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1.Introduction and Main Result

In this paper we are study approximation of function F in the weighted quasi normed space
Le,p(D,1 < p < oo. Where we will study space in an interval I = [—b,b], b =positive integer and
the positive weighted function w(x) on I, its called Jacobi weight as in [1-3] ,w(x) = (1 —
X)a1(1 + X)az, dq,dy > _b,X eElcR

Characteristic for Ly, ,(I), are the inequalities of Holder and Minkowski as in [4,5]. The study of
approximation in this paper will be by sing algebraic polynomial in [],,0<m< %% €
R* (positive integer). The space L, ,(I), consisting of all functions F such that F:1 — R and the
function F is defined as

1
||F||Lm'p(1) = (fIIF(x)Ipoo(x)dx)p <o,x€L,1<p<oo. If a; =a, =0 then L, ,(I) = L,(D),
1
and ||F||Lp(1) = (fIIF(x)Ide)P <oo,x€l,1<p<oo.
So we will exclude zero values to a; and a,.Let the space W(gf;")(l), k> 0,v € (0, b], itis the set
of all functions F is defined as {F: Fe Ly 3F® e L, vhe (0,b) > |[F®x+h) -

F(k)(x)”LwJp[_b’b_h] < h"}. Letas,a, > —b,1 <p < o0,k > 0,v € (0,b], we will know the class
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of function as EW(S)I,‘;"’) () = {f € Ly, p(D:IF® e L, ,(D),vh € (0,b) 3 (f_bb+h|F(k)(x) -
FOO(x — h)|"m(x)olx)5 < Eh"} (1)

The Heaviside function as in [6,7], was used in the search, may be defined as:

1, x>0
0, x<0
2) An indicator function H(x) = 145,.
The Dirac delta function as in [8-10] is the derivative of the Heaviside function

1) A piecewise function H(x) = {

8, (x) = iH(X)' hence the Heaviside function can be considered to be the integral of the Dirac

delta function. This is some time written as H(x) = f_XOO 8, (u)du.

Theorem A : Let F € W(f)lf;") (I), then there exist a polynomial Q,, of degree < m,0 <m <

=

depends on (a;,a,,p,v,b), such that :

1) v% < hi there exist a constant C = C(a;, a5, p, b, v, k, o, a;) satisfy
1

k+v+2

1
< Ch pLnP
Lop®

Such that a;,a, > —b,1<p < oo,v € (0,b],k>0,a € (0,1),0; =Lnax € R and b positive
integer.

[
(@ +h)<+

1
h’

2) v% < hi there exist a constant C depends on a4, a,, p, b, v, k, p satisfy
1

F—Qm K
”(cp + h)kru]l < Ch
Lop®)

C = C(ay,az,p,b, v,k 1,s),Such that a;,a, > —b,1 < p < oo, v € (0,b],k > 0,b positive integer
and s is the integer function of the greatest integer.

2. Notation

The following notation is used in this paper:

Let x; = bcosy;, i =1, ...,Loga%,% positive integer 0 < a < 1, x; < X441, It's clear to see that

hK;
_1' (Kl

is a maximum of i ). Let Jy is a partition to the an interval I = [—b,b] such that: [y = {7, 8 =
0,..N|-b=jo<p < <fn-1<sn=Db}) and Ai(x)=he(x)+h when &) =
h

bsiny; = /1 — cos?y; = /1 —x?, Then |I| = X;41 — X; = b cosyj;; — b cosy; = bh; =

V1 —x2,x € 1. Suppose t; the sets of points which is belong to an interval I and satisfy the
followings :

Lot =0ty =t;+ 20

A
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a’l< 1—t2

/ th i
—t3, = \/ < ali=1, ...,Loga%

It can be pointed out that tk+1 = tLog 1,, = bty =—t; and let
Oh

Ay = [ty, tk+1]U[t_(k+1),t_k],k > 0,Vx € Ay.

3.Auxiliary Result

Lemma 3.1.| < CEhY,C = C(aq,ay, b),

F1—Fy(F)
h Lep(I1)

such that a, a, > —b, b =positive integer, and I; = [—(b — h),b — h]

1

p )
— Fy(F) w(x)dx)

Proof: Let A = |F1

b-h
= <f—(b—h)

Fi(x) — Fp(F,x)
Lopay) h
(k+v) .
Let VF,(F,x) € EW,, " (I), defined
kbh+h
11
F,(F,x) =h f F(x*)dx*,x € [—E,E— 1)
kbh

S

kbh+h

kbh+h
jkbh

p
Kbh F(x*)dx

|h f;+hF(x*)dx* —h

b-2h

— bh
Then A = ( ohob
T hb

b

[F(x*+ h) — F(x*)|? w(x)dx*dx)

kbh+h kbh+h
AP <C (

kbh kah
hb

bR kbh+h kbh+h

<cC z hpf |F(x*+h)—F(x*)|pdx*f w(x) dx

x=h=b kbh kbh

kbh+h N . kbh+h
Let L, —zbhh P [ IF G+ R) — FQe)Pdx [0

"hb

w(x)dx

kbh+h

kbh+h
jkbh

And L} = Zkbh hP [ IF(x* +h) — F(x*)|P dx w(x) dx . We have
(1- x)almin{Bl_az,Blaz} <wlkx)<(1- x)alMax{Bl_az,Blaz},x € [0,b)

