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1. INTRODUCTION:

Fixed point theory is one of the most fruitful role in nonlinear analysis because of its
wide applications in Homotopy theory, integral, integrodifferential, impulsive
differential equations, and Approximation theory and has been studied in various
metric spaces.

In 1993, CGzerwik [1], [2] extended results related to the b-metric spaces. In 1994,
Matthews [3] introduced the concept of partial metric space in which the self-
distance of any point of space may not be zero. In 2013, Shukla [5] generalized both
the concept of b-metric and partial metric spaces by introducing the partial b-metric
spaces.

Bhaskar and Lakshmikantham [6] introduced the notion of a coupled fixed point
and proved some coupled fixed point theorems for mixed monotone mappings in or-
dered metric spaces. After that many authors proved coupled fixed point theorems
on various spaces for example ([7]-[12]).

In this paper, we prove a common coupled fixed point theorem for Jungck-type
maps in partial b—metric spaces.
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2. PRELIMINARIES:
In order to obtain our results we need to consider the followings.

Definition 2.1. ([1]) Let X be a nonempty set and let s> 1 be a given real number. A
function d: Xx X-[0, oo) is called a b-metric if for all x,y, zeX the
following conditions are satisfied:

(1) d(x,y)=01ifand only if x =vy;
(i)  d(x,y) =d(y, X);
(iii) d(x,y) =s(d(x,2z) +d(z,y)).

The pair (X, d) is called a b-metric space. The number s >1is called the coefficient of
(X, d).

Definition 2.2. ([3]) Let X be a nonempty set. A function P : X x X — [0, ) is called a
partial metric if if for all x,y,z € X the following conditions are satisfied:

(i) x=yifandonlyif P(x,x)=P(X,y) =P(y,y);
(i) P& X)=<P(XVY);

(i) P(xy)=P(y,x);

(iv) PXYy)<P(Xz)+P(z,y)—P(z 2).

The pair (X, P) is called a partial metric space.

Remark 2.3. Itis clear that the partial metric space need not be a metric spaces, since
in a b-metric space if x =y, then d(x, x) = d(x,y) = d(y,y) = 0. But in a partial
metric space if x =y then P (X, X) = P (x,y) = P (y, y) may not be equal zero.
Therefore the partial metric space may notbe a b- metric space.

On the other hand, Shukla ([5]) introduced the notion of a partial b-metric space as follows:

Definition 2.4. ([5]) Let X be a nonempty set and s>1 be a given real number. A function
Pp : X x X — [0, ) is called a partial b- metric if for all x, y, z €X the following
conditions are satisfied:

(Ppl). x =y if and only if Pp(X, X) = Po(X,y) = Pu(y, Y);
(Pb2) Po(X, X) =Po(X,y);

(P63) Po(X,y) = Pu(y, X);

(Ppd) Pu(X,y) <s (Po(X, 2) + Pu(z,y) — Pu(z, 2)).

The pair (X, Pyp) is called a partial b—metric space. The number s > 1 is called the
coefficient of (X, Pp).
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Remark 2.5. The class of partial b-metric space (X, Py) is effectively larger than the class
of partial metric space since a partial metric space is a special case of a partial b-
metric space (X, Pp) when s = 1. Also, the class of partial b-metric space (X, Py) is
effectively larger than the class of b-metric space, since a b-metric space is a special case
of a partial b-metric space (X, Pb) when the self-distance P (x; X) = 0. The following
examples show that a partial b- metric on X need not be a partial metric, nor a b-
metric on X see also ([4], [5]).

Example 2.6. ([5]) Let X = [0, 1) and the fumction Py : X x X — [0, o) be defined as

Po(X; y) = [max {X, y}]? + |x —y|2, for all x,y € X. Then (X, Py) is called a partial b-
metric space with the coefficient s > 1. But, Py is not a b-metric nor a partial metric on
X.

Definition 2.7. ([4]) Every partial b-metric Py, defines a b-metric d,,, , where
dry, (X, Y) = 2Pb(X, Y) — Po(X, X) —Pu(y, y), for all x,y € X.
Definition 2.8. ([4]) A sequence {Xn} in a partial b-metric space (X, Py) is said to be:

(1) Py -convergent to a pointof xeX if lim py(X, x,)=pp(X, X)
n—-oo
(i) Pp -Cauchy sequence if lim p,(Xn, x,,) exist and finite
n,m—oo

(ii1) A partial b-metric space (X, Py) is said to be P, -complete if every P,-Cauchy
sequence {Xn} in X is P, converges to a point x € X such that

lim  Py( Xn, Xm)= lim Py, ( Xn, X)=Pn(X, X).
n,m-—oco n,—oo

Lemma 2.9. ([4]) A sequence {xn} is a Pp-Cauchy sequence in a partial b-metric space
(X, Pp) if and only if it is a b-Cauchy sequence in the b-metric space (X, dp,,).

Lemma 2.10. ([4]) A partial b-metric space (X, Py) is Po-complete if and only if the b-
metric space (X, dp,) is b-complete.

