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1. Introduction
The concept of fuzzy sets was first introduced by Zadeh [16] and has since undergone a number of
expansions.One such these is Atanassov's [1-4] idea of intuitionistic fuzzy sets.
Intuitionistic fuzzy sets give both degrees of membership and non-membership of an element in a
given set, while fuzzy sets give only a degree of membership.Both degrees fall inside the range
[0,1], hence the sum should not be greater than 1.The class BCK-algebra is a legitimate subclass of
the class BCl-algebras, as is well understood.Intuitionistic fuzzy H-ideals in BCK algebras were
recently proposed by Senapati and coworkers [14-15, 17-20].
There has been a lot of discussion on fuzzy translations and ideals in BCK/BCl-algebras.
On the one hand, R.K. Omar [12] proposed the idea of RGO algebras, RG-ideals, and RG
subalgebras and examined their connections, while P. Patthanangkoor [13] developed the idea of
RG algebra homomorphism and looked into certain associated characteristics.
According to Hameed and colleagues, fuzzy subalgebras of RG-algebras as well as fuzzy ideals of
RG-algebras are new ideas that have been examined in [9].According to [10]. T. Hameed and S.M.
Abrahem proposed the concept of doubt fuzzy RG-ideals of RG-algebras and investigated the
homomorphism image and inverse image of doubt fuzzy RG-ideals.
RG-subalgebras and RG-ideals on RG-algebras are introduced, and a wide range of their properties
are examined, in this study. There are also connections between intuitionistic fuzzy RG-algebras.

2. Preliminaries
Now, we give some definitions and preliminary results needed in the later sections.
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Definition 2.1. [12]: An algebra (X;*,0) is called RG-algebra if the following axioms are satisfied:

Vp, T,z € X,

Hpx0=p,

(i pxt=(p*2z) *(t*2),
(li)pxt=T1*p=0implyp = 1.

Remark 2.2. [12]: In (X;*,0) an RG-algebra, we define a binary relation (<) by putting p < tif
andonly ifp x Tt = 0.

Definition 2.3. [12,13]: Let (X;*,0) be an RG-algebra, a nonempty subset Iof X is called an RG-
ideal of X if Vp,T € X

)0 €el,

i)p*xt€land0+p € limply 0 *xt € L

Proposition 2.4. [12,13]: In an RG-algebra (X;*,0), every RG-ideal is a subalgebra of X.
Proposition 2.5. [12]: In any RG-algebra (X;+ ,0), the following hold: Vp, 1,z € X,
)pxp=0,

i)0 = (0 xp) =p,

ii)p*(p*x1) =1,

iv)pxt=0ifandonlyift*p =0,

V) p*0=0impliesp =0,

Vi) x(t*p)=p=*T.

Proposition 2.6. [12]: In any RG-algebra (X;+ ,0), the following hold: Vp, 1,z € X,
)(p*D* 0+ =(p*(0*D)*xTt=0p,

ipx(p*(prx1))=p*1,

i) (px1)xz=(px2) *1,

iV)p*t=(z*1)* (z *p),

V) ((p* D)+ (p*2))* 2+ = 0.

Theorem 2.7. [13]: If f: (X; *,0) > (Y; **,0) is a homomorphism of an RG-algebras
respectively X, Y, then

1) f(0) = 0'.
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2) fis injective if and only if ker f = {0}.

Definition 2.8. [16]: Let(X;*,0) be a nonempty set, a fuzzy subset p of X is a function pu: X —
[0,1].

Definition 2.9. [16]: For any te [0,1] and a fuzzy subset p of a nonempty set X, the set
Ul t) ={p € X| u(p) = t}is called an upper level cut of u, and the set
L(wt) ={p € X| n(p) < t}iscalled a lower level cut of p.

Definition 2.10.[9]: Let (X;*,0) be an RG-algebra and S be a nonempty subset of X.Then S is called
an RG-subalgebra of X if p x Tt € S,foranyp,t € S.

Proposition 2.11. [9]: In an RG-algebra (X; *, 0) every RG-ideal is a RG-subalgebra of X.

Definition 2.12.[9 ]: Let (X;*,0) be an RG-algebra, a fuzzy subset p of X is called a fuzzy RG-
subalgebra of X, if Vp,T € X, u (p* ) = min {u (p), u (1)} sets.

Definition 2.13.[9]: Let (X;*,0) be an RG-algebra, a fuzzy subset p of X is called a fuzzy RG-ideal
of X if it satisfies the following conditions: Vx,y € X,

(D wr0) = plp),
V) pO0x*1) = min{p(p*1),p1(0*p)}
Proposition 2.14. [9]: Every fuzzy RG-ideal of RG-algebra (X; *, 0) is a fuzzy RG-subalgebra of X.

