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Abstract

Mathematics is important in many domains, and in mathematics itself,
graph theory has become a significant topic with many applications in
structural modelling. Graph theory originated in 1735 as a solution to the
Konigsberg Bridge historical problem and has since grown into a broad
topic that provides insights into how items or technologies are arranged
and connected, enabling advancements in a variety of fields. Effective
route planning is essential for companies and sectors in today's
environment, impacting critical elements such as product distribution.
Graph theory offers fundamental principles and techniques to tackle these
issues, providing workable solutions that maximise resource allocation and
improve operational effectiveness. In order to clarify the fundamental
ideas of graph theory, this paperwill introduce a variety of graph types
together with their definitions and essential ideas. Our goal is to
demonstrate the usefulness and practicality of graph theory through an
extensive investigation. We hope to show how graph theory is a useful
framework for problem solving and decision making in a variety of
domains by showcasing the many applications across different fields.
Through our study, we have discovered a number of graph types that are
essential to many important real-world applications. We hope to
demonstrate the flexibility and usefulness of graph theory by offering a
clear knowledge of these graph types and their theoretical foundations. By
providing this thorough introduction, we hope to highlight the value of
graph theory as an effective tool for describing and evaluating complex
systems, which will promote creativity and progress in a variety of
domains.

Key words:Bipartite Graph, Connected Graph, Social Media Networks,
Graph Coloring, Median Graph

1. Introduction

Graph theory is a subfield of discrete mathematics that is extremely important because it can
represent complicated relationships in a clear and visible way. Graph theory offers a potent
framework for modelling pairwise relations between objects by describing data as graphs
made up of vertices (nodes) and edges.[1] The purpose of this thesis is to investigate the
various uses of graph theory, especially in computer science. In many computer science
applications, such as data mining, picture segmentation, clustering, and social media
networking, graphs are fundamental concepts. Graphs are a flexible tool for analysis and
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problem-solving, whether they are used to describe social networks or optimise routing
algorithms.[2]

Graph theory developed from the historical Kénigsberg Bridge problem in 1735 and has been
further advanced by prominent mathematicians. Subsequent to Euler's seminal work on
Eulerian graphs, Mobius introduced complete and bipartite graphs, laying the foundation for
later discoveries. Kuratowski's planarity theorem, which established that some graph
structures are planar, took the field even further. [3] Key developments in graph theory
include Hamilton's investigation of Hamiltonian cycles, Guthrie's description of the four-
color issue, and Kirchhoff's application of graph theoretical ideas in electrical circuit analysis.
Even while certain puzzles, like the four-color problem, took decades to solve, the
development of computer technology eventually made it easier to solve them.

Graph theory's adaptability finds applications in areas like network analysis and theoretical
chemistry, going beyond standard mathematical problems. More interdisciplinary study was
made possible by Sylvester's use of the term "graph” in 1878, which emphasised the
similarities between graph theory and molecular diagrams. The ongoing development of
graph theory is best illustrated by the work of Ramsey on colorations and Heinrich's use of
computer techniques to solve the four-color problem. Furthermore, asymptotic graph
connectivity research paved the way for the creation of random graph theory, which
broadened the field's scope even more.[4]

A robust toolkit for addressing numerous issues, such as resource allocation, network
optimisation, and image processing, is provided by graph theory. Graphs' flexibility and
representational strength can be used to simulate and solve a wide range of challenging real-
world issues.[5] explore different kinds of graphs and the characteristics that go along with
them, showing how each kind is useful for tackling particular problems. We hope to
demonstrate the significant influence of graph theory on contemporary science and
technology by going through a thorough examination of its applications.

Because of the progressively more in-depth study of graph theory, mathematics as a field has
grown dramatically. Graph theory deals with different kinds of graphs, each of which is
unique and has features that set it apart from other types of graphs. These characteristics
make it easier to analyse and work with graph data by arranging a graph's edges and vertices
into particular patterns. The variety of operations available for various kinds of graphs adds
to the intricacy and scope of graph theory as a field of study.