If a; < 0 then we get
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1—bkh)™*1(1 —

b-2h
—_ 5 kbh+h
L5 < C(a)h? X2 P |

kbh IFGe* + h) — FGeH)P (1 — x*)%dx* (fkbh+h(

kbh
x)% dx) . Let TZ = [} """ (1 — bkh) =% (1 — x)® dx. HenceT? < C(ay, b), then L} <

b-2h
——— .kbh+h
C(ay,az, b)h? Zkl;h *

0 Jkbn |F(x* + h) — F(x*)|? w(x*)dx* (2)

If a, > 0, then by the same way we get the same estimate. Now, for L%

1+ x)azmin{Bz_al,Bzal} <wx)<A+ x)“ZMax{Bz_al,Bzal}.Vaz >0

—-b kbh+h
Bee@w Y [ IFa+n-FaIra
k=b—2h kbh

bh
kbh+h

+ x*)2dx" j (1 + blh + B)-%2(1 + x)% dx
kbh

LetTi = fkbh+h

won (L4 bkh + R)~%2(1 + x)% d.Hence TE < C(ay, b), then

kbh+h

won [FGx™+h) = F(x)P w(x)dx* (3)

I} < C(ay, ay )P ¥,
k=T

There for we get from (2) and (3) and by using definition (1)
AP <P+ 18

p
< C(ayq,a,, b)(ER" )P

F1— Fp(F)
n

LypU1)

Fi—Fp(F)
h

< CEhv,C = C(al, a,, b),

Ly pU1)

such that a,, a, > —b, b =positive integer.

< CEhv,C = C(al, a,, b),

Lyp(I2)

Lemma 3.2.||F —F1

h

such that a,, a, > —b, b =positive integer, and I, = [-(b — h),b — h]

b-h p P
Proof: Let B = ”F — F% = (f_(b_h) |F — F%(x)| a)(x)dx)

Lopay)

By using the same method in Lemma 3.1. then
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b—2h
“Bh~ kbh+h kbh+h
BP < C(ay)h? Z hP f |F(x*) — F(x* — h)|P dx* f w(x) dx
k="=b  Kkbh kbh

b

Hence ”F F1

< CEhU,C = C(al, ap, b),

R L, p(I2)

such that a,, a, > —b, b =positive integer.

Lemma33./” [° |F() - FO)Pw()dxdy < CEPAU )
C=Cw,p)l1<p<o,veE(0b]

Proof: LetT = fbb_h fbb_hIF(x) — F)|Pw(y)dxdy

We will now make a s substitution for the internal integration, put t = x — y, then we get

b b-y h b-t
f f IF(t +9) — FO)Pw(y)dydt + f f IF(t +y) — FO)Pw(y)dydt
y=b—ht=b—h-y 0
Letv = —t,dv = —dt
h b h b—t
T< FO) = F&r = Podydv + [ [ 1FCE+y) = Fo)PaG)dydt
I ] /]

By definition (1) when t € (0, b)

T <[y [0 JFO) = FO = m)Po()dydv + [ (Et*)Pdt

Also by definition (1) whenv € (0,v),—b + v <y < b, (k = 0), then

b
f IF&) - F(y —»)Po(y)dy < (Et")?

—-b+v

Hence T < 2EP foh t*Pdt, hence

fbh_h fbb_h (v+%)p

1
=C(v, p)Eph(erE)p,l <p<o,veE(,b]

-b+h —b+h
L

Lemma 3.4. f |F(x) — F(y)|Pdxw(y)dy < CEph( ) Pe=c,p)l<p<omve

(0,b]
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Proof: By using the same way in Lemma (3.3) we get the above result.
Theorem 3.5. LetF € EWa(,f;,)(I), 1 < p < oo, then
”F - Fh(F)”Lw’p(I) S CEhvr C = C(all aZP v, p)
Such thata;,a, > —b,v € (0,b],1 < p < oo.
Proof: Since the an interval I = [—b, b], can be written as
[-b,b] = [-b,—b + hJU[—b + h,b — h]U[b — h, b], and we have
IFGO) = Fa(F, )| < C|FG0) = F1 ()] + € [F1(o) = Fu(F, )
h h
Now by using Holder inequality if p > 1, [10],and by take L,, ,,- of both sides, we get
IF = Fn(F)llL,, )
—-b+h —b+h b-h ) %
<c f f |F(x) — F(y)|Pw(y)dxdy + f F1(x) — Fp(F,x)| w(x)dx
-b  -b =(b-h) "
b b
| [1Fe - FoIPomIExdy
b-hb-h

Now, by using Lemmas (3.1),(3.3) and (3.4) we get

F —F,(F L 1

I n(Fll, 0 < Cv, P)Eph(v+5)p + C(ay,a,,b)ERY + C(v,p Eph(v+5)p
O),p()

=C(a4,a,,p,b,v)ERY, C = C(a,,a,,v,p)

Such that a;,a, > —b,v € (0,b],1 < p < o, b =positive integer.

