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1 Introduction

Let us consider the graphs which are simple, connected, undirected and finite. Let V and
E represent the set of all vertices and edges of G. The open neighborhood of a vertex u € V of
a graph G, N (u) is the collection of all vertices adjacent to the vertex u € V. Foraset S V
and we define the complement of Sas S = V(G) — S. The private neighbor of the vertex v with
respect to the set S is the vertex u ,if N(u) N S = {v}.

A set S CV,S is said to be dominating set of G if N(v) NS # @,V v € S. Consider all the
dominating sets in G, the set with least cardinality among these dominating sets is the
domination number of G, y(G).

The theoretical background about domination and the preliminary theorems were obtained
from the book [6]. The concepts, definition and basic results of super domination number in
several types of graphs are discussed in [7] by Lemanska et al.

A set S € V is said to be a super dominating set of G, if Vv € S,3u € Ssuchthat N(u) N S =
{v}. The minimum cardinality of a super dominating set in G called Super dominating number,

Ysp(G).

In this paper we analysed super domination number of some graphs. When a new concept is
introduced, the required definitions will be introduced.

Some basic results in super domination which can be used in the current research are given
below [7],
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2 Preliminary Results

1. For a Path Graph Py, n > 3, v, (P,) = [g] .

2. For a Complete Graph Ky, n > 2, y5p(K,) =n—1.
3. For a Cycle Graph C,,,n > 3,

n+1
[ > | n = 1,2(mod 4)
Ysp(cn) = n
[E] , otherwise
3 Super Domination Number of some particular Graphs

We analysed the super domination number of Wheel graph, Helm graph, Fan graph, and Bistar
graph to obtain their super domination number.

3.1  Wheel Graph

The Wheel Graph is created by attaching an extra vertex to the cycle graph C, for n > 3, then
joining the additional vertex to each of the n vertices in C, with new edges. It is denoted by

W,
Y1

Y4

Y3 Wheel Graph, W, Y2

Theorem 3.1.1:- Consider a wheel graph W, with n > 3. The super domination number of W,
is given by yg,(W,) = n.

Proof: Consider S = {y;,y,,...,¥n} € V(W,) and S = {y,,1}. Clearly, S is a dominating set
of W, as N(y,4+1) NS # @. Also we have,

N(y;) NS ={yps 3 fori=12,..,nand Vy; €S.

Therefore, y; is the private neighbourhood of y,,,; W.r.tS.
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Hence by definition of super dominating set, S is a super dominating set of W,,. Thus |S| < n.
To check if |S] < n.

Let us assume that |S| < n. Choose S = {y; : 1 <j < n— 1} then the vertices in S doesn’t
have a private neighbour as

N(YI) N g = {Yn+1} ’i = 1121"'1n -1

N(Yn—l) NS = {Yn rYn+1} ,

which is a contradiction to the definition. Thus, the minimum number of elements in the super
dominating set is,

Ysp(wn) =
3.2 Helm Graph

Helm Graph, H,,, is a graph constructed by attaching a pendant edge to each node of the cycle
C, to an n —wheel graph. ¥,

Helm Graph, Hs

Y3 Y2

Theorem 3.2.1:- The super domination number of a Helm graph H,, n > 3, is given by
Ysp(Hp) =n+ 1.

Proof: Let H, be a helm graph with V(H,) = {xi: 1<isn+1}ju{y:l1<j< n}
andE(H,) = {xiy]-; 1<i<n1<j<nlu{xx;pl<i<n}ufxxp:1<i<n}u

{x,x,where {y; : 1 <i < n} are the pendant vertices attached to the edges at x4, ... ,Xy.
Consider S = {yy, ..., ¥n , Xn+1} € V(Hy). S is definitely a dominating set of Hy,, since N(y;) N
S # @ forall y; € S, where S=1{xq,.., x,}.The set S is a super dominating set of H,because

N(y]) n g = {Xi} fori= 1,2,...,n.

Hence, |S| < n + 1. Consider the case when |S| < n + 1,say n. LetS = {y;, ..., y,} then S will
no longer be a dominating set which violates the condition of super domination.
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Hence, [S| =n+1 = ysp(Hy) =n+ 1.

3.3 Fan Graph

The Fan graph, F,,, is the graph constructed by attaching all of the vertices in the path P, to a

single vertex.
g Y1 Y2 y3

X

Fan Graph, F;

Theorem 3.3.1:- The super domination number of a Fan Graph F, , n > 3 is given by
Ysp(Fn) =n.

Proof: Consider a Fan Graph with V(F,) ={y;: 1< j <n}u{xjand E(F,) =
{yivis1: 1 <j<n—-1}ufy;x:1 <j < n}. Let the vertices {y;: 1 <j < n}lies on the path
graph P, which are joined to the central vertex x in Fj,.

Choose S = {y,,y,, .., yn} € V(F,) and S = {x}. Obviously S is a dominating set of F,, as
N(yn,) NS # @. Also, S is a super dominating set since, N(y;) NS = N(y;) n {x} = {x} vy; €
S,j=1, 2, .., n. Therefore, y, is the private neighbourhood of x w.r.t S.

Hence by definition of super dominating set S is a super dominating set of F,,. Thus |S| < n.
To check if |S| < n.

Let us assume that |S| < n. Choose S = {y; : 1 <j < n— 1} then the vertices in S does not
have a private neighbour as

NyD)nS={y,},i=12,....,n—1

N(yn-1) N S= {n,x},

which is a contradiction to the definition. Thus, the minimum number of elements in the super
dominating set is n. Hence, y¢,(Fp) = n.

3.4  Bistar Graph
The central vertices of two star graphs are connected by an edge to form a Bistar Graph, Bs,,.

X, X3
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Vi1 Y2

Bistar Graph, Bs, X
4

Theorem 3.4.1:- Consider a bistar graph Bs,, with n > 3. The super domination number is
given by Ysp(Bsn) = 2n.
Proof: Let {xjy; : 1 <j<n}, {x;y;: 1<j<n} be the vertices in the star graph’s Ky .
Choose S = {X;,X5, ..., Xon} € V(Bs,) and S = {y,,y,}.Obviously, S is a Dominating set of
Bs,.

We know that, V u € S,
Nwn S= {Xj} N {yi}={n},yi€S,i=12.

S is a Super Dominating Set and |S| = |{X;,X3, ..., X2n}| = 2n. To check if S is minimum
super dominating set
If |S| > 2n, S contains at least a vertex more than |S|, say 2n + 1. Thus, |S| = 1.Next let us
assume that |S| < 2n. Then the vertices x; , y; in S is adjacent to some vertices say Xpl<j<

2n—11i.e,

S= V1,2 Xns1}-

So we have, |S|>2n. The least cardinality of a super dominating set is the
super domination number, SO we get,

Ysp(BSn) = 2n.
4 Conclusion

The exact value of super domination number of certain graphs are obtained in this paper. We
further extended our study to general graphs and obtained the relationship of super domination
number and domination number. We have initiated our study in comb product of graphs to
obtain their super domination number.
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