑥, 𝑢 … 𝐷𝛽𝑢) =

𝑓(𝑥)…...………..…………………………………....…. [2.10] 
𝜕𝑢

𝜕𝑡
+ ∑ (−1)|𝛼|𝐷𝛼𝐴𝛼|𝛼|<𝑚 (𝑡, 𝑥, 𝑢 … 𝐷𝛽𝑢) =

𝑓(𝑡, 𝑥)……………………………...….………... [2.11] 
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Concerning the functions Aα a number of conditions are assumed in this case which ensure 

that the non-linear operators are defined in the corresponding function spaces and satisfy 

certain conditions. 

 

2.3 Theory of Exact Solutions: 

Among the methods for constructing exact solutions one reckons: methods based on the 

application of group theory in the analysis of non-linear partial differential equations; methods 

based on Lie–Båcklund transformation; and methods based on the inverse problem of 

scattering theory. The inverse-scattering method has made it possible to study a number of 

physically important equations, such as the non-linear Korteweg–de Vries equation, 

𝑢𝑡 − 6𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥 = 0; 
……………...……………………………………………………….…. [2.12] 

the non-linear sine-Gordon equation, 

𝑢𝑡𝑡 − 𝑢𝑥𝑥 + 𝑠𝑖𝑛𝑢 = 0; 
…...………………………………………….……………………….…. [2.13] 

the non-linear Schrodinger equation, 

−𝑖𝛹 + 𝛹𝑥𝑥 + 𝑘|𝛹|2𝛹 = 0, 
………………………………………………………………….…. [2.14] 

and a number of others in one space variable x∈R. By means of this method one has been able 

to consider particular non-linear equations like the Korteweg–de Vries equation in two space 

variables. 

 

3. Numerical Approach/Methods for Partial Differential Equations: 

 

Numerical methods for partial differential equations are the branch of numerical analysis that 

studies the numerical solution of partial differential equations (PDEs). 

 
 

Fig.3. 2 Numerical Approach/Methods for Partial Differential Equations 

[Source: Muhammad Bilal Hafeez, 2023] 

 

3.1 Finite Difference Method: 

Limited-difference methods (FDM) are a set of mathematical methods utilized in 

computational mathematics to solve complex differential equations by approximating 

variables using finite differences. The geographical area and its time period (if appropriate) 

have been discretized, or split down into a restricted number of phases, as well as the numerical 

value of the result at these separate places can be approximated by resolving algebraic 

problems with finite variations and quantities given neighboring points. 

Finite differentiation approaches transform normal differential equations (ODE) or partially 

differential equations (PDE) into a collection of linear equations that may be resolved via 
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matrix algebra approaches. Because today's machines can do these linear algebra calculations 

quickly, and because they are very simple to execute, FDM is widely used in current 

mathematical analysis. presently FDM, as well as computational finite element techniques, 

are two of the most prevalent methodologies to numerically solving PDE. 

For a n-times differentiable function, by Taylor's theorem the Taylor series expansion is given 

as: 

𝑓(𝑥0) + ℎ = 𝑓(𝑥0) +
𝑓′(𝑥0)

1!
ℎ +

𝑓(2) (𝑥0)

2!
ℎ2 + ⋯ +

𝑓(𝑛)(𝑥0)

𝑛!
ℎ𝑛 +

𝑅𝑛(𝑥)………………..…….….. [3.1] 

where n! denotes the factorial of n, and Rn(x) is a remainder term, denoting the difference 

between the Taylor polynomial of degree n and the original function. We will derive an 

approximation for the first derivative of the function f by first truncating the Taylor polynomial 

plus remainder: 

𝑓(𝑥0 + ℎ) = 𝑓(𝑥0) + 𝑓′(𝑥0)ℎ +
𝑅1(𝑥)………………………………………………………….. [3.2] 

Dividing across by h gives: 
𝑓(𝑥0+ℎ)

ℎ
=

𝑓(𝑥0)