Theorem 3.6. Let F € EWagf;+”)(1),k =0,1<p < oo,then

1

F — Fy(F Z 1yp
A < Chpr <L7'l—) ,C = C((l, a,v,p, b)
A1 h
h LypD

Such that « € (0,1), @, € R*,v € (0,b],1 < p < o, b =positive integer.

Proof: We have A, c [—b,b], k > 0 then

14 b 14
F — Fy(F) [ F@ =R 0
|| - | LG | W
h Lep@) h
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LOga% P
F(x) — Fp(F,x)
= z fAk ) w(x)dx
k=0 R

By using Theorem 3.5and V F € WaE};} (1), Fy,(F,x) = F n (F,x)
ak

2
wx)dx < fIIF(x) — F,(F,x)|Pw(x)dx

fAk

F(x)—Fn(F,x)

< C(ay,ay,v,p) (ﬁ)vp.

Now,for k < Log, % on an interval 4, we have a* < a**1, hence by property (2) we get

a~ kD < g7k < 1 —1t2
< /1 —t2,, <J1-—x?
(@) (VI—x2 +h) >1
1

X (ak+1)v 1 aktl v
Ni—+h) - (h<p(x)+h2)”<< h )

Hence for k = Log, % we get

p
F — F,(F bhk;
A < C(v,p,a)|l| =C(a,v,p)hi=6( .l>
A at
R Lop@)
_ hLoga% _ hz Ln}l1 | _ "
=C sy C(a,p,v,b) — | letlna = a; R
F — Fy(F,.) 2 . 1\p
— I'p I = 14
e < Chpr (Ln—) ,C=C(a,aq,,v,p,b
R

Lep(D
Such that « € (0,1),a; € R*,v € (0,b],1 < p < o, b =positive integer.
Lemma 3.7. Forall x € I = [-b,b], and [x;, x; ;1] < [tx—1, tx] We have

Xit+1

f w(@)dx < C’hsinz‘““yi%
Xi
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Where w(x) the Jacobi weights, and C = C(a,, a,, b), such that a,, a, > —b,b =positive integer.

Proof: i) If a; < 0, the proof will be discussed in case a; < 0, since [x;, x;41] € [tx—1, t ], hence

Xit+1 tk
f (1 - 0% +x)%dx < C(ay) f (1 — x)%dx
X tk—%

1) Ift, <b (k < Logs ), then
C(az) fi{k ha—(i—l)(l —x)% dx < C(ay,azb) (tx — te-1) (\/ 1- tl%—l)

2a1

Aty =ty — tx_y = ha=®=D and by property (2) we have a~*~ < /1 —t2_,, hence
t 2a1+1
C(ay) fkk—ha—(i—l)(l —x)%dx < C(aq,a,,b)h (,/1 - ti_l) .
Itis clear that cos y,1 = t;_q, hence sin®y;1 = 1 — cos?y,1, hence y,1 = \/1 — t;_,, then we get
'h 'h 'h 'h

f;i“ w(x)dx < €(ay, a,, b)h sin?%1+1 yl.%.

i

2) Ift, =b (k =Logey +1), then

Xi+1 b
f w(x)dx < C(ay) j (1—x)%dx
Xi _ h
° aLOQa%
Letl —x=y,dy =—dx
Xi+1 0
f w(x)dx < —C(a,,b) fy“l dy < €(ay, ay, b)hh?*1t1

Xi —h2

We have from property (1) and (2)

1 5 h
W< 1_ti—1= 1_<ti_F)’(tk=b)

1
aLOgaE aLOgaH

2
! jl—(b— L 1) ,(k=Loga%+1)hencethinyil(4)
'h

Xi+1

f w(x)dx < C(ay, az,b)hsinzalﬂyi%

Xi

i) If a; = 0, we take this case if t;, < b and if t;, = b, and by the same way in (i) we get
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f;i“ w(x)dx < €(ay,a, b)hsin?®1tl 1258
i 'h
Lemma 3.8. For x € [x;,x;+1] and y; = cos~1x;, we have
p Pt S
(5UPxgxensy, [Rj G = BO|)” < 1+ C0m, a,p, ™ Ph 2 77
(1 ,x=x
Where y;(x) = {0 X<z a€(01),m=2,1<p<wm
Proof: By reference [11], then we get when X;(x) = 1,x > x;
N p N e p
<xsxins | R (X) = P; < Z 1+ h w2t
;Supxl_x_xlﬂl ](x) ](x)l - ( o — 1 ]% j,% (%)
_ P
N Al(xj) 2m—1
< 1+ C(m)h, h
Z (m) i A1(x;) + [cos~1x — cos~1x;
- h
i h
Since A%(x]) = Xj+1 - X'j = h] = F
N P
Z Supxisxsxiﬂlxj(x) - P](x)l
=
2m—1 p
N
_k 1
< Z 1+ C(m)ha
= " |cos‘1x— cos™1x;
+ ha=k
Lety = cos™'xandy,1 = cos~'x;, and we have y € [Vi+1l' Y, 1], since
> n bn
’)/.1 —Vv.1| < ’)/.1 —]/| + |)/—]/ 1
i IR bR A
1 1
< (1 +o yi%—yiﬂ% (1 +z|y—y 1 ),then
1 1
I+7 |yi% ~Yk h |yi,l - V| 1
1 <1+ 1 S1+E Y, LV 1
1+E|V—)/j% 1+E|}/—)/1 h h
Therefor
9