Proposition 2.15.[9]: 1- The intersection of any set of fuzzy RG-subalgebras of RG-algebra (X; *
,0) is also fuzzy RG-subalgebra of X.

2- The union of any set of fuzzy RG-subalgebras of RG-algebra is also fuzzy RG-subalgebra, where
is chain (Noetherian).

3- The intersection of any set of fuzzy RG-ideals of RG-algebra (X; *,0) is also fuzzy RG-ideal of
X.

4- The union of any set of fuzzy RG-ideals of RG-algebra is also fuzzy RG-ideal, where is chain
(Noetherian).

Definition 2.16.[1,2]: Let f: (X;*,0)—(Y;* ',0") be a homeomorphism from the set X into the set Y.
If u is a fuzzy subset of X, then the fuzzy subset f(u) in Y defined by:

F (| PUPE):p €I IO = {p € X,flp) = 1) # 0
0 otherwies

is said to be the image of p under f.

Similarly, if B is a fuzzy subset of Y, then the fuzzy subset p =(B o f) in X, (i.e. the fuzzy subset
defined by p (p)=B(f (p)), for all p €X) is called the pre-image of p under f.
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Definition 2.17.[ 8]:

1) fuzzy subset p of algebra (X; *,0) has inf property if for any subset T of X, there exist tOe T such
that p (t0)=infier 1 ().

2) fuzzy subset p of algebra (X; *,0) has inf property if for any subset T of X, there exist tOe T such
that u(ty) = sup {u(t)| teT}.

Remark 2.18.[1,2]: fuzzy subset X in X is defined as & = {(p, ux(p))| p € X} where pg(p)
denotesto the degree of the membership value of pinXand 0 < py (p) < 1.

Definition 2.19. [1]: An intuitionistic fuzzy subset X in a nonempty set X is an object having the
form X = {(p, ux(p),vx (p)) | p € X}or X =(uy, vx), Where the functions py: X — [0,1] and

vg: X = [0,1] denotes to the degree of the membership and the degree of non membership
respectively, and 0 < py (p), vy (p) < 1, for all peX.

Definition 2.20.[10]: Let (X; *,0) be an RG-algebra. u be a fuzzy subset of X,  is called doubt
fuzzy RG-subalgebra of X if forall p,t € Xu(p * t) < max{u(p), u(v)},

Definition 2.21.[10]: Let (X;*,0) be an RG-algebra, a fuzzy subset pu of X is called a doubt fuzzy
RG-ideal of X if it satisfies the following conditions: Vx,y € X,

1.1(0) < p(p).
2.1(0 * 1) < max{u(p * 1), n(0 = p)}.

Proposition 2.22.[10]: Every doubt fuzzy RG-ideal of RG-algebra (X; , 0) is a doubt fuzzy RG-
subalgebra of X.

Definition 2.23.[1]: If & = {(p, x(p), vx(p))| p € X} and B = {(p, ug(p), vs (p))|p € X } are two
intuitionistic fuzzy subsets of X, then

1)A € Bifand only if x € X, pa(x) < pg(x) andva (x) = vg(x).
2)A = Bifand only if x € X, pa(x) = pp(x)and vo(x) = vp(x).
3)ANB = {(p,(na N up)(x),(va U vp)(x) |x € X}.

4)A U B = {(p,(na U up) (x),(va N vp)(x) [x € X}

Proposition 2.24.[10]:

1- The intersection of any set of doubt fuzzy RG-subalgebras of RG-algebra (X; *,0) is also doubt
fuzzy RG-subalgebra of X, where is chain (Arterian).

2- The union of any set of doubt fuzzy RG-subalgebras of RG-algebra is also doubt fuzzy RG-
subalgebra.

3- The intersection of any set of doubt fuzzy RG-ideals of RG-algebra (X; %, 0) is also doubt fuzzy
RG-ideal of X, where is chain (Arterian).
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4- The union of any set of doubt fuzzy RG-ideals of RG-algebra is also doubt fuzzy RG-ideal.
Definition 2.25. [1]: X mapping f: (X;*,0) = (Y;*,0)be a homeomorphism of BCK-algebra for any

IFS & = {(p, ux(p), vx (p))|p € X}in'Y, we define
IFS &= {(p, uk(0),vE (0)) |p € X} in X by uf(p) = ua(f(p)),

vg (p) = v (f(p)), vp € X.