Graph theory is a strong tool for tackling complicated issues in a variety of domains,
including computer science, biology, chemistry, and operational research, despite its
complexity. Because of their adaptability, graphs are useful in a wide range of real-world
situations, such as bioinformatics and computer networks. But grasping the essential ideas
and real-world applications of graph theory is necessary for mastery.[6]

Although some teaching resources go into great detail about graph theory, they might not
give a thorough rundown of its practical applications. On the other hand, resources that
concentrate just on graph theory's applications frequently omit to describe the fundamental
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ideas and properties of graphs. Seeing this gap, the authors of this work want to close it by
explaining the essential ideas of graph theory and providing real-world examples of its
applications.

To provide a strong foundation in graph theory, this work starts by defining several kinds of
graphs. It then delves into the main uses of graph theory in a number of disciplines, such as
computer science (algorithms and computations), biochemistry, genomics, electrical
engineering (communication networks and coding theory), and operational research
(scheduling).[7] Through the identification of particular applications and the kinds of graphs
employed in each scenario, the writers hope to provide readers with a thorough grasp of the
practical significance of graph theory.

2. Fundamental Tents Of Graph Theory

Understanding basic definitions in graph theory is crucial before exploring graph
applications. To aid with understanding, the writers have presented these definitions in an
easy-to-read format.Graph: A graph consists of a set of vertices (V) and a set of edges (E). It
is commonly represented by the notation G(V,E) or G=(V,E). In a graph, the number of
edges is represented by m, and the number of vertices is represented by n.[8]

Vertex: A vertex, sometimes referred to as a node, is the point on a graph where two edges of
a polygon or two rays of an angle converge.

Edge: In a graph, an edge is a connection made by one vertex to another. E=(U,V), where U
and V are the vertices joined by the edge, is used to express it as a pair of vertices.

Undirected Graph: A graph with no edge orientation is called an undirected graph. As they are
unordered pairs or sets {p,q} of vertices, this indicates that the edge (p,q) and the edge (q,p)
are the same. When n is the number of vertices in an undirected graph without loops, the
maximum number of edges can be found using the formula n(n-1)/2.

Directed Graph: An ordered pair of two vertices, indicated as (Vi,V]), represents each edge in
a directed graph, also called a digraph. A directed edge from vertex Vi to vertex Vj is
indicated by this.

A connected graph, denoted as G=(V,E), is one in which each pair of vertices in the graph has
a path connecting them. This suggests that using a network of edges, every vertex may be
reached from any other vertex.[9]

An edge that joins a vertex to itself is called a loop. It is a graph representation of a self-loop.

In a graph, parallel edges are created when two vertices are joined by more than one edge.
The resulting graph is known as a multigraph, and these numerous edges are known as
parallel edges.

Simple Graph: A graph with no loops or numerous edges (parallel edges) is called a simple
graph, G=(V,E). It is a simple illustration of the connections between the vertices.
Adjacent Vertices: If an edge connects two vertices in a graph G=(V,E), they are said to be

Vol.72 No. 02 (2023)
http://philstat.org.ph

353



Mathematical Statistician and Engineering Applications
ISSN:2094-0343
2326-9865

adjacent or neighbours.

Adjacency Matrix: When vertex vi is next to vertex vj, then aij=1; if not, then aij=0. An
adjacency matrix is a binary nxn matrix related to a graph. It offers a visual depiction of the
relationships between vertices.

Degree of a Vertex: The number of edges incident to a vertex is its degree. It measures a
vertex's degree of connectedness inside the network.

Regular Graph: A graph is said to be regular if every vertex has the same degree, or the
number of incident edges, which is represented by the letter k.[10]

Complete Graph: A complete graph, denoted by G=(V,E), is one in which an edge connects
each pair of unique vertices. Kn is its symbol, and it has n vertices that are next to each other.

Cycle Graph: A cycle graph is a basic graph that has n edges and n vertices (n>3) that
combine to form a complete loop.

Wheel Graph: A wheel graph is created by connecting every vertex (hub) in a cycle graph to
every other vertex in the cycle.

Cyclic and Acyclic Graphs: An acyclic graph is one that lacks cycles, whereas a cyclic graph
has at least one cycle.