Vol. 71 No. 3s3 (2022)
http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865
N p

2m—1y \ P
z Supxisxsxi+1|xj(X) —Pi(x)| | < <2N: (1 + C(m)ha™* 1 ))

1 “k|
= +—1Y.1—7.1
h l'E ]’H

By Holder inequality

14—

ik

Vj € I, = {j: [xj, xj11] < Ax}, hence

1
N LOgaﬁ

2, — e - 2 —

= k 74 = 4 k
]1(1+a—)/.1—)/.1) ko]euk(1+%’)ﬂ1—]’j1
R

h l,h ]'E
<Clm,q,a),a €(01),m=2,qg>1

By using the property (3) for k

1—(tk+;)2<ﬁ

hak-1

+

2aake, a_z)
h h2

1-t2 <a_2k(1+
1—t2 < a™2k*2 (5)

We have Vj € I, yx = cos™1x, by inequality (5) then

sinyjl < sinykl = /1 - t,ﬁ < Jala~%k =qa”*

h h

siny;1 < Cy(a)a™™,¢, > 0 (6)
'h
And from property (2) fork > 0
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a k< J1-t:= sinyj’%, 3¢, >03 Ca*< sinyj% (7
From the inequality (6) and (7) we get
Ca k< siny;1 < Cy(@)a™®,ve,,C, > 0(8)
'h
Now from the inequality (4) we have h < siny, 1, and
'h
h < siny.1 < siny.1 + |y.1 —Y.1
bh Yh b Tn
h — smyj% < |yi% — yj%
a,k
1+—(h—siny.1> <1+%= |y 1 —y 1] (9)
h ]rﬁ
From the inequality (8) we have sinyjl <Ca’*
'h
a_k i <e a_k -k
A smyj% < A a
14 a* = Zsiny 2 > 1+ —£(10)
a - smyj% a -
k
By substantiating (10) in (9) we get 1 + a* — % <1+ % Vi~V Vi, j
'h 'h
C 1 c 1
Z Z Zm—lp < Z Zm—lp
k=0 jEl ak 2 k=0 k_C) 2
(1+T|yi%—yl> (1+a h)
Hence
N P
Z SupxinsxiH |Nj(x) - P](x)|
j=1
o) —-(2m—-1)
C 2
< |1+ c(m)hPa™*| c(m, a,q)z (1 + ak — E)
k=0
© —(Zm—l) 0 —(Zm—l)p
h h+ha*-C ha 2
Y(ira-g) = (e
k=0 k=0
11

Vol. 71 No. 3s3 (2022)
http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343

2326-9865
—(Zm 1) I
= ( ) Z(h + ha* C’)
= (h) Jp (C(m,p,a)h)
2m—1 1
=Clm,p,a)h 2z "7 ,a€(01),m=21<p<o
N p
2 SupxinSxi+1|Nj(x) - P](x)l <1+ C(m)hPa™* (C(m D, q, a)h 2 p+1)
j=1
N P
2mol i1t
Zsupxl-sxsxmmj(x) —P(x)| | <1+C(m,p,qa)h z PP kP
=1

Lemma 3.9. V j € I, there exist a polynomial 3’,-1 of degree < m,0 < m < %such that
'h

P
Yjen [Pia| < Ca2aak-wp=Dkpvp=1 \yhere
'h
Xj
1
P1=— fF(t)dt hj_1 =x—xj_1,j >0,C(p) =C>0
]!H h]_l
x]'_l
. . P 1 rXxj p .
Proof: v j € I, we have ¥, 1, :ij% = Y elx |Eij_1F(t)dt| , since

[%i-1,%;] € [tier ter11U[E— ey o]

Ck+% tk—% tk p
k
|g> . <C(p)— f Fb) + f F(b) + fp(t) dt
Jr€lk tk tke~—%=1 te—— %
1%
tk*’% tr
ak
< e f F ()l + f F@l | dt
tk tk“#
t
k
SC(p)(7> f F(t)| dt
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K\ P “k
@ in—2a h P
=CP)|7) sin 1)/].% |F (t + F) —F@)| w(t)dt
= 1?—1

a

sin‘zalyjl < a?®® by using inequality (8)
'h

h h h
o = g te] = e~ G e = ]