3. Intuitionistic Fuzzy RG-subalgebras of RG-algebra

In this section, we give the concept of an intuitionistic fuzzy RG-subalgebras of RG-algebra X.
Definition 3.1.Let X = {(p, ux(p), vx(p))| p € X} be an intuitionistic fuzzy subset of
RG-algebra (X; *,0). X is said to be an intuitionistic fuzzy RG-subalgebra of X if

1) ux(p * ©) = min {ux(p), ux (D3,

2) vy(p * 1) < max { vy(p), vx(D)}.

That mean p is a fuzzy RG-subalgebra and vy is a doubt fuzzy RG-subalgebra.

Example 3.2. Let X={0, 1, 2, 3} in which * is defined by the following table:

* 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0
Then p(x) = {8?;: :{01,2’3} ,V(x) = {%i);ee{{(;l?)}} Uy is a fuzzy RG-subalgebra and vy is a

doubt fuzzy RG-subalgebra, then X = {(p, ux(p), vx(p))| p € X} is intuitionistic fuzzy RG-
subalgebra.

Proposition 3.3. Every intuitionistic fuzzy RG-subalgebra {(p, ux(p), vx(p))|p € X} of RG-algebra
(X; *,0), satisfies the inequalities pg(0) = px(p) and vg(0) < vx(p), for all p €X.
Proof. For any p € X, we have py(0) = py(p * p) = min{ux(p), px(P)} = ux(p)

and vg(0) = vy(p * p) < max{vy(p),vx(p)} = vx(p). M

Proposition 3.4: An intuitionistic fuzzy subset X8 = {(p, ux(p),vx (p)) | p € X} is an intuitionistic
fuzzy RG- subalgebra of RG-algebra (X; *,0), if for any t € [0,1], the set U(uy, t) and L(vy, s) are
RG-subalgebras.
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Proof. Let X8 = {(p, ux(p),vx (p)) | p € X} be an intuitionistic fuzzy RG-subalgebra of X and set

U(pyg, t) # @ # L(vy,s).

If follows that for p € Uy, t), T € U(py, t),then pg(p) = t, uy(t) = t which follow pg(p * ) =
min {pg(p), ux(1)} = t, So that p * T € U(ug, t).

Hence U(uy, t) is an RG-subalgebra of X.

we prove that L(vg, s) is an RG-subalgebra of X.

p € L(vy,s)and T € L(vy,s) and vg(p) < sand vg(t) <s

If follows that v (p * T) < max {vg(p ), vx(1)} <'s, So that p * T € L(vy, t).
Hence L(vy, t) is an RG-subalgebra of X.m

Proposition 3.5: In an intuitionistic fuzzy subalgebra & = {(p, ux(p), vx (p)) | p € X}, if the upper
level and lower level of (X; *,0), are RG-subalgebra, for all t € [0,1], then X is an intuitionistic
fuzzy RG-subalgebra of X.

Proof. Assume that for each t € [0,1] the set U(uy, t) and L(vy, s) are RG-subalgebra of X. If there
exist g, t € X be such that py(p * ) < min{ug(p), ux()}, thent = %(ux(ﬁ * 1) +
min{px(p), ux(D)})

ue(p * 1) <t p =t & U(uy, ) is not RG-subalgebra that mean it is contradiction.

Now, vg(p * T) > max{vx(p), vx(D)}, then § = % (vg(p * ) + max{vy(p), vg(©)})

ve(p *T) < §,p*T €& L(vg, $) is not doubt RG- subalgebra that mean it is contradiction
Hence X = {(p, ux(p),vx (p)) | p € X} be an intuitionistic fuzzy RG-subalgebra X. m
Remark 3.6. Let (X; *,0) be an RG-algebra.

1) If py is an RG-subalgebra of X, then iy =1- py is a doubt fuzzy RG-subalgebra of X.

2) If vy is a doubt fuzzy RG-subalgebra of X, then vy =1- vy is a fuzzy RG-subalgebra of X.
3) If uy is an RG-ideal of RG-algebra of X, then fiy =1- py is a doubt fuzzy RG- ideal of X.
4) If vy is a doubt fuzzy RG- ideal of X, then vy =1- vy is a fuzzy RG-ideal of X.

Theorem 3.7. Let & = {(p, ux(p), vk (p)) |p € X} be an intuitionistic fuzzy set of an RG-algebra
(X; *,0). X is an intuitionistic fuzzy RG-subalgebra of X if and only if the fuzzy set px(p) is a fuzzy
RG-subalgebra, vk (p) is a doubt fuzzy RG-subalgebra of X.

Proof . Since 8 = {(p, ux(p), vk (p)) |p € X} be an intuitionistic fuzzy RG-subalgebra.