ℎ
+ 𝑓′(𝑥0) +

𝑅1(𝑥)

ℎ
 ……………………………………………………...………….. [3.3] 

 

Solving for: 𝑓′(𝑥0) 

𝑓′(𝑥0) =
𝑓(𝑥0+ℎ)−𝑓(𝑥0)

ℎ
−

𝑅1(𝑥)

ℎ
…………………………………………………………....……….. [3.4] 

 

Assuming that   𝑅1(𝑥) is sufficiently small, the approximation of the first derivative of f is: 

𝑓′(𝑥0) ≈
𝑓(𝑥0+ℎ)−𝑓(𝑥0)

ℎ
…………………………………………………………………….....…… [3.5] 

 

3.2 Method of Lines: 

The system of lines (MOL, NMOL, NUMOL) is a method to solve partial differential 

equations (PDEs) that discretizes each dimension but one. MOL enables the use of versatile 

techniques and software created for statistical computations involving regular differential 

equations (ODEs) along with generalized algebraic formulas (DAEs). Over the years, several 

integration procedures from numerous programming languages have been created, while 

others have been provided as free assets. 

The technique of lines is frequently employed to describe the development or investigation of 

numerical approaches for complex partial differential equations that begin by dividing just the 

spatial derivative as well as leave the time element constant. This leads to within a standard 

differential equation solution wherein computational methods for the beginning of normal 

solutions may be used. Lines have been utilized in this manner since possibly the beginning 

of the 1960s. 

 

3.3 Finite Element Method: 

The finite element technique (FEM) is a computational methodology for calculating 

approximation remedies for various differential equation threshold value issues. It utilise 

version techniques (variation calculus) to minimise a mistake functional along with generate 

a stable solution. FEM comprises all techniques for linking numerous simple elements 

problems across numerous tiny subdomains, known as finite elements. This allows them for 
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approximating a more complicated equation over a wider area, similar to how joining 

numerous smaller parallel lines may simulate a bigger circular. 

 

3.4 Spectral method: 

Spectral procedures are approaches utilised by mathematical applications along with computer 

science to numerically solve specific differential problems, with the swift Fourier 

transformation often being employed. The concept is to describe a differential equation's 

solution as a sum of particular "basis variables" (for example, a Fourier succession, which is 

a total of sinusoids) then select the coefficients in the sum that most closely satisfy the 

condition of the differential equation. The primary distinction among spectral techniques 

along with the approaches using finite elements is the fact that spectral techniques use 

foundation functions which are not zero over the entire domain, whereas finite component 

techniques use the basis performs that are nonzero only on smaller subdivisions. To put it 

another way, spectrum approaches use a worldwide strategy, whereas finite element 

approaches take a regional one. Because of this, spectral approaches offer great error 

characteristics, with "exponential divergence" having the quickest when the outcome is 

uniform. However, no multidimensional multi sector spectra pulse capture findings are 

known. A spectroscopic element technique is a type of finite element technique in which the 

degree of freedom of the components is extremely large or grows when the grid variable h 

falls to negative. 

 

3.5 Meshfree Methods: 

Meshfree approaches do not need a mesh to link the model domain's data points. Meshfree 

approaches allow for a simulation of certain previously difficult sorts of issues at the expense 

of more computation as well as programme efforts. 

 

3.6 Domain Decomposition Methods: 

Domain deconstruction approaches address boundary value issues by breaking them down 

into small issues centred on websites along with repeating to organize the answer across 

domains. In order to organize the remedy amongst the various subdomains worldwide, an 

imprecise issue with one or many uncertainties per website is employed. Because the issues 

in the subdomain are separate, domain decomposition algorithms are suited for parallel 

computing. Domain decomposition procedures are often employed as preconditioners for 

recurrent Krylov spaces approaches as the inverse slope approach or GMRES. 