Jr€Elg

P ak 2a [ h P
< —gin 4 —
E |:ij% < C(p) A sin yj% f ’F (t + ak) F(t)| w(t) dt

k

< C'(p)% a2k j |F (t + %) _F©)

-b

p
w(t) dt

k vp
< C(p) % qlak (%) — C(p)ak—kvp+2ka1hvp—1

p
P.1
I

n

ZjEHk

< CaZalk—(vp—l)khvp—l

Theorem 3.10.V F € W(S;)(I),k = 0,1 < p < oo, there exist a polynomial P1(x), of degree <
h

m,0 < m < % (% € R*)(m which is depended on a4, a,, v, p) such that

F1(F) =P !
h

2 1\r
—_— < Chr <Ln—> ,C =C(a,ay,a,,v,p,b)
41 h
h Lop(D

Suchthat a € (0,1),a, € R*,v € (0,b],1 < p < oo, b =positive integer.

Proof: V x € [-b,b],n € N, by lemma (3.9) there is a polynomial P1(x), of degree < m, 0 <
h

m < % (% € R™), have the form

N
P = P10+ ) Py (P, 100
j=1

?jl(x), ia a polynomial of degree < m, 0 < m < % such that
'h

Xj+1

1
PG = f FOAthy = Xj41 =% j = 1, o, N
lh jx

j—1
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Y F € W (D, Fa(F,x) = Foe(F,x), and F o (F,2) = 5 O
n n
Now V x € [kbh, kbh + bh),k ==,...,~ — 1, we have when x; — xo = ho = =, K; = 1, that

-b+h

F1(F x)—— IS F@®de = — f’;f“F(t)dt

Then F1(F,x) = P,1(x), when j = 0. Py, is a polynomial of degree < m, 0 < m < % (% € RY)(m
h 'h
which is depended on (a4, a,, v, p), such that ?xj(x) = K;(x) — P;(x),V € I, we have /1 —x? <
V1 —x2 and h /1 —x? + h? < W1 — x? 4+ h?® when ¢(x) = V1 — x? and since siny,1 =
'h

fl — x? then we get

1 1 1

< > (12)

<
> s v
(ho(x)+h2)? (h ll—xiz+h2> <hsinyi%>

Now, to find the estimation (11), let

Fi(F) = P, F1(F,x) — P, (0)|"
o=l " N d
z W —me | «Wn
h Lop(D) h

Xit1 hlfxlF(t)dt—hi fxl F(t)dt — jy_l(Nj(x)_:Pj(x))SD-l(x) ’

X X - =
< Z f 0 0 ° 700 VR w(x)dx
- 1
h

lxl-

See that X;(x) = P;(x) = 1, when x > x;, (x > x,) when j = 0, hence

Xit1 N 1(Nj(x) —?j(x))?l(x) P
ey | By | e@

i Xi E

< c&(azm)_w (2,
<Cz< (x)> i|?j%<x>
=1

Now by using the inequality (12) and Lemma ((3.7),(3.8) and (3.9)) and by setting the smallest
value to a,, m we get

1(x)

IX,(x) - P, (x)|) [ 0 (o)dx

P Xiy1

Supxisxsxiﬂlxj(x) - :P](x)l j w(x)dx

Xi
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vp—1
TP < C(ay, p, v, b)akA-vPIpp-1 = ¢ (ﬁ)
< C(az,p,v,b)hy, (hy = xi41 — x;)

= C(ay, p,v,b)(x;+1 — x;), by using property (3) we get

=c K‘ fori = Loga~ L then
hLogg
TP < C’# C h2L Ln — L hence
a Ogaﬁ
T < Chr <Ln—> ,C =C(a,ay,a,,v,p,b)
A7 h
h Lo p(D)

Such that a, > —b,a € (0,1),a; = Lna € R*,v € (0,b],h € (0,b),1 < p < o, b =positive
integer.

Theorem 3.11.V F € W(”)(I) there exist a polynomial P,,,, of degree < m,0 < m < - (—
R*)(m which is depends on a;, a,, v, p) such that
1
2 1\p
< Chr (Lnﬁ) ,C =C(a,ay,a,,a,,v,p,b)

wpD

Such that a;,a, > —b,a € (0,1),a; = Lna € R*,v € (0,b],h € (0,b),1 < p < o, b =positive
integer.

Proof: V F € Wagf;,)(l), then by theorem (3.6) there exist a polynomial ,,,, of degree < m, 0 <

m < % (% € R*)(m which is depends on a4, a,, v, p),there exist F1(F,x) = F n (F,x),V x € Ay
h P

then

F—F1i(F) F1(F)—?m

R "
(hg + h2)? O |G )
Lep® Leyp D

<c(p)

”(h(p + hz)” 0@
Then by theorem (3.6) and (3.10) we get

1

2 1\»
< Chr (Lnﬁ> ,C =C(a,ay,a4,a,,v,p,b)

wpD

Such that a;,a, > —b,a € (0,1),a; = Lna € R*,v € (0,b],h € (0,b),1 < p < o, b =positive
integer.
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Theorem 3.12.V F € Wagf;,)(l), there exist a polynomial P,,,, of degree < 71,0 < m < % (% €
R*)(m which is depends on a4, a,, v, p) such that

2 1
<ch'’ (Ln %)p

< Chp (Ln )” If and only if ”

|| (h(p+h2)" (<p+h)"

wp@) Lep(D)

) C = C(a; al; all a‘ZF vl p; b)
Such that a;,a, > —b,a € (0,1),a; = Lna € R*,v € (0,b],h € (0,b),1 < p < o, b =positive
integer.