Cleary, px(p) is a fuzzy RG-subalgebra of X. For all p, T € X, we have

Vol. 71 No. 3s3 (2022) 174

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Vx(p*1) =1-wy(p*1) =1 —max {vx(p), vx(1)}

> min {1 — vx(p), 1 — vx(T) = min{vx(p), ¥x (D)}

Hence vis fuzzy RG-subalgebra of X.

The conversely, assume that py, vy are fuzzy RG-subalgebra of X, for every p, t € X,
we get px(p * ©) = min{ux(p), ux(t)}and

1—vx(p * 1) = Vx(p * ) = min {vx(p), 7x(V)}

=min {1 — vx(p), 1 — v (D}

=1 — max {vx(p), vg(T)}

That is vg(p * T) < max {vg(p), vx(T).

Hence X = {(p, ux(p), vk (p)) |p € X} an intuitionistic fuzzy RG-subalgebra. m

Theorem 3.8. Letf: (X; *,0) - (Y; *°,0") be a homomorphism of an RG-algebras (X; *,0), (Y;
*,0) respectively. If & = {(p, ux(p), vx (p))|p € X} is an intuitionistic fuzzy RG-subalgebra of Y,
then an

Nf= {(p uk(p), vk (p)) |p € X} is an intuitionistic fuzzy RG-subalgebra of X.
Proof . We first have that, Vp, t € X,then
min{u§(p), ik () } = min{px(f(p ), vx (F(D} < px(flp * 1) = pi(p * ) and
max {v§(p), vk (1)} = max {vx(f(p)), vx (F(1))} = vy (f(p * D) = vi(p * D).
Nf= {(p uk(p), vk (p)) |p € X} is an intuitionistic fuzzy RG-subalgebra of X.m
Theorem 3.9. Letf: (X; *,0) - (Y; *°,0") be a homomorphism of an RG-algebras algebras (X;

*0), (Y; *,0) respectively. Ifan & f = {(p uk(p), vk (p)) |p € X} is an intuitionistic fuzzy RG-
subalgebra of X, then & = {(p, ux(p), vk (p))|p € X} is an intuitionistic fuzzy RG-subalgebra of Y.

Proof . We first have that, Vp, T € Y,then f (a)=p, f (b)=t, and f (a * b) = x * "y, for some a, be X,
uk(p) = ux(f(@)), i (v) = py(f(b)), and pf(p *' ©) = py(f(a * b)),

uk(p *' 1) = px(f(a * b))

= min{py(f(a)), ux(f(b))}
=min{uk(p), n§(v)} and

,vi(p) = vy(f(a)), vy (1) = vy(f(b)) And
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vi(p ") = vy(FGa b))

< max{vg(f(a)), v (f(b))}
=max{vk(p), vk (1)}

Hence X = {(p, ux(p), vx (p))|p € X}is an intuitionistic fuzzy RG-subalgebra of Y. m

Definition 3.10: Let X; = {(p, ux,(p), vx, (p)) | p € X} be a an intuitionistic subset of RG-algebra
(X;*,0) where i € A, then

1.The R- intersection of any set of intuitionistic subsets of X is (N y,)(p) = inf uy,(p), (U
vi,)(p) = sup vy, (p).

2.The P- intersection of any set of intuitionistic subsets of X is (N ) (p) = inf py, (p), (n
v,)(p) = inf vy, (p).

3.The P-union of any set of intuitionistic subsets of X is (U px,)(p) = sub . (p), (U vy, )(p) =
sup vy, (p)-

4.The R-union of any set of intuitionistic subsets of X is (U px,)(p) = sub py.(p), (N vy, )(p) =
inf vy, (p) .

Theorem 3.11: Let {¥;|i = 1,2,3, .... } be a family of intuitionistic fuzzy RG-subalgebra of RG-
algebra (X;*,0), then the R- intersection of intuitionistic X; is an intuitionistic fuzzy RG-subalgebra
of X is intuitionistic fuzzy RG-subalgebra of X is an intuitionistic fuzzy RG-subalgebra where N

R; = (inf py;(p), sup vy, (p)).

Proof . Letp,T € Ny, ,then p,t € X; foralli € A

N py; (p * ©) = minfpy, (p*1)} = min{min{uxi(p), Hy; (0}} = min{n iy, (P),N py; (0} and
U vy, (p * T) = max{vy, (p*1)} < max{max{vxi(p),vxi (1)}} < max{u Vi, (p),U vy, (0}
Then R-intersection of intuitionistic X; is an intuitionistic fuzzy RG-subalgebra of X.m

Proposition 3.12: The P-intersection of any set X; of intuitionistic subset of X, then the P-
intersection of ; is an intuitionistic fuzzy RG-subalgebra of X, where vy, chain (Arterian).