The finite element simulations of medium-sized structures need the solution of linear systems 

with millions of unanswered questions Because the typical consecutive run duration is many 

hours each time phase, scheduling is required. Subject decomposition algorithms have a high 

potential for parallelizing the use of finite elements along with serve as the foundation for 

dispersed, concurrent calculations. 

 

3.7 Multigrid Methods: 

Within numerical analysis, multigrid (MG) techniques are a class of strategies used to solve 

differential equations employing an order of discretizations. They are a manifestation of a 

technique class known as multiresolution approaches, which are highly effective in (but not 

limited to) issues with several scales of behaviour. Many fundamental relaxation approaches, 

for example, demonstrate distinct patterns of closure for both the short and long-wavelength 

elements, implying that these sizes should be addressed alternatively, as with the Fourier 

transformation strategy for multigrid. MG techniques may be utilised as both solutions and 

preconditioners. 
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This technique has a benefit over others because it often grows linearly with the number of 

discontinuous terminals employed. Within other words, it can answer these issues with a 

certain degree of precision within an array of processes proportionate to the number of 

unresolved. 

Assume that one has a differential equation which can be solved approximately (with a given 

accuracy) on a grid i with a given grid point density Ni. Assume furthermore that a solution 

on any grid Ni may be obtained with a given effort Wi = pKNi from a solution on a coarser 

grid i + 1. Here,𝜌 = 𝑁𝑖+1/𝑁𝑖 < 1  is the ratio of grid points on "neighboring" grids and is 

assumed to be constant throughout the grid hierarchy, and K is some constant modeling the 

effort of computing the result for one grid point. 

The following recurrence relation is then obtained for the effort of obtaining the solution on 

grid k: 

𝑊𝑘 = 𝑊𝑘+1 +
𝜌𝐾𝑁𝑘…………………………………………………………………….…...…… [3.6] 

And in particular, we find for the finest grid Ni that 

𝑊1 = 𝑊2 +
𝜌𝐾𝑁1………………………………………………………………..……………..… [3.7] 

Combining these two expressions (and using   𝑁𝑘 = 𝜌𝑘−1 𝑁1gives 

𝑊1 < 𝐾𝑁1
1

1−𝜌
…………………………………………………………………………………. 

[3.8] 

that is, a solution may be obtained in O (N) time. It should be mentioned that there is one 

exception to the O (N) i.e. W-cycle multigrid used on a 1D problem; it would result in O (N 

log (N)) complexity. 

 

Table.2. 1 Comparison of Numerical Approach of Nonlinear Partial Differential Equations 

 

Approach Description Key Features 

Finite Difference Method Discretizes derivatives with 

finite differences, can use 

implicit or explicit time-

stepping schemes. 

Simplicity, easy to 

implement, may suffer from 

stability constraints for large 

time steps. 

Finite Element Method Divides the domain into 

elements, uses basis 

functions, and employs 

iterative schemes for 

nonlinear terms 

Flexible for complex 

geometries, adapts well to 

irregular meshes, effective 

for steady-state and 

transient problems. 

Finite Volume Method Divides the domain into 

control volumes, computes 

fluxes across faces, employs 

numerical flux functions. 

Conserves quantities well, 

suitable for hyperbolic 

PDEs, handles complex 

geometries. 

Spectral Methods Approximates solutions 

with spectral basis functions 

(e.g., Chebyshev, Fourier), 

transforms nonlinear terms. 

High accuracy, rapid 

convergence, works well for 

periodic or smooth 

solutions. 

Method of Lines Discretizes spatial 

derivatives first, transforms 

PDE into a system of ODEs, 

solves ODEs in time. 

Efficient for time-dependent 

problems, works well with 

standard ODE solvers, 
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adaptable to various spatial 

discretization methods. 

Newton's Method Iterative approach to solve 

nonlinear algebraic 

equations arising from 

discretization. 

Handles general 

nonlinearities, requires good 

initial guesses, convergence 

depends on problem 

characteristics. 

Semi-Lagrangian Methods Traces characteristics of 

PDEs and solves them in a 

Lagrangian framework. 