Proof: Let ” < Ch% ( ) that is ”

21nt
(h<p+h2)v (h(p+h2)” < Ch* Ln—then

Lo,p(D) wp@

< Ch? Ln if and only if — ”

hvpP

21nl
||(h(p+h2)” op I) ((p+h)” < Ch th

And

< Ch? Ln if and only if ”

< Ch2*vp Ln%

hvp ” (p+h)v ” (<p+h)”

LopD

1
< Chr (Ln%)p,C’ = C(a,ay,a4,a,,v,p,b)

Such that a;,a, > —b,a € (0,1),a; = Lna € R*,v € (0,b],h € (0,b),1 < p < o, b =positive
integer.
1

- P
£ w(x)dx)p < M, then

bl (p(x)+h)S

Lemma 3.13. LetF € W(") (I),have the derivative such that ( I

there exist a polynomial g of a degree < m

0<m< - (— R™), such that ”

< ChM,C = C(aq,a,,p, b, S),% > [s] +
Loyp()

2, m([s] +2) > E'al' a, > —b,1 < p < oo, b =positive integer, s is the integer function of the

( +h)S+1

greatest integer.

Proof: Letm €N 3 (s+2)(m —1) < % letx = bcos O ,and g* be a polynomial of degree <
m 3 q(x) = q*(cos 6), using trigonometric identities we get

2a1 Zaz

6

p(x) = sind, w(x) = 2%1+% cos 7

oo, dx = —bsinfd6, hence we get from the above relation.

-1
,0q, 0y 27and a,a, <—,1<p<

., 0
sSin—-
2

1

w(x) dx)5

_ p
LetB — - (° F0)-q(x)

—b (@) +n)s+1

= I,
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1
14 2a4

b2a1+a2 Tan —
sin )

2a2

F(cos 6) — q*(cosb) |sind|do

(|sinB| + h)s+1

coS =
2

b4
6=0

Let T(t) be a trigonometric polynomial which is satisfy (12).Since sinf = 2 singcos g, then we

get
1
‘ F(cos0) — fn F(cos(6 +t)) T(t)dt P 2a,+1 g2z +1 P
B=|¢C f — p2%1t%: |gin — cos— do
(|sin8| + h)s+1 2 2
-1
1
T ¢ T, , 4 2a,+1 2a,+1 P
F(cos(6 + u))sin (6 + u) . o™ 0"
< C(ay,ay, b,p) fT(t)dt f J (sind] + h)**1 |Sm§ cos de
-1 u=0 \-m
We have f_’TnT(t)dt = 1,then
B
t T ] 0 2a;+1 ) 2a;+1
F(cos(@ +wW)|” [Isin(@ +w) + h|\*? [ Isin (0 + w)|? |5m§ |0057
(]
(|sin@] + h)s |sinB| + h (|sin@] + h)P
u=0 \ —-m
__ (Isin(6+u)+h| Sp
LetB, = (m) , since
sin(@ +u) = 2 sin (Gzﬂ) cos (9%) then |sin(6 + u)| < |sinB| + |sinu| (13)
B < |sin @ + h| + |sinu|\*" (14 |sinu| \7F
1= |sinf| + h B h + |sin6|
— (1 %|sinu| P th |sinu| to =
=1+ siel) en 1+@ =u,at0 = [—mn, 7]
sp
Bi< c(1+3)7,3 <mthen B, < C(1+ mu(s + 2))
) _ gjrai+i g2a2+1
. |sm(9+u)|p|sm§| |COSE
Now let B, = (SO TP
. . . (0+u\|P 0+u\|P
Since [sin(6 + w)|P < 2P |Sm (T)' |cos (T)|
o | . (0 +u>|p—(2a1+1) (9 +u)|p—(2a2+1) . (9 +u> (2a,+1) (9 +u> (2a+1)
= sin|— cos(— sin|— cos (—
17
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Hence

—(2a1+1) —(2az+1) (2a1+1) (2az+1) (2a1+1) (2a2+1)
Bz<c|5i6;_up T eos T s B oS Jsin() T eos(3)]
- (|sin8|+h)P

Since§(|sin§| + h) (|cos§| + h) < (|sin@| + h)

Hence — < Also |sin— < (|sin—| + h)
(Isin]+h)P (|sin§|+h)p(|cos§|+h)p 2 2
912az2+1 0 2a,+1
|cos; < (|cos;| + h) ,and
0 +u p—(2a,+1) 0 +u p—(2a,4+1)
sin ‘ < ( sin ‘ h)
2
9 +u b— (2a2+1) 9 +u p—(2a2+1)
cos > < ( cos | h)