Proof . By using Proposition (2.25) and Proposition (2.22).1
Remark 3.14. If vy, is not chain in Proposition (3.13), then it is not true as the following example.

Example 3.15. Consider X in Example (3.2)
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X 0 1 2 3
Uy 09 (09 |02 |0.2
Up 07 |01 |07 |01
ugU pg 109 (09 [07 |02
ugN pg 107 (01 [02 |01
Vy 02 (0.7 0.2 |07
Vg 03 [08 |09 |03
vyUvg (03 |08 |09 |07
vyNvg |02 |07 0.2 |03
It is easy to show that inf py, (p) is a fuzzy RG-subalgebra, but vy N vg is not doubt fuzzy RG-

subalgebra of X, since p = 2, t = 3,

v Nvg (2%3) =0.7 £ max{vgNvg (2),vgy Nvg (3)} =0.3

Proposition 3.15. The P-union of any set X; of intuitionistic subset of X, then the P-union §; is an
intuitionistic fuzzy RG-subalgebra of X, where . be a chain (Notherian)

Proof . By using Proposition (2.26) and Proposition (2.23).1
Remark 3.16. If py. is not chain in Proposition (3.15), then it is not true as the following example.
Example 3.18. In the Example (3.14), then (ux U pg) are not fuzzy RG-subalgebra of X since

(ux U 1p)(0*3) = (g U pg)(3) = 0.2 £ 0.7=min {(ux U pp)(1*3), (ux U pp)(0* 1)} (ux U
ug)(3) = 0.2 £ 0.7=min {(ux U pp)(2), (ux U ug)(1)}.

Proposition 3.18: The R-union of any set X; of intuitionistic subset of an RG-algebra (X; *,0), then
the R-union X; is an intuitionistic fuzzy RG-subalgebra of X, where vy, is chain (Arterian) and

Hy, chain (Notherian).
Proof . By using Proposition (2.15(2)) and Proposition (2.24(2)).

Remark 3.19. If py, is not chain in Proposition (3.18), as seen in the following example, this is not
the case.

Example 3.20. Consider X in Example (3.2)

X 0 1 2 3
Uy 0909 |02 |02
Ug 0.7 {0107 |01

MU pg 109 109 | 0.7 |0.2
Vy 02 |02 /04 |04
Vg 0.3 (050305

vgNvg |02 02 |03 |04

Then (ug U pg) are not fuzzy RG-subalgebra of X since if p=2, t=1
Uy U pp(2 % 1) = py U pp(3) = 0.2 £ 0.7=min {(ux U pp)(2), (x U pp)(1)}

Ux U pg(3) = 0.2 £ 0.7=min{0.7,0.9}.
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4. Intuitionistic Fuzzy RG-ideals of RG-algebra
In this section, we give the concept of an intuitionistic fuzzy RG-ideals of RG-algebra X.
Definition 4.1. Let X = {(p, ux(p),vx (p)) | p € X} be an intuitionistic fuzzy subset of

RG-algebra (X; *,0). X is said to be an intuitionistic fuzzy RG-ideal of X if, for all p, T €X, then
1) ux(0) = px(p) and vg(0) < vy(p),

2) px(0 * ) = min{pyx(p * 1), ux(0 * p)} and v (0 * 1) < max{vx(p * 1), vx(0 * p)}.

That means p is a fuzzy RG-ideal and vy is a doubt fuzzy RG-ideal.

Example 4.2. Let X ={a,b,c}with *x and constand (0) is defined by:

O|T| 2 O %
O|lT|2 OO
L OO |Tc|T
|l ol | O

ol | T|O | D

03x=0 02x=0 . .
Ha(x) = {0.1 X € {a,b, c} and va(x) = {0‘3 X € {a,b,c}’ We can see that py is a fuzzy RG-ideal

and vy is doubt-fuzzy RG-ideal of X, then X is an intuitionistic fuzzy RG-ideal of X.

Proposition 4.3. If an intuitionistic fuzzy subset & = {(p, ux(p), vx (p)) | p € X} is an intuitionistic
fuzzy RG- ideal of RG-algebra (X; *,0), then for any t €[0,1], the set U(uy, t) and L(vy, s) are RG-
ideals of X.