Moreover lim d,, (Xn, Xm)=0 iff lim P}, (Xm, X)= lim Py, (Xn, X)=Pn(X, X).
n,m-—-oo m—0oo n—>oo

Definition 2.11. ([6]) Let X be a nonempty set. An element (x, y)eXxX is called a
coupled fixed point of the mapping F : XXX-=X if Xx = F(x,y) andy = F (y, X).

Definition 2.12. ([8]) Let F : X2 —X and f : X—> be two mappings . An element
(X,y) is said to be a coupled coincident point of F and f if F (X,y) =X, F (y,X) =

fy.

Definition 2.13. ([8]) Let F : X? —X and f : X— X be two mappings. An element
(X,y) is said to be a coupled common point of F and f if F (X,y) =fx =X, F (y,
X)=fy =y.
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Definition 2.14. ([8]) Let (X, Pv) be partial b-metric space. A pair (F, ) is called weakly
compatible if

f(F(x,y)) = F (fx, fy) whenever for all x,y € X such that F (x,y) =fx, F (y, X)
=fy.

Now we prove our main result.
3. MAIN RESULTS :

Theorem 3.1. Let (X, Pp) be a Partial b- metric space, let R: X xX — X and A: X —
X be mappings satisfying the following

Pp(Ax,Aw),Pp(Ay, Av),
(3.1.1) sPo(R(x%,¥),R(u,v)) <k maX{Pb(Ax,R(x,y))Pb(Au,R(u,v)). P, (Ay,R(y,X))P},(AV,R(v,W)
1+Pp (Ax,Au) 1+Py(Ay,Av)

(3.1.2) R(X x X) < A(X) and A(X) is complete subspace of X

(3.1.3) (R, A) is weakly compatible pair.

Then R and A have a unique common coupled fixed point in X.

Proof. Let Xo, Yo be arbitrary points in X. From (3.1.2), There exist sequences
{xn}, {yn}, {un} and {vn} in X such that

R (Xn, Yn) = AXn+1 = Un R (Yn, Xn) = Ayn+1 = vy for all n >0.

For simplification we denote Rn = max {Pv(uUn, Un+1), Pb(Vn, Vn+1) }.
Case(i): Suppose that un = Un+1 and vn = Vn+1 for some n

Claim: Un+1 = Un+2 and Vn+1 = Vn+2

Suppose Un+1 #* Un+2 and Vn+1 # Vn+2. From (3.1.1) consider
Pb (Un+1, Un+2) < S.Pb (R (Xn+1, Yn+1) , R (Xn+2, Yn+2))

<k Pp(Ununt1),Pp(Vn,Vniyq1),
= KMAaxy pp(ununs1)-Pp(untiuntz) Pp(vnvnt1)Pp(Pns1vn+2)
1+Pp(unun+1) 1+Pp(vn,vn+1)

< k. max{Pb (Un+1, Un+2) , Pb (Vn+1, Vn+2) }.

Similarly,

Pb (Vn+1, Vn+2) < K. max {Pp (Un+1, Un+2) , Pb (Vn+1, Vh+2)}
It follows that

max {Pb (Un+1, Un+2) , Pb (Vn+1, Va+2)} < K. max {Po (Un+1, Un+2) , Pb (Vn+1,

Vn+2)}

< max{Pb (Un+1, Un+2) , Pb (Vn+1, Vns2) },
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is contradiction. Hence Un+1 = Un+2 and Vn+1 = Vn+2.

Continuing this way we can conclude that un = un+1 and vn = va+ for all I. It is
clear that {un} and {vn} are Cauchy sequence in (X, Pp).

Case (ii): Suppose that un #*= Un+1 and Vn= Vn+1
From (3.1.1), we have that

for all n >0. Py (Un, Un+1) < S.Pb (R (Xn, Yn), R (Xn+1, Yn+1))

< Pp(un—1,un),Pp(vn_1,vn),
e kmaX Pp(un,un+1).Pp(un—1,un) Pp(vn,vn+1)Pp(vn—1,vn)
1+Pb(un_1,un) 1+Pb(Vn,Vn+1)

< k. max{Pb (Un-1, Un), Pb (Vn-1, Vn) , Pb (Un, Un+1) , Pb (Vn, Vn+1)}.
< k.max{Rn-1, Rn}

Similarly, Py (Vn, Vn+1) < k. max {Rn-1, Rn}.

Thus Ry <k. max {Rn-1, Rn}.

If Rn is maximum, we have Rn < k.Rn < Rn. This is a contradiction.
Hence R,—:1 is maximum. Thus

Rn < K.Rn-1
< Ru1 (3.1)
Therefore, {Rn} is decreasing sequence and converges to t > 0.
Suppose t > 0, lettingn — oo in (3.1),

we have thatt <k.t <t, is a contradiction . Hence t = 0.