(2a2+1)

. 6+u p_(2a1+1) 9+u pP— (2a2+1)
Hence B, < C (lSln;Hl> ( A ) ((’ﬂ)
N 2

|sing|+h |cos—|+h

(2a1+1) 0+u
[eos (55%)

[sin® p—(2a;,+1) |cos®¥|+n p—(2az+1)
LetD =D;D,and D; = | ——%— ,D, = |—2

0
|szn5|+h cosE|+h

Now to find D; and D, at 6 = [—m, ] then

p—(2a,+1)
|sin0 + u| +h
Dl =
|sm7| +h
. O6+u . 4 u . U
u Offset by m, hence sin—— = sin (— + —) =sin-—1
2 2 2 2
p—(2a,+1)
1+ % |sin%| 1
Dl < —1 IE < m(s + 2)
1+ 13

-1
D; < (1 +m(s +2))?4+DP (1 + mu(s + 2))P~Cut+D q, > -

Hence D, < C(m,p,s)(1 + um(s + 2))P~(2a+D)

By inequality (13) and since cos (gzﬂ) = — sin_ then we get
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| . u p—(2az+1) |\ P—(2az+1)
SlTlE|+h |sm;|
D, = —h =1+ — then

u\pP—(2az+1) 1
D2<(1+E) ,E<m(s+2)

Hence D, < (1 + um(s + 2))P~(2a2+1)

p—(2a1+1)

Then we get D < C(m, p,s)(1 + um(s + 2)) (1 + um(s + 2))P~(2a2+1)

0 + w2+l 0 + 2021
B, < C(m,ay, a3, p)(1 + um(s + 2))p (sin > u) (Cos ! u)
t 21 ]f'( (9 N )) »
cos u o
B<¢ 1 , .
B f f (|sin(@ + u) + h|)s (1 +um(s+2)) " (
0 -21
1
P

2a,+1 2a,+1

0+u
(cos > ) d@+u) ]| du

+um(s + 2))p (sin 6 ; u)

p 2a1+1 2a2+1

0+u
s 25t

F(cos(6 +u))
(Isin(6 +u) + h|)s

( ) 9+u)
sin 5

t
+ u) f(l +um(s +2))5*1du
0

2T
_c f

—27

s+1

< C’Mf(l + mu(s + 2)) du
0

CM s+1 . 1
S G122 (1+tm(s+2) ,since m(s +2) > ~and Yh € (0,1), ¢ = 0 then
cmt s+1 T _
B=4 (1+tm(s +2))**', we have [T (t)dt = 1
CM T s+1
< oo LAt + [tlm(s +2))7 T(0de
TL'
CM
< fItIT(t)dt + mSTHe|ST2 (s + 2)STIT(t)dt
(s+2)
-1

< CM 61 szs+1
T (s+2)\m  mst?
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CMm~™
< = <h Hence

Slnce L>s+2 m(s + 2) >—then (

< ChM, C = C(ay, a,,p, b,s),% > [s] + 2, m([s] +2) > %,al,az >—ph, 1<
Ly pD)

p < oo, b =Positive integer, and s is the integer function of the greatest integer.

IIW)SH

1

p
(xX)——=-H P
x—(x) w(x)dx) <M,

(@()+h)s

Lemma 3.14. Let F € W(”)(I) have the derivative such that (f b

then there exist a polynomial P,, of a degree < m, 0 < m < % (% € R1), satisfy

” F—P,,
(p+h)s+t

< ChM,M > 0,h € (0,b),C = C(ay,a,,p,b,s),a,,a, > —b,1<p <
p(D

o, b —Posmve integer, s is the integer function of the greatest integer.

Proof: By Lemma 3.13, let F* € Wd’j’p(l), have the derivative such that

F*(x) = F(x) — H(x), and H(x) the Heaviside function, then F*(x) = F(x) — ;—xH(x) if H(x) is
a piecewise function then ;—XH(x) = §,(x), Where §,(x) Dirac function.And if H(x) is an

indicator function then %H(x) = 0,asx > 0, then

Il

< M, also by lemma (3.13) then there exist a polynomial P,, of degree < m, such
p ()]

that P,,(x) = Q,,(x) + H(x), Q,, is a polynomial of degree < ., then by lemma (3.13)

C =C(ay,ays,p,b),ay,a, = _71,M > 0,h € (0,b),1 < p < oo, b =Positive integer, s is the
integer function of the greatest integer.

F*+H-Q,, —

o T < ChM

||(<p + h)5+1

wpd LoypD

Theorem 3.15.VF € Waﬁf’p)(l), 1 < p < 0,0 < u < v,then there exist a polynomial P,, of a degree
<m,0<m< % (% € R™),such that

1
||((p+hw|| (S CINRE (08),€ = Clay,arpib,v,10,v € (O0) 3,0, = =3, 1< p <

o, b —Posmve mteger.