Proof. Let 8 = {(p, ux(p),vx (p)) | p € X} be an intuitionistic fuzzy RG- ideal of X and set
U(ug, t) # @ # L(vg, s). Since pg(0) = t,vg(0) <, letp,t € Xbe such thatp * T €
U(py, t) and 0 * p € U(p_R, t) and pg(p * ©) = tand pg(0 * p) > t. If follows that

px (0 * ) = min {px(p * ), px(0 * p)} = t

So that 0 * T € U(ug,t), That mean U(uy, t) is an RG-ideal of X.

In similarly, way can prove that L(vy, s) is an RG-ideal of X.

p*T € L(vg,s)and 0 x p € L(vy,s) and vg(p * 1) < sand vg(0 xp) < s
If follows that v (0 * T) < max {vg(p *T),vg(0 *p)} <'s

So that 0 * T € L(vy, s), that mean L(vy, s) is an RG-ideal of X.m

Proposition 4.4. If An intuitionistic fuzzy subset 8 = {(p, ux(p), vk (p)) | p € X} the sets
U(ug, t) and L(vy, s) are RG-ideals of RG-algebra (X; *,0), for all t € [0,1], then X is an
intuitionistic fuzzy subset is intuitionistic fuzzy RG-ideal of RG-algebra X.
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Proof . Assume that for each t €[0,1] the set U(uy, t) and L(vy, s) are RG- ideals of X. Forany p €

X let that ux(p) = tand vg(p) <'s, then p € U(ug, t) N L(vg,s) and so U(ug, t) # @ # L(vg,s)
Since U(uy, t) and L(vy, s) are RG-ideals of X

There for 0 € Uy, t) N L(vg,s) hence pg(0) = t = pux(p), v (0) < s = vg(p).
For all p, T € X if there exists such that py (0 * T) < min{ux(p * ), ux (0 * p)}
We taking t = %(ux(o * 1) + min{uy(p'* 1), ux(0 = p))}, we get

Hg(0 * ) < t < min{ug(p'* 1), ux(0 = p )} that mean 0 * £ & U(uy, ©)

U(py, ©) is not RG-ideal of X leading to contradiction.

In other way, vg(0 * T) > max{vg(p * 1), vx (0 * p)}

We taking § = %(VN(O * 1) + max{vg(p* 1), vg(0* p)}), then

V(0% ) > $ > max{vg(p* ©),vg(0*p)},since 0% t & L(vy,$)

L(vy, $) is not RG-ideal of X leading to contradiction.

Hence X = {(p, ux(p), vk (p)) | p € X} is an intuitionistic fuzzy RG-ideal of X.m

Proposition 4.5. Let X = {(p, ux(p), vk (p)) |p € X} be an intuitionistic fuzzy RG-ideal of RG-
algebra (X; *,0), then X is an intuitionistic fuzzy RG-subalgebra of X.

Proof . By Proposition (4.4) and Proposition (2.14) and Proposition (3.5). B

Theorem 4.6. Let {¥;|i = 1,2,3, .... } be a family of intuitionistic fuzzy RG-ideal of RG-algebra (X;
*,0), then the R-intersection of intuitionistic Ai is an intuitionistic fuzzy RG- RG-ideal of X is an
intuitionistic fuzzy RG-ideal of X, where N &; = (inf uy, (p), sup vy, (p)).

Proof . Let p,T € Ny, then p,T € X;, foralli € A

Ny, (0) = Ny, (p* p) = min{ N py; (p), Ny, (P} = Ny, (P),

U vy, (0) =U vy (p * p) < max{ U vy, (p),U vy, (p)} =U vy (p).

Ny, (0% T) = minfpy, (0 * y)} = min{min{y, (p * 0, y; (0% p)}}
> min{N py, (p * ©),N Ky, (0 * p)} and

U vy, (0 * ) = max{vy, (0 * y)} < max{max{vy, (p * T), v, (0 * p)}}
< max{U vy, (p * T),U vy, (0*p)}.

Then R-intersection of intuitionistic X;is an intuitionistic fuzzy RG-ideal of X.m
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Proposition 4.7. The P-intersection of any set X; of intuitionistic subset of X, then P-intersection of

K is an intuitionistic fuzzy RG-ideal of X, where vy, chain (Arterian).
Proof . By using Proposition (2.15(4)) and Proposition (2.24(4)). &
Remark 4.8. If vy, is not chain in Proposition (4.7), then it is not true as the following example.