Graphs can be classified as either connected or disconnected based on the presence or
absence of routes between any two pairs of vertices.

Tree: A connected graph without any cycles is called an acyclic tree. With a single root vertex
and branching substructures, it depicts a hierarchical structure.

A bipartite graph is one whose vertex set is separable into two distinct sets so that there are no
connections connecting any of the vertices in the same set. It depicts the connections between
two different entity groups.

Full Bipartite Diagram:When every vertex in one partition of a bipartite graph is connected to
every other vertex in the other partition, the bipartite graph is said to be complete.

Vertex colouring is the process of giving a graph's vertices colours so that no two of them are
the same colour next to each other. It is a basic idea in graph theory that has several uses,
such as resource allocation and scheduling.

Chromatic Number: The least number of colours needed to colour a graph G's vertices so that
no two neighbouring vertices have the same colour is known as the graph's chromatic
number. It offers insights into the structure and characteristics of the graph and is a basic idea
in graph colouring.

Line Covering: A subset C of edges E in a graph G=(V,E) is called a line covering (also
known as an edge covering) if every vertex in G is incident with at least one edge in C. Line
coverings are helpful for several tasks, such as network optimisation and design.
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A subset K of vertices V such that every edge in G is incident with at least one vertex in K is
known as a vertex covering of a graph G=(V,E). Vertex coverings play a crucial role in graph
theory and are useful in issues related to facility placement and network security.

A spanning tree is a subset M of edges in a graph G=(V,E) that contains all of G's vertices and
forms a tree. Spanning trees are useful in network design and routing algorithms because they
can connect all of a graph's vertices with the fewest number of edges possible.

Cut Vertex: In a connected graph G=(V,E), a cut vertex is one whose removal causes the
graph to become unconnected, leaving two or more disconnected components. In graph
connectivity analysis and network resilience, cut vertices are essential.

Cut Edge: In a connected graph G=(V,E), a cut edge is an edge that, when removed, causes
the graph to become disconnected, resulting in the creation of two or more unconnected
components. In communication network architecture and network reliability, edges matter.

A connected graph G=(V,E) with an Eulerian path that travels every vertex at least once and
every edge exactly once is called an Euler graph, also known as a traversable graph. Euler
graphs are useful in network routing and optimisation and are significant in the field of graph
theory.

Euler Circuit: An Euler circuit is a closed path that crosses every edge of the graph precisely
once. It is an example of an Eulerian path where the beginning and finishing vertices are the
same. Euler circuits are essential to graph theory and have applications in routing protocols
and network architecture.[11]

A linked graph G=(V,E) with a Hamiltonian cycle—a cycle that visits each vertex of G
exactly once—is referred to as a Hamiltonian graph. Essential to graph theory, Hamiltonian
graphs can be used to solve optimisation issues like the Travelling Salesman Problem.

3. Graph Theory's Applications In Various Fields:

Graph theory is used in GPS and mapping applications to determine the shortest path between
two points. It makes route planning more effective by modelling crossroads as vertices and
roadways as edges.

Traffic Signal Lights: By simulating traffic flow at intersections, graph theory aids in the
optimisation of traffic signal management systems. In order to reduce congestion, it helps
determine the best signal timing and sequencing.

Social Networks: By depicting people as vertices and connections as edges, graph theory is
used to analyse social networks, like Facebook and Twitter. It is useful for figuring out who is
influential and for comprehending the spread of information.

Semantic Search Engines: Based on user queries and social connections, semantic search
engines such as Facebook Graph Search utilise graph theory to deliver appropriate search
results. It improves user experience and search efficiency.

Road Blockage Clearance: Graph theory is utilised to effectively allocate resources, such

Vol.72 No. 02 (2023)
http://philstat.org.ph

355



Mathematical Statistician and Engineering Applications
ISSN:2094-0343
2326-9865

salt trucks, to clear roads that have been obstructed by occurrences such as snowfall.
Effective street navigation is achieved by the use of Euler routes or circuits.