Proof: v F € W% (D), let F1(F,x) = F  (F,x), hence
h ok

F — F1(F) Fi(F) - P,
h h

<c|l——2— + ¢ |[-—m——
(p +h)H (¢ + h)#
wpD)
Lpp (D Ly p (D
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= ]]-‘1 + ]LZ
F-F1(F)||P F(x)-F1(Fx)|P
P _ 1 _ R
Letly = |1 Grmn =) e | @(dx
Lopp@)
We have from theorem (3.6)
P

F(x)—Fn(F,x)

ak

fA wx)dx <€ (%)_vp

Now by property (2) we get a=* < \/1 —t2<V1—x% = p(x)

: < ( 1+h)u we have h < a~* + h then (a_i )M < (l)u < (%)v (u<v)

(p(x)+h)H a~k +h n

then ——— < (l)v.

(p(x)+h)H h

17 < eyt (< (1)
-v

P<e (aLog“%) . Ch"P

Now, let P, (x) = P;1(x) = [ F(®)dt and Fa(F,x) = Fa(F0 =5 [P B (6)dt, see that

Fi(F,x) = jl(x), when] = 0, hence L, = 0.
h 'h

<CL! <chn?

||(<p + h)# wop(D)

F-P,, v _ _1
||((p+h)#||L SCh' :he(0;5);6—c(alyaz;p,b,v,ﬂ),vE(O,b),al,aZS 2,1Sp<

oo, b =Positive integer.

Lemma3.16.VF € Waff;)(l), 1 < p < oo we have

(—)(H v if and only if ” < Ch?,C = C(ay, ay, v, 1, p,b). Such

|lmemeall,, il

that a,, a, = —E,U €(0,b],0<su<v,he(0,b),1<p< oo,b =positive integer.

Proof: Let ||((p+h)#|| < ChY since
||}(l:£hf’)"3|| ||((p+h)”|| < cntifand only f
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< ChY, hence ”

<Ch'H = (%)'H

” (h<p+h YK ” (h<P_+’:;)“”Lw_p(1)

C = C(ay, ay,v,u,p,b).Such that a;, a, = —%,v € (0,p],0<u<v,he(0,b),1<p<

oo, b =positive integer.
4. Proof of Theorem A

1) By using Theorem (3.12) when F € Waffg(l), then F() € Wagf;) (I), and there exist a
polynomial Q,, of degree < k,0 < k < n. Let hil EN > % < hil which is satisfy Theorem
(3.12)

% Ln—)%
||((p+h1) ” 1) Slnce < —then (p(x) + h)™7 < (p(x) + hy)7?, hence
1 i 1 l
= 14
FM -0, F _ Qn hp (Ln h_1)
(¢ + )Y =C G+rr SO Ay
w. w, 0))] _—
Lap(D) Lop( (hl)
= v = 2 1
<ol tn) o ln) <i>v (14)
(l> (E) [
hq
Let Qu(x) = [ . [ Q(Wdu + H(x) (15)

Where fx fx integral for (k-th) times, H(x) Heaviside function, and Q,, (u) is a polynomial of
degree < < , and Q(k) (x) = Q,(x). Now by using Lemma (3.14) and application the inequality (14)
for one tlme we get

2 = v+1
. = Iy /1
Fk=1 _ ¢, Lo (Ln3) I
((p + h)v+1 L o - 1 v+1 l
0w \m
We repeat this application for k many times, and so we get
1
2 - v+k
2 I /1
— k - —
((p + h)'l]-l'l - 1 v+k i
Lop() (H) hy

l v+k
Slnce < h—then (%) < 1, hence

1 hy
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, 1 )
wo (In+)" 2 1\p
R
@™ o™ (@4 h
h

C =C(ay,a,,p,b,v,k,a a;),Suchthat a;,a, > —b,1 <p < oo,v € (0,b],k >0, € (0,1),a; =
Lna € R* and b positive integer.

2) This case can be proof by using the same method in (1) and by using theorem (3.15) for 0 <
u < v, we have forl < lthat (p(x) + )™ < (p(x) + h)~H* then

FO_g, F("> Qn ¢ —
|| (p+h)H ||(<P+h1)” S (h—)v, Smce h = hl then (h )” NEN (h)
1 1
F( )_Qn
Hence “ (p+h)H Lgy,p(D) = (%)v 10)

Now by using lemma (3.14) and application the inequality (16) for one time then we get

| F=D_g,
(p+h)p+1

F(k—k)_QT(ik)

LS (l)ew And by repeat this application for k many times, and so we get
w,p h

< % using the inequality (15) then we get

(p+h)ntk Lop(D (ﬁ)
F-Q,, (64 K
< = Ch"*k,
(p+h)Htk Lop(D) (%)wk

C =C(ay,ay,p,b,v,k,u,s),Such that a;,a, > —b,1 < p < oo, v € (0,b],k > 0,b positive integer
and s is the integer function of the greatest integer.
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