Thus lim R,,=0. . It follows that lim P, (u,, u,41)=0=1lim P, (v, Vp41) (3.2)
n—-oo n—-oo n—oo
From (3.2) and (P»2), we have that lim P, (u,,u,)=0=lim P, (v,,Vvy) (3.3
n—oo n—oo

From definition of dp,, (3.2) and (3.3), we have that
lim dp, (Un, Upy1)=0=1im dp, (Vi Vns1)  (3.4)

Now we prove that {un} and {vn} are Cauchy sequence in Partial b-metric space
(X, Pp). If sufficient to prove that {un} and {vn} are Cauchy sequence in b-metric
space (X, dpy).

On contrary suppose that either{ un} and{ vn} are not Cauchy sequence. This
gives that

dp, (Un, Um) - 0 and dpy, (Vn, Vm) » 0 @as n, m— oo,
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Consequently, max{ dp, (Un, Um), dp, (Vn, Vm)}+ 0 as n,m— oo.

Then there exist an € > 0 and monotonically increases sequences of natural numbers
{m«}, {n} such that Nk =>mg > Kk

max {dp, (Un, , U, ), drp (Vn,, » U, )} =€ (3.5)
and max {dpy, (U, _,+ Um, ), dp, (Vn,_,» Vm, )} < € (3.6)
From (3.5) and (3.6), we have that
€ < max{dpy, (Un, Umy ), dpy, (Vny , Vimy )}

< s. max {dp, (Umy , Uny1), dpy, (Vmy , Vi) } + 5. max {dpy, (Un-1, Uny ), dpy (Vi1

Vi )}
< s.e +s.max{dpy, (Unc-1, Uny), dry (Vn_1, Vi )}
Taking upper limit as k — oo and from (3.2) , we have that
€< "T_,iUp max {dp,, (Uny , Umy ), dpp, (Vny , Vi )} <s.e. (3.7)
Also
€ < max{dpy, (Uny , Umy ), dpy, (Vi , Vi )}
< s. max {dp,, (Umy , Ungs), dpp (Vg » Vigs) 3

+ 5. max {dp,, (Unysq, Uni ), dpb (Vnyeqs Vg )3
Taking upper limit as k — oo and from (3.4), we have that
=< lim sup max {dp;, (Um, Uny1), dpy, (Vimi, Vi) 3 - (3-8)
On the other hand
max {dpy, (Umy , Unis ), ey (Vi s Vi) 3
< s.max {dpy, (Umy , Uny ), dpp, (Vm s, Vi )}

+s. max {dpy, (Uny , Un 1), dpp (Vi , Vi) 3
Taking upper limit as k — oo and from (3.4), we have that

lim sup max {dr (Um, Un +1), dp (Vm , Vn +1)} < €s?
(3.9)

also, from (3.5), we have that
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€ < max {dpp (Uny , Um ), drb (Vn , Vimi )}

< s. max {dpy, (Umy , Um ks1), drb (Vmy s Vim 1)}
+s. max {dpy, (Un 141, Uni )s drb (Vn kiq, Vg )}

s.max {dp, (Um, ,Umy,,)r dp, Vmy » Vi, )}
< {+s?.max {dp, (Um,,,Un,,,)s dp, Vm,,s Vip,,)}

+SZ . Imax {dpb (unk+21 unk )) dpb (Vnk+2’ Vnk )}

I{ s.max {dp, (Um, ,Um,,,)s dp, Vi, » Vi, ,)} \I
- 4 +s%.max {dp, (Un,,,,Un,,,)dp, (Vnp,,r Vig,,)}
~ | +s®.max {d,, (un,, ,Un,,,)s dp, (Vnp,sr Viy,,)} 1

L +s* . max {d,, (U, ,Un, )rdp, (Vnp,,» Vi, )} )

Taking upper limit as k — oo and from (3.4), we have that
S% < lim sup max {dp, (Um 1s1 » Un sz )s dppy (Vi rgs Vi geo) 3
On other hand
max {dpy, (Um ks1s Un ken)s APy (Vim r1s Vi) }
< s.max{dp, (Um g1, Umy ), dpp (Vm 1, Vi )}
+s. max {dp, (Umy , Un 42), drp (Vg » Vin a2) 3

s.max {dp, (Um,,,»Um, )»dp, (Vm,,,» Vi, )}

+s? . max {dp, (Um,, Un, ), dp, (Vo Vi, D)}

+s% .max {d,, (Un,, Un,,, )»dp, Vs Vi, )3
\+s% . max {dpy (Unyysr Ungy, s Ay (Vg Vg, )

Taking upper limit as k — oo and from (3.4), (3.7) we have that

lim supmax{dp (Um +1, Un +2), dp (Vm+1, Vn+2)} <e.s®. (3.10)

Now
Pb (umk+1’unk+2) = S Pb (umk+1’unk+2)
= s.Pp (R(ka+1’ ymk+1)’ R(Xnk+2’ ynk+2))

(Pb (umkr umk+1)pb (mG:mG_,_l)\
Pb (Um Umy, ,)-Pb(Uny,, Uny,,)
< k max 1+Pb(um, Un,, )
Pb(vmk ,vmk+1).Pb(vnk+1,vnk+2)
1+Pb (Vmy Vg, )