Effective for hyperbolic 

PDEs with shocks or 

discontinuities. 

Adaptive Mesh Refinement Locally refines mesh in 

regions with rapid solution 

changes. 

Improves accuracy and 

efficiency for localized 

nonlinear features. 

Fractional Step Methods Splitting methods that 

sequentially address linear 

and nonlinear terms. 

Useful for problems with 

strong coupling between 

linear and nonlinear parts. 

Discontinuous Galerkin Handles discontinuous 

solutions within elements, 

particularly useful for 

shocks. 

Suited for problems with 

strong discontinuities or 

shock waves. 

 

4. Significance of the Study: 

An investigation on "Basic Functional Methods for Computational Resolutions of Stochastic 

Partial Differential Arithmetic" is significant within the realms of academic study, applications 

in engineering, along with technological advancements for a variety of compelling 

explanations. Many everyday events are accurately represented by nonlinear PDEs, allowing 

for intricate behaviours such as as turbulent conditions, waves of shock, patterns formation, 

as well as unpredictable dynamics. Knowing about and predicting complex chemical reactions 

need the ability to quantitatively answer these mathematical problems. Predicting biological 

events, medicine administration, including imaging procedures all rely on linear PDE 

numerical approaches. Better methods may help better comprehend the mechanisms of disease 

and advance the field of medicine. Engineers along with professionals utilise computer 

simulations to design along with optimise devices along with constructions. Efficiency and 

precision within numerical techniques for nonlinear PDEs can give rise to improved creates, 

cheaper costs of creation, along with enhanced security for use in engineering. The study of 

basic function approaches for computations of nonlinear partial differential equations has 

significant implications for improving solutions in engineering along with fostering creativity 

within a variety of fields. Its huge importance as well as capacity to deal with challenging real-

world situations render it an essential along with major topic of study with the potential to 

alter many fields of knowledge. 

 

5. Conclusion and Future Scope 

 

5.1 Conclusion: 

Nonlinear PDEs have been a hot issue within nonlinear research, having been utilised for 

expressing issues across various domains, including quantum physics, computer vision, 

ecological and economic systems, as well as epidemiology. PDEs are widely used for 

biological activities such as wave dispersal as well as development, resonance imaging, 

mathematical modelling of fluids, magneto hydrodynamic movement via tubes, sonic as well 
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as turbulent flow phenomena, acoustic transfer, as well as congestion. PDEs are employed 

throughout population examples, imaging for medicine, correct oxygen delivery for wound 

healing muscles, brain electromagnetic signaling, and other applications. 

Nonlinear equations with partial differential answers may be very complicated, exhibiting 

nontrivial structure across an array of dimensions along with timeframes. A strong objective 

has been to develop successful models which incorporate tiny dimensions as well as brief 

timeframes. The numerical methods/approaches shown here have been used for solving 

extremely nonlinear fractions partial differential equations. Depending on the figures 

collected, we can confirm which there is widespread concurrence with current approaches 

along with show that this approach may be used to efficiently address the presented challenges. 

While used for the solution of partial differential equations, numerical techniques show that 

the techniques are simple to apply and efficient. At last, the most recent development of 

fractional differential equations as frameworks for several disciplines of computational 

mathematics necessitates the investigation of techniques of response (analytical as well as 

numerical), which is our anticipate that our study is a beginning of that path. 

 

5.2 Future Scope: 

The application of even more complex and adaptable fundamentals, like neuronal network-

based fundamental functions or layered infinite elements, will be studied. These enhanced 

variables will increase the precision and efficacy of numerical approaches for a broader range 

of complex PDEs. Scientific discoveries will aid within the solution of nonlinear partial 

differential equations which happen within quantum field theory along with theoretical 

physics. This will advance our understanding of fundamental interactions between particles as 

well as the dynamics of the cosmos at among other elementary levels. Within the coming 

years, studies on basic function approaches for numerical solving of partial differential 

equations that are nonlinear will develop, pushing the boundaries of the two disciplines. These 

breakthroughs will not just increase our understanding intricate frameworks, but will also 

result in technical improvements with profound societal along with scholarly implications. 