Example 4.9. Consider X in Example (3.2)

X 0 1 2 3
Uy 09 |09 |02 |02
Ug 0.7 |01 |07 |0.1
ugU pg (09 |09 |07 |02
Vy 02 |02 |04 |04
Vg 03 |05 |03 |05
vwNvg (02 (02 |03 |04

It is easy to show that. inf py (p) is a fuzzy RG-ideal, but vy N vy is not doubt fuzzy RG-ideal of X,
since p = 2,t = 3,vg Nvg(0 *3) = 0.4 £ max{vg Nvg(2 *3),vy Nvg(0*2)} = 0.3 and
vg(3) = 0.4 £ max{vy Nvg(1),vg Nvg(2)} = 0.3

Proposition 4.10. The P- union of &; of intuitionistic subset of X, then the P-union of X; is an
intuitionistic fuzzy RG-ideal of X, where py, be a chain (Noetherian)

Proof . If py, is a chain (Noetherian), by using Proposition (2.24(3)) The union of any set of fuzzy
RG-ideals of RG-algebra (X; *, 0) is also fuzzy RG-ideal of X, if y; is chain.

By Proposition (2.24(4)) the union of any set of doubt fuzzy RG -ideals of RG-algebra is also doubt
fuzzy RG-ideal.

Then P-union of X; is an intuitionistic fuzzy RG-ideal of X. H

Remark 4.11. If py. is not chain in Proposition (4.10), then it is not true as the following example.

Example 4.12. Consider the following Example. (4.9), the (ux U pg) are not fuzzy RG-ideal of X,
let p=1, 1=3 then we have
(ux U pp)(0*3) = (ux U pp)(3) = min {(ux U pp)(1 *3), (ux U pp)(0 * 1)}

(Mg U pg)(3) = 0.2 £ 0.7=min {(ux U up)(2), (ux U pg)(1}

Proposition 4.13. The R-union of X; of intuitionistic subset of a RG-algebra (X; *,0), then R-union
of X; is an intuitionistic fuzzy RG-ideal of X, where py, (Noetherian) is chain and vy,

chain(Arterian)

Proof . By using Proposition (2.15) the union of any set of fuzzy RG-ideals of RG-algebra (X; , 0)
is also fuzzy RG-ideal of X, if y; is chain (Noetherian). We have U py, is fuzzy RG-ideal of X and by
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using Proposition (2.24), the intersection of any set of doubt fuzzy RG-ideals of RG-algebra (X; *

,0) is also doubt fuzzy RG-ideal of X where is chain (Arterian). N vy, is doubt fuzzy RG-ideal.
Hence the R-union of X; is intuitionistic fuzzy RG-ideal of X. H

Remark 4.14. If vy, or uy, are not (chain (Arterian), chain (Notherian)) respectively in
Proposition (4.13), then it is not true as the following example.

Example 4.15. Consider X in Example (3.2)

X 0o [1 [2 |3
e 109 |09 [02 |02
wg 107 |01 |07 |01

uxU g |09 |09 [07 |02
Vi 02 |02 |04 |04
Vg 03 |05 |03 |05
veNvg |02 |02 [03 |04

Then (ug U pg) are not fuzzy RG-ideal of X, since

ux U pg(0*3) = pg U pg(3) = 0.2 £ 0.7=min {(uy U pg)(1 *3), (ux U pp)(0 * 1)}
Wy U pg(3) = 0.2 £ 0.7=min {(ux U pp)(2), (kx U pp)(1)}

And vy N vy is not doubt fuzzy RG-ideal of X since p = 2,7 =3,

(vi Nvg)(0*3) =0.4 <max{(vy Nvg)(2*3),(vykNvg)(0=*2)} =03
(vaNvg)(3) = 0.4 £ max{(va Nvg)(1),(va Nvg)(2)} =0.3

Theorem 4.16. Let X = {(p, ux(p), vk (p)) |p € X} be an intuitionistic fuzzy RG-ideal of X if and
only if the fuzzy set py(p) and v (p) are fuzzy RG-ideal of X.

Proof . Since X = {(p, ux(p), vx (p)) |p € X} be an intuitionistic fuzzy RG-ideal. Cleary, py(p) isa
fuzzy RG-ideal of X. For all p, T € X, we have

Vx(0) =1 —vg(0) = 1 —vyx(p) = Vx(p)

V(0 *x1) =1 —vg(0*1) =1 —max {vg(p * 1), vg(0 * p)}

> min {1 —vg(p *1),1 —vg(0*p)} = min { Vx(p * 1), Vx(0 * p)}.
Hence vy is fuzzy RG-ideal of X.