Similarly, we can prove
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fpb (umk: umk+1)pb (mGl mG+1)\
Pb (UmUmyey 4 )-Pb(Un, 4 Ung, )
Pb (Vmy,1r Vg, ,) = kmax 1+Pb(um, U, ,)
Pb(vmk,vmk+1).Pb(vnk+1,vnk+2)
1+pp (mG’Vnk+1)

Thus

fpb (umk: umk+1)pb (mGl mG+1)\
Pb (Umy, > Uny,,) Pb (UmyUmye, 4 )-PD(Uny, Unyey )
max v Ve ) )< k max 1+Pb(Um, Un, )
Pb M+’ " Nk+2 Pb(vmk,vmk+1).Pb(vnk+1,vnk+2)
1+pyp (mG;Vnk+1)

Taking upper limit as k — oo and from (3.2), (3.9) and (3.10) we have that
€.8% <kes?

Sub Case (i): If s =1, € <k.e <g, is contradiction.

Sub Case (ii): If s> 1, €.s® <kes?.

It follows that s < k < 1, is contradiction. Hence, {un} and {vn} are Cauchy
sequence in (X, db).

Suppose A(x) is complete subspace of X. Then {Axn+1} and {Ayn+1} are
convergestoaand b in (A(X), dp, ),

thus dP, (AXn+1, @) = 0 = dp, (AYn+1, b) for some a = Ax and b = Ay. we have
that

Po(a,a) = lim P, (Ax,, Axp)=lim P, (Ax,,a) )=lim P, (Ax,41,2)=0 (3.11)
n,m-— oo n—oco n—oo

Po(b, b) = lim P, (Ay,, Aym)=lim P, (Ay,, b) )=lim P, (Ay,41,b)=0 (3.12)
n,m-— oo n—oco n—oo

Now we claim that R(x,y) = a and R(y, x) = b From (3.1.1), we have that

Pb (R(X’ y)! R(Xn’ yn)) < s.Pp (R(X’ y)! R(Xn! yn))

(P (2, Axp),pp (b, Ayy) )
pb(a' R(X,Y))-pb(AXn' AXI’H—I)
<max 1+pp(a, Axp) —>0asn— o
LPb(b. R(y, x)).Pb(Ayn ,Ayn+1)J
1+Pb(b, Ayp)

It follows that R(X, y)=a=Ax and similarly, R(y, X)=b=Ay. Since (R, A) is weakly
compatible pair,

we have R(a, b)=Aa and R(b, a)=Ab.

From (3.1.1) we have that
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Py (R(a, b), R(Xn, Yn))<sP, (R(a, b), R(Xn, Yn))

Pb (Aal AXn); Pb (Ab! AYn)
< kmaxipy(Aa, R(ab)). Pp(Axy, Axnii),
1+Py(a, Axp)

Pb(Ab! R(b'a)) Pb(AYIlr AYII+1)
1+Pp(b, Ayn)

Letting n — oo, we have that
Pb (R(a, b), a) <k.max {Ps(R(a, b), a), Po(R(b, a), b)}.
Similarly we can also prove that
Py (R(b, a), b) < k. max {Ps(R(a, b), a), Po(R(b, a), b)}.
Thus
max {Po (R(a, b), a) , Pv (R(b, a), b)} < k. max {Pu(R(a, b), a), Po(R(b, a), b)}.

It follows that R(a, b) = a = Aa and R(b, a) = b = Ab. Therefore (a, b) is common
coupled fixed point of R and A for uniqueness let us suppose (w, z) be another
common coupled fixed point of R and A. such that a == w and b # z. Now from
(3.1.1), we have that

Pb(a, Z) = Py (R(a, b), R(Z, W))
< s.Py(R(a, b), R(z, w))
P, (3,2), P, (b,w)

< kmax Py(aa). Pp(bb) Pp(z2z). Pp(w,w)
1+Pp(ab) ' 1+Pp(zw)

< kmax{P, (a,z), B, (b,w)}
Similarly, we can prove Py(b, w) < kmax{P, (a,z), P, (b,w)}.
Therefore,
max{ Pu(a, ), Po(b, w) }< kmax{P, (a,z), P, (b,w)}
<max{P, (a, z), P, (b,w)}.

It is a contradiction. Hence (a, b) is unique common coupled fixed point of R and
A.

Now we prove that a =b From (3.1.1), we have
Pu(a, b) = Pb (R(a, b), R(b, a))
< s.Pv (R(a, b),R(b, a))
P, (a,b), P, (b,a)

< kmax{Py(a,a). Py(bb) Py(a ,b). Py(b,b)
1+Pp(a,b) ’ 1+Pp(a, b)
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<k Py(a, b)< Py(a, b).
It follows a = b. Hence (a, a) is unique common coupled fixed point of R and A.