 

References: 

 

[1] B. Dong, C. Zhao, X. Qin, L. Zhang, and L. Li, “Nonlinear Partial Differential Equations 

in Mathematics and Physics,” Hindawi, pp. 2–4, 2015. 

[2] Z. Odibat and S. Momani, “Numerical methods for nonlinear partial differential 

equations of fractional order,” Applied Mathematical Modelling, vol. 32, no. 1. pp. 28–

39, 2008. doi: 10.1016/j.apm.2006.10.025. 

[3] R. J. C. & A. M. Xiaolei Xun, Jiguo Cao, Bani Mallick, “Models Parameter Estimation 

of Partial Di ff erential Equation Models,” J. Am. Stat. Assoc., no. August 2013, pp. 37–

41, 2013, doi: 10.1080/01621459.2013.794730. 

[4] P. Taylor, C. Li, and F. Zeng, “Numerical Functional Analysis and Optimization the 

Finite Difference Methods for Fractional Ordinary Differential Equations,” Numer. 

Funct. Anal. Optim., no. July, pp. 37–41, 2013, doi: 10.1080/01630563.2012.706673. 

[5] K. A. Gepreel, M. S. Mohamed, and K. Gepreel, “Analytical approximate solution to the 

time-space nonlinear partial fractional differential equations,” Res. Gate, no. February 

2016, 2012. 

[6] Y. Wang and Q. Fan, “The second kind Chebyshev wavelet method for solving fractional 

differential equations,” Appl. Math. Comput., vol. 218, no. 17, pp. 8592–8601, 2012, doi: 

10.1016/j.amc.2012.02.022. 



Mathematical Statistician and Engineering Applications  

ISSN:2094-0343  
2326-9865  

 

13482 

Vol. 71 No. 4 (2022)   
 

http://philstat.org.ph  

[7] A. El-ajou, O. Abu, S. Momani, D. Baleanu, and A. Alsaedi, “A novel expansion iterative 

method for solving linear partial differential equations of fractional order,” Appl. Math. 

Comput., 2015, doi: 10.1016/j.amc.2014.12.121. 

[8] L. Graney and A. A. Richardson, “The numerical solution of non-linear partial 

differential equations by the method of lines,” J. Comput. Appl. Math., vol. 7, no. 4, pp. 

229–236, 1981, doi: 10.1016/0771-050X (81)90050-4. 

[9] D. Greenspan and W. F. Ames, “Numerical Methods for Partial Differential Equations.,” 

Am. Math. Mon., vol. 77, no. 9, p. 1028, 1970, doi: 10.2307/2318149. 

[10] M. Eslami, B. F. Vajargah, M. Mirzazadeh, and A. Biswas, “Application of first integral 

method to fractional partial differential equations,” Indian J Phys, 2013, doi: 

10.1007/s12648-013-0401-6. 

[11] X. Yang, Z. Deng, and Y. Wei, “Open Access A Riccati-Bernoulli sub-ODE method for 

nonlinear partial differential equations and its application,” Adv. Differ. Equations, 2015, 

doi: 10.1186/s13662-015-0452-4. 

[12] S. H. Rudy, S. L. Brunton, J. L. Proctor, and J. N. Kutz, “Data-driven discovery of partial 

differential equations,” Sci. Adv., no. April, pp. 1–7, 2017. 

[13] K. Hosseini, R. Ansari, and P. Gholamin, “Journal of Mathematical Analysis and Exact 

solutions of some nonlinear systems of partial differential equations by using the first 

integral method,” J. Math. Anal. Appl., vol. 387, no. 2, pp. 807–814, 2012, doi: 

10.1016/j.jmaa.2011.09.044. 