Web Page Ranking: Search engines like Google use graph theory algorithms, such as
PageRank, to rank web sites according to their relevance and significance. It increases the
relevancy and accuracy of search results.[12]

Graph theory is used to optimise job assignments to employees with the goal of maximising
productivity. It facilitates the efficient assignment of jobs to available resources.

The Travelling Salesman Problem (TSP) is a well-known optimisation problem that draws
its foundation from ideas in graph theory such as Hamiltonian cycles. It entails figuring up
the most economical round-trip itinerary that stops in each city precisely once before
returning to the starting point.

Timetable Scheduling: Teachers in educational institutions can better schedule classes and
subjects by using graph theory. It aids in minimising schedule conflicts and maximising
resource allocation.

4. Technological Applications Of Graph Theory:
Applications of Graphs in Computer Science:

Computer Networks: By modelling the connections between nodes, graph theory is used in
computer networks to enable effective packet routing, analyse network traffic, and determine
the best paths between nodes using algorithms such as Bellman-Ford and Dijkstra's.

Data mining: To analyse big datasets organised as graphs, such social networks, data mining
techniques based on graph theory are applied. To extract useful data and patterns from the
graph structure, algorithms are used.[13]

GSM Mobile Phone Networks and Map Colouring: To effectively allocate frequencies to
cellular zones, GSM mobile phone networks make use of graph theory ideas such as map
colouring. The best allocation of frequencies is ensured by applying the four-color theorem.

Web design: Websites are organised as web graphs, in which hyperlinks are edges and web
pages are vertices. By making activities like community discovery, link analysis, and content
retrieval easier, graph theory aids in the construction of websites.

Language Processing: To analyse the syntactic structure of input code, language processing
tools such as compilers use graph theory. Parse trees are used to determine proper syntax and
facilitate language processing. They are represented as directed acyclic networks.

Code Decoding: To remedy errors in data transfer during code decoding, bipartite graphs are
utilised. Errors are found and received code words are decoded using Tanner and Factor
graphs.

Electronic Chip Design: To maximise component connections on printed circuit boards,
graph theory is used in electronic chip design. In the design graph, connections are

Vol.72 No. 02 (2023)
http://philstat.org.ph

356



Mathematical Statistician and Engineering Applications
ISSN:2094-0343
2326-9865

represented as edges and components as vertices, enabling the best possible circuit
configuration.

Operation Research with Graphs:

Transportation Networks: To maximise the movement of commodities between
destinations, transportation network modelling applies graph theory. Network flow models
are used to optimise resource allocation, handle restrictions, and maximise flow or minimise
cost inside the network.[14]

Chemistry Graphs: Structural Formulae The definition, list, and analysis of the structural
formulas of covalently bonded compounds are based on graph theory. Graphs are used to
represent chemical structures, allowing for computer programming and systematic study.

Biographical Graphs: Biological Networks Biological network analysis, such as protein-
protein interaction networks, regulatory networks, signal transduction networks, and
metabolic networks, makes substantial use of graph theory. Biological systems' elements
andinteractions are represented using graphs, which make it easier to compare and analyse
molecular features.

Geographical:

Map colouring is the process of colouring maps of nations so that no neighbouring country
has the same colour as another using ideas from graph theory, such as the four-color theorem.
Graph theory was developed in response to this issue, which was ultimately resolved with the
use of computers.[15]

These applications show how graph theory has a broad impact on a variety of technological
domains, such as electronic design, computer science, telecommunications, biology,
chemistry, and geography. Graph theory advances scientific understanding and technology by
offering strong tools for modelling, analysing, and optimising complex systems.

5. Conclusions

This work seeks to emphasise the relevance of graph theory ideas for academics by
highlighting their significance in a variety of real-world situations. It prioritises the graph
theory portion over other sections and gives an overview of graph theory and its applications
in various domains. For academics and students interested in learning about graph theory and
its applications in the fields of computer science, operation research, geography, chemistry,
and biology as well as in everyday life, this paper is an invaluable resource. The article
provides insights and ideas for scholars to investigate in their own fields of study by
showcasing a variety of graph theory applications.
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