Corollary 3.2. : Let (X, Pp) be a complete Partial b- metric space, and the mapping R
: X x X — X satisfying s.Pp (R(X, ¥), R(U, v)) < k. max {Pu(X, u), Ps(y, V)}.Then R has
a unique coupled fixed point in X.

Example 3.3. Let X = [0,1) and a function F : X x X — X be defined as

__x*+y? ) _x .
F(X, y)—4(x+y+1) and f : X — X by f(x)-; and Pp: X x X — [0, )
Po(X; y) = [max {X, y}]2 + [x —y|?, for all x, y € X is a complete partial b- metric space
on X

Now

2 2

x2+y? u?+4v? }] | x2+y? u?+v?
4(x+y+1)" 4(u+v+1)

Po(F(X, ), F(u, v)):[max{

4(x+y+1) 4(u+v+1)

2

X2 u? y? 2
max ’ + max ,
_1 x+y+1° u+v+l x+y+1" u+v+1l
2

B e I ==

x+y+1  u+v+1

X+y+1  u+v+1

( X2 2 2 52 312)
|max{Z, =} +max{Z, =]
<L) x+1" u+1 y+1’ v+1 [
- %2 u? 12 y2 2 12
\ x+1  u+l y+1 e J
( x u v 2
|max{=, =} + max{-X, ]
<i< x+1" u+1 y+1° v+1 e
16 x u |2 y v |2
= | 4= —=
\ x+1 u+1 y+1 v+1 Y,
12 2
x u x u
frmae (2, ]+ |2 - =
1 x+1" u+1)] x+1 u+1
SZ y v 112 y v 12
fmax (2, ] 4|2 - 2
y+1° v+1)] y+1 v+1

=—(Pp (fx, fu)+Py(fy, fv))< smax{ Po (fx, fu), Po(fy, fv)}

k Pp(fx,fw).Pp(fy, fv),
< < MaXy py(fx, Fay)Pp(Fu, F@v). Pp(fy, FOADPL(OFmW)
1+Pp(fx, fu) 1+Py(fy, fv)

Hence all conditions of Theorem 3.1 are holds and (0, 0) is unique common coupled fixed point
of F and f.
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3.1. Application to Integral Equations:

In this section, we study the existence of a unique solution to an initial value problem, as an
application to Theorem 3.1 Consider the initial value problem

x ' (t) = f(t, x(t), x(t)), t € 1 = [0, 1], X(0) = Xo (3.13)
where f: | x [Ji—o,oo)x [%,oo)—»[%,oo)and X0 € R.
Theorem 3.4. Consider the initial value problem 3.13 with f € C( I x [% , 00 ) X [%,oo )) and

9 )

(ot

¢ % f £(s.x(s), x(s))ds — 1i6°

]f(s'x(s),y(s))ds <max3{ ° |
9

0

1 y X
b Of oy ©)is =1

Then there exists unique solution in C (I, [% , 00 )) for the initial value problem 3.13
Proof. The integral equation corresponding to initial value problem 3.13 is
x(ty=xo+ [ £ (5,%(s),x(s))ds (3.14)

Let X=C (I, [’;—0 ,0)) and Pp(X; y) = [max {x, y}]? + |x —y|2, for all X,y € X. Define A :
X > Xby AQ® =2 and F: X x X — X by F(x, y)(t)= %o+, f(5,x(s), y(s))ds.

Now

Po(F(x, Y)(O), Fu, v)(O)= [max{F (x,y) =2, F(u,v) =2 }]2+|F(x, y) — F(u,v)|?
= [max {Z2 4 7 £ (5,20, v())ds, 22 +

[ F(s,u(),v())ds |

+|x0 + fotf(s,x(s),y(s))ds — X+

Ji F(su(),v()ds|

(3x0 ifotf(s'x(s)'x(s))ds _C)li; ||
=+ max{; , i
4 £ (5. y)ds = 52

< |max 1t o) |
3xg Zfo f(s'u(s)'u(s))ds _1_60
—>+max{i 2%

L o (0@ v)ds =32))
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—f f(s.x(s),x(s))ds —%
+|max o
_fo f(s.y(s),y(s))ds — 1—60

2

—f f(s.u(s),u(s))ds —%
—f f(s.v(s),v(s))ds — 9x°

max

max {20 2 O _ 5}

16’ 4 16
=l max
u® _ xo v() _ Xo
max{ 4 16’ 4 16}
4 16 ' 4 16 16 ' 4 16
x(t)  xo u(t) x(t)  u(t)
N e |
< —-max
T4 y(t)  xo v(t) y() v(t)
[maxg? %72 2]+ P2 -

- imax {Po(AX(t), Au(t)), Po(Ay(t), Av(t)}

k Pp(Ax(t) ,Au(t)),Pp(Ay(t), Av(t)),
<- max Pp(Ax(t), R@EY)() PpAu(t), Rwn)(®). Pp(Ay(t), R@x)(L) Pp(Av(t), Rwu)(L))
1+Pp(Ax(t), Au(t)) 1+Pp (Ay(t) Av(t))

Thus F satisfies the condition of Theorem (3.1), we conclude that F has a unique coupled fixed
point (X, y) with x =y. In particular x(t) is the unique solution of the integral equation (3.14).