The conversely, assume that py, vy are fuzzy RG-ideal of X, for every p, T € X,we get

Hx(0) = px(p), 1 —vx(0) = vx(0) = Vx(p) = 1 — vx(p) thatis vx(0) < vx(p), ux(0 * 1) =
min{py(p * ©), ux(0 * p)}and 1 — v (0 * T) = V(0 * 1)

= min {Vy(p * ), ¥4 (0 * p)} = min {1 — vy(p * 1), 1 — vy (0 * p)}
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=1 — max {vx(p * 1), vx(0 * p)}
That is vg (0 * T) < max {vg(p * 1), vx(0 * p)}.
Hence X = {(p, ux(p), vk (p)) |p € X} an intuitionistic fuzzy RG-ideal. m

Theorem 4.17. Let f: (X;*,0) = (Y;* ", 0")be a homomorphism of RG-algebra if B =
(us(p), vg (p)) is an intuitionistic fuzzy RG-ideal of Y with sup and inf properties, then the pre-
image f~1 (B) = (f~1 (ug),f~1 (vg ) of B under f in X is an intuitionistic fuzzy RG-ideal of X.

Proof . Forall p € X, =1 (i) (p) = pg(f(p)) < pp(f(0)) = pg(0) = £~ (up)(0)

£ (vp)(p) = vg(f(p)) = v5(f(0)) = v5(0) = £~ (vp)(0).

Letp,T € X, then £ (1) (0 * ) = pp(£(0 + 1)) = pg(£(0) # (1))

> min{ug(f(p) # f(x)), up(f(0) * f(p)) I=min{ug(f(p * 1)), up(f(0 * p) )}

=min{f ™" (ug) (p * ©),f ™" (ug) (0 * p)}

and f=1 (vg) (0 * 1) = vg(f(0 * 1)) = vg(f(0) % f(1))

< max{vg(f(p) # f(x)), vg(f(0) * f(p)) }

=max{vg(£(p * 1), vg(£(0 * p))}

=max{f " (vg)(p * ©),f~" (vg) (0 * p)}.

Hence f~1 (B) = (f~1 (ug),f~! (vg ) of B under fin X is an intuitionistic fuzzy RG-ideal of X.

Theorem 4.18. Let f: (X;+,0) = (Y;%, 0)be epimorphism of RG-algebras, if & =
(p, ux(p), v (p)) is an intuitionistic fuzzy RG-ideal of X with sup and inf properties, then f(X )
(T, f(ug) (y), f (vg )(1)) of X is an intuitionistic fuzzy RG-ideal of Y.

Proof.

1) For all p € X, there exists T € Y such that f (p)=t. Since pg(0) = ux(p), then f (ug)(0) =
f (ug) () and vg(0) < ve(p), thenf (vg)(0) < f(vg(a)).

2) Leta,b € X, then p, T € Y such that f (a)=p, f (b)=1, and f (a *b) = x * 'y
And f(0+a) = 0" ='x,and f (0 *b) = 0’ xy.

1k (p) = ux(f(2)), uR(©) = px(f(b)), and pk(p * ©) = py(f(a * b)),

REQO" * D) = pg(F(0) * 'f(b)) = uy(F(O * b))

> min{py(f(a = b)), ux(f(0 = p))}

=min{py(f(a) * (b)), ux(f(0) * "f(p))}
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=min{p&(p * 1), pk(0’ +' x)} and
vi(p) = vy(f(@)), vk (D) = vy(f(b)), and v{(p * ) = vy(f(a * b)),
V(0" * 1) = v (f(0) * (b)) = vx(F(0 * b)) < max{vx(f(a b)), vx(f(0 * p))}
=max{vy(f(a) * 'f(b)), vx(f(0) * "f(p))} = min{vk(p = 't ), vk (0" +' x)} and
Hence f(R ) = (f(uy), f (vy ) of N is an intuitionistic fuzzy RG-ideal of Y.l

Proposition 4.19. Every intuitionistic fuzzy RG-ideal of RG-algebra (X; *, 0) is an intuitionistic
fuzzy RG-subalgebra of X.

Proof . By using Proposition (2.24(4)) and Proposition (2.14).
Remark 4.20. The converse of Proposition (4.19) is not true as the following example:
Example 4.21. Consider X in Example (3.2)

Then X = {(p, ux(p),vx (p)) | p € X} be an intuitionistic fuzzy RG-subalgebra of X

when p(x) is fuzzy RG-ideal pu(x) = {8?; :{01 2,3) and v(p) is a doubt fuzzy RG-subalgebra of
0.3p € {0,3}

Xv(p) =708p=1
09p=2

But v(p) is not a doubt fuzzy RG-ideal since Let p=1, t=2 then v(0 * 2) = 0.9 £ max{v(1 *
2),v(0x1)} = 0.8.

X = {(p, ux(p), vk (p)) | p € X}is not intuitionistic fuzzy RG-ideal of RG-algebra
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