[14] M. Raissi, P. Perdikaris, and G. E. M. Karniadakis, “NUMERICAL GAUSSIAN 

PROCESSES FOR TIME-DEPENDENT AND NONLINEAR PARTIAL 

DIFFERENTIAL EQUATIONS,” Soc. Ind. Appl. Math., vol. 40, no. 1, pp. 172–198, 

2018. 

[15] M. Raissi, P. Perdikaris, and G. E. Karniadakis, “Physics Informed Deep Learning (Part 

I\): Data-driven Solutions of Nonlinear Partial Differential Equations,” no. Part I, pp. 1–

22. 

[16] H. A. A. Abdelrahman, Mahmoud A.E., “A robust and accurate solver for some nonlinear 

partial differential equations and tow applications,” Manuscript, 2020. 

[17] Y. Pandir, Y. Gurefe, U. Kadak, and E. Misirli, “Classification of Exact Solutions for 

Some Nonlinear Partial Differential Equations with Generalized Evolution,” Hindawi 

Publ. Corp., 2012, doi: 10.1155/2012/478531. 

[18] Z. Odibat and S. Momani, “Numerical methods for nonlinear partial differential 

equations of fractional order,” Appl. Math. Model., vol. 32, no. 1, pp. 28–39, 2008, doi: 

10.1016/j.apm.2006.10.025. 

[19] H. Jafari, R. Soltani, C. Masood Khalique, and D. Baleanu, “Exact solutions of two 

nonlinear partial differential equations by using the first integral method,” Bound. Value 

Probl., vol. 2013, pp. 1–9, 2013, doi: 10.1186/1687-2770-2013-117. 

[20] Y. Bar-Sinai, S. Hoyer, J. Hickey, and M. P. Brenner, “Learning data-driven 

discretizations for partial differential equations,” Proc. Natl. Acad. Sci. U. S. A., vol. 116, 

no. 31, pp. 15344–15349, 2019, doi: 10.1073/pnas.1814058116. 

[21] S. T. Abdulazeez, M. Modanli, and A. M. Husien, “Numerical Scheme Methods for 

Solving Nonlinear Pseudo-Hyperbolic Partial Differential Equations,” J. Appl. Math. 

Comput. Mech., vol. 21, no. 4, pp. 5–15, 2022, doi: 10.17512/jamcm.2022.4.01. 

[22] H. P. Langtangen, “Solving nonlinear ODE and PDE problems,” Soil Dyn. Earthq. Eng., 

vol. 29, no. 5, pp. 1–41, 2014. 

[23] M. Sultana, U. Arshad, A. H. Abdel-Aty, A. Akgül, M. Mahmoud, and H. Eleuch, “New 

Numerical Approach of Solving Highly Nonlinear Fractional Partial Differential 

Equations via Fractional Novel Analytical Method,” Fractal Fract., vol. 6, no. 9, 2022, 

doi: 10.3390/fractalfract6090512. 



Mathematical Statistician and Engineering Applications  

ISSN:2094-0343  
2326-9865  

 

13483 

Vol. 71 No. 4 (2022)   
 

http://philstat.org.ph  

[24] H. Ahmad, A. Akgül, T. A. Khan, P. S. Stanimirović, and Y. M. Chu, “New perspective 

on the conventional solutions of the nonlinear time-fractional partial differential 

equations,” Complexity, vol. 2020, 2020, doi: 10.1155/2020/8829017. 

[25] S. A. Ahmed, A. Qazza, and R. Saadeh, “Exact Solutions of Nonlinear Partial    

Differential Equations via the New Double Integral Transform Combined with Iterative 

Method,” Axioms, vol. 11, no. 6, 2022, doi: 10.3390/axioms11060247. 

[26] M. Bilal and H. Marek, “A Review: Applications of the Spectral Finite Element 

Method,” Arch. Comput. Methods Eng., vol. 30, no. 5, pp. 3453–3465, 2023,  

doi: 10.1007/s11831-023-09911-2. 

 

 