3.2. Applications to Homotopy:
In this section, we study the existence of a unique solution to Homotopy theory.

Theorem 3.5. Let (X, Py) be a complete partial -b-metric space, U be closed subset of X such
that U c U.

Suppose H : Ux U x [0, 1] — X be an operator such that the following conditions are satisfying,

(i) x # H(x, y, A) & y # H(y, x, M) for each x, y € 0U and A € [0, 1], (here U denotes the
boundary of U in X),

(i) sPo(H(x, y, 1), H(u, v, 1)) < k. max { Py(X, U), Po(y, V)}

(ii1) there exists M > 0 such that Po(H(x, y, A), H(X, y, u)) < MJA — | for every x € U and A, p
€ [0, 1].

Then H(., 0) has a coupled fixed point if and only if H(., 1) has a coupled fixed point.
Proof. Consider the set A= {A € [0, 1] : x = H(X, y, A) for some x, y € U}.

Since H(., 0) has a coupled fixed point in U, we have that 0 € A. So that A is non empty set.
We will show that A is both open and closed in [0, 1] and so by the connectedness we have
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that A = [0, 1]. As aresult, H(., 1) has a coupled fixed point in U. First we show that A is closed
in [0, 1].

To see this let {An} S A with An > A €0, 1] as n — oo,

We must show that L € A. Since \n€ Aforn=1,2,3, - -,
there exist Xn, Yn € U with Xn = H(Xn, Yn, An), Yn = H(Yn, Xn, An).
Consider

Pb(Xn, Xn+1) = Po(H(Xn, Yn, An), H(Xn+1, Yn+1, An+1))

Pb(H(Xn»an}\n)rH(Xn+1r Yn+1 )\n))
<S +Pb(H(Xn+1'Yn+1')\n):H(Xn+1f Yn+1 )\n+1))
_Pb(H(Xn+1'Yn+1:)\n):H(Xn+1' Yn+1 )\n))

SSPb (H(XnJ Y )\n)i H(Xn+11 Yn+1, 7\n+1))+SMMn - /1n+1|

Letting n — oo, we get

lim Py (tn  %n41)< lim sP(HG, Yo An), HGtnsa, Vet Angn)40.

From (ii) we obtain

%1_1}30 Py (xp, Xn41)< 711_130 sP,(H(Xn, Yn, An)y HXns 1, Ynr1r Ans1))
Skrlli_{?o max{Po(Xn, Xn+1), Po(Yn, Yn+1)}

Similarly, we can prove

Al_l)’lgo Pb (yn ’ yn+1)S k%i_l)’l;lomaX{Pb(Xn, Xn+1)’ Pb(yn, y”+l)}'

It follows that rlll_l)‘lc')lo Py(xy,Xp41) =0 = 111_1)210 Py(Yn» Yns1) (3.15)
From (p2) , lim P(xy,xn) = 0 = lim P(yn, yn) (3.16)
By definition of d,,, , we obtain

lim dy, (6, Xn41) = 0 = lim d, O, Y1) (3.17)

Now we prove that {x»} and {yn} are Cauchy sequences in (X, dp). On contrary suppose that
{xn} or {yn} is not Cauchy. There exists an € > 0 and monotone increasing sequence of natural
numbers {my} and {n«} such that ng > m,

max{dp, (Xm, Xn, ) dpy, (Vg Y, ) } = € (3.18)

and max{dy, (mo X, )y g Y1) < (319)
From (3.18) and (3.19), we obtain

747
Vol. 71 No. 4 (2022)

http://philstat.org.ph


http://philstat.org.ph/

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

e <max{d,, (Xmy,, *n, ) dp, Vmpr Yn,.) }
<'s. max{dp, (xmy> Xny_, )» dp, Vg Y, ) J+s max{dy, (xn,_» %n, ), dp, (Vg Yy, ) }
<s.e+ s max{dy, (xn,_,» *n,. ) dp, Vg Ye_,) }
Taking upper limit as k — oo and from (3.15) , we have that
€ < lim sup max{dy, (Xm,» Xn,,)s dp, (Vi Yo, )} < € (3.20)
Also
e <max{d,, (Xmy,, *n, ) dp, Vmpr Yn,.) }
<'s. max{dyp, (xn, Xmy,, ) App, Vg Yy, ) 1S max{dy, (xmp, 1 Xm,)s Aoy Ve yr Ymy) }
Taking upper limit as k — oo and from (3.17) , we have tha
< < lim supmax{dy, (X, ¥n), dp, (Vg1 i)} (3.21)
On other hand
max{dy, (X, Xy )s dpy (Vimgerrs Y )}
<'s. max{dyp, (xn,» Xmy ) dp, Ve Yy ) 15 Max{dp, (Xmy,.» Xmy )» dpy Vimyrrr Yimy.) }
Taking upper limit as k — o and from (3.17) , we have that
lim sup max{dp, (Xmy.,.» Xn, )» dp, Vs Yni )} < €5° (3.22)
also, from (3.18), we have that
e <max{dy,, (xmy, *n,)» dp, Vinyr Yn,.) }
<s. max{dy, (xn, Xn,.,,)» dp, Vi Yy ) 1+ MaX{dp, (Xm0 Xmy ) dpy Vimpsrr Yimy.) }

S'max{dpb (xnk’xnk+1)’ de (ynk’ynk+1)} )

SmaX +Szmax{dpb (xnk+1' xmk+2): dpb (YnkH' ymk+2)} 0
+52max{dpb(xmk+2,xmk),dpb(Ymk+2'3’mk)} y,

( S'max{dl’b (xnk’xnk+1)’ dpb (ynk’ynk+1)} )
+52max{dpb (xmk+1’ Xmpsz )' dpb (ymk+1' Yy )}
+S3max{dpb (xmk+2’ ka+1), dpb (ymk+2’ ymk+1)}

k +s3max{dpb (xmk+1' xmk), dp, (ymk+1' }’mk)} J

v

<max

Taking upper limit as k — oo and from (3.17) , we have that
€ .
$3 = Ill_I)l;) sup max{dpb (xnk+1’ xmk+z)' dpb (ynk+1’ ymk+z)}'
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On the other hand

max{dpb (xnk+1' xmk+2 )' dpb (y"k+1’ ymk+z)}
=S max{dpb (xnk’ xnk+1)' dpb (ynk’ynk+1) }+S max{dpb (xmk+2’xnk)' dpb (ymk+z'ynk) }

s.max{dp, (Xn,, » Xmesr ) Qo Dngsrr Ymisn )}

+s?max{d,, (xn,, Xm, )» dp, Vnpr Y, ) } !
+s3max{dp, (Xmp Xmys; ) Aoy Py Ymi )} |
k+53max{dpb (xmk+1' XMpt2 )' dp, (ymk+1’ Yo )}}

(
mes]
|

Taking upper limit as k — oo and from (3.17), (3.20) we have that

%1_}1‘210 sup max{dpb (xnk+1,xmk+2), dp, (ynk+1,ymk+2)} <es? (3.23)
Now

Po(Xnieyss Xmiey2)™ Po(CH (¥ Yrieyr A ) H (om0 Ym0 Amr) )

Pb (H(xnk+1’ ynk+1’ Ank+1)’ H(xnk+1' ynk+1' Amk+2) )
=S. +Pb (H (xnk+1’ ynk+1’ Amk+2)’ H(xmk+2‘ ymk+2’ Amk+2) )
_Pb (H(xnk+1’ ynk+1’ Amk+2)’ H(xnk+1' ynk+1’ Amk+2) )

SS.M|/1nk+1 o
Amk+2 |+SPb (H(xnk+1’ ynk+1’ Amk+2)’ H(ka+2, ymk+2’ Amk+2) )
<s.M |/1nk+1 - Amk+2 |+k' max{dpb( xnk+1' ka+2), dpb ( ynk+1’ ymk+2)}'

Similarly, we can prove

Pb( BT ymk+2) =sM |Ank+1 - Amk+2 |+k' max{dpb( Xnpesrr xmk+2)' dpb ( Ynjeqsr ymk+2)}

Thus

max{Pb( e xm"”)'} <s.M|1
Pb ( ynk+1’ ymk+2)

max{dpb( xnk+1‘ xmk+2)’ dpb( ynk+1’ ymk+2)}'

-1 +k.

Ni+1 Mit2 |

Taking upper limit as k — oo and from (3.23) we have that €.s> < kes®.

It follows that k > 1, is contradiction to k € (0, 1). Hence {xn} and {yn} are Cauchy sequence
in (X, dp) and

D, o (o X ) =02, 0 by (v Y.

By definition of d,,, and (3.11), we get lim p(xp, x,,)=0=_lim p (¥, ym).
n,m—oo n,m—oo
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From Lemma 2.10 {xn} and {yn} are Cauchy sequences in (X, Py). Since (X, Pp) is complete,
there exists u, v € U with

pp(u, W)= lim py,(xy, W=im p, (tnq, W)= lim pCen, xm)=0. (3.24)
pp(v, V)= lim p,(yn, v)=1im py(yn4q, v)= lim p(yn, ym)=0. (3.25)

From Lemma 2.10, we get lim p,(x,, H(u,v,1))=p,(u, H(u,v,1)).
n—-oo

Now
Pp (xn: H(u,v, A)):pb (H(xn Yo An), H(u' v, A))

<s {pb (H(xn Yn An): H(xn Yn /1)) + Pp (H(xn Yn /1)' H(u: v, /1))}
- —P»b (H(xn Yn, /1): H(xn Yn, /1))

<s.M|A, — A|+sp, (H(xp, Y, A), H(u, v, 1))
Letting n — oo, we obtain

pp(uw, H(u,v,A)) < lim s.p, (H(xp, v, A), H(w,v, 1))
n—oco
< lim kmax{p, (xn, w), pp (Y, v)}=0.

It follows that pu(u, H(u, v, 1)) = 0. So that u = H(u, v, A). Similarly v = H(v, u, A). Thus A €
A.

Hence A is closed in [0, 1]. Let A0 € A. Then there exists Xo, Yo € U with Xo = H(Xo, Yo, Ao).

Since U is open, then there exists r > 0 such that B, (xo, 1) € U.
Choose 1 € (ko — €, Ao + €) such that [L — o[ < — < e.
Then for X€ By, (xo,1)={x € x /pp(x,X0) < 7 + pp (X0, X0)}-

Po(H(x, y, 1), X0) = Po(H(X, y, A), H(X0, Xo, A0))

< {pb(x.y,/l). H(x, y, 20)) + pp(H(x, ¥, Ao), H(xg }’0’/10))}
— —pb(H(X, Y, /10)' H(X, Y AO))

<s.M|4y — Al+sp, (H(xo Yo, A0), H(x,y,4))

<SSP (H (X0 Yo, A0), H(x,y, 1)),

Letting n — oo, we obtain
Po(H(X, y, 1), X0) < spp (H (X0 Yo, 40), H(x,¥,1))

<k max{py (x, x0), p» (v, ¥0) }-
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Similarly, we can prove

Pb(H(y:v X, )“)7 YO) Sk max{pb (x) xO)) Pp (y, yO)}
Thus

max{ Po(H(x, y, M), XO) » Pb (H(X' N )\)' YO) }Sk max{pb (x' xO)! Pp (y' yO)}

<k max{r + p,(xp, %), 7 + P Vo, Yo }-

Thus for each fixed A € (ko — €, Ao+ €), H(., M) : By, (Xo,T) — By, (X0, 1) . Since also (ii) holds,
then all conditions of Corollary 3.2 are satisfied. Thus we deduce that H(., ) has a coupled
fixed point in U. But this coupled fixed point must be in U since (i) holds. Thus A € A for any
A€ (ho— €, Aot €). Hence (Ao — €, Ao + €)SA and therefore A is open in [0,
1]. For the reverse implication, we use the same strategy.

Conclusion: We ensured the existence and uniqueness of a common Coupled fixed point for
two mappings in the class of partial b-metric spaces. Two illustrated applications have been
provided.

REFERENCES

1. S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform. Univ.
Osrav., 1 (1993), 5-11.

2. S. Czerwik, Nonlinear set-valued contraction mappings in b-metric spaces, Atti
Sem. Mat. Fis.Univ. Modena. 46 (1998), 263 - 276.

3. S. G. Matthews, Partal metric topology, Proc. 8th Summer Conference on
General Topology and Applications, Ann. N.Y. Acad. Sci., 728 (1994), 183-
197.

4. Z. Mustafa, J. R. Roshan, V. Parvaneh, Z. Kadelburg, Some common fixed
point result in ordered partial b-metric spaces, Journal of Inequalities and
Applications, (2013), 2013:562.

5. S. Shukla, Partial b-metric spaces and fixed point theorems, Mediterranean
Journal of Mathematics, doi:101007/s00009-013-0327-4, (2013).

6. T.G. Bhaskar, V. Lakshmikantham, Fixed point theorems in partially ordered
metric spaces and applications, Nonlinear Anal. 65 (2006) 13791393.

7. KPR Rao, GNV Kishore, Kenan Tas, S Satyanaraya and D Ram Prasad
Applications and common coupled fixed point results in ordered partial metric
spaces, Fixed Point Theory and Applications (2017) 2017:17.DOI
10.1186/s13663-017-0610-3.

751
Vol. 71 No. 4 (2022)

http://philstat.org.ph


http://philstat.org.ph/

Mathematical Statistician and Engineering Applications

ISSN: 2094-0343

2326-9865

8. Abbas, M, Alikhan, M, Radenovic, S: Common coupled fixed point theorems in

cone metric spaces for m-compatible mappings, Appl. Math. Comput. 217(1),
195-202 (2010).

9. Aydi, H: Some coupled fixed point results on partial metric spaces, Int. J. Math.
Math. Sci. 2011, Article ID 647091 (2011). doi:10.1155/2011/647091.

10. Abdeljawad, T. Coupled fixed point theorems for partially contractive type
mappings, Fixed Point Theory Appl. 2012, 148 (2012).

11. Radenovc, S. Some coupled coincidence points results of monotone mappings in
partially ordered metric spaces, Int. J. Anal. Appl. 5(2), 174-184 (2014).

12. Rao. KPR, Kishore.GNV, Raju.VCC, A coupled fixed point theorem for two pairs
of w-compatible maps using altering distance function in partial metric space, J.
Adv. Res. Pure Math. 4(4), 96-114 (2012).

752
Vol. 71 No. 4 (2022)

http://philstat.org.ph


http://philstat.org.ph/

