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1. Introduction

To increase the order of the Runge Kutta method has to increase the number of Taylor series
terms used and thus the number of function evaluations. The Runge Kutta method of order p
has a local error over the step size h of (hP*1). Many authors have attempted to increase the
efficiency of Runge Kutta methods by trying to minimize the number of function evaluations
required. The proposed Improved Runge Kutta methods can be used for autonomous as well
as non- autonomous systems and solving ordinary differential equations. The Improved Runge
Kutta methods that arise from the classical Runge Kutta methods can also be considered as a
special class of two-step methods. i.e., the approximate solution y,,,; is calculated using the
values of y, and y,_,. The proposed method introduces the new terms of k_;, which are
calculated using k;, from the previous step. The method proposed here has a minimum number
of function evaluations than the Runge Kutta methods. The numerical method to solve the
fuzzy initial value problems is introduced by various researchers like Ming Ma et al., [8] In this
paper, the proposed method is used to solve the fuzzy initial value problem through explicit
improved Runge Kutta method with Butcher’s coefficients.

2. Preliminaries

2.1 Trapezoidal Fuzzy Number (TrFN)

A fuzzy number @ = {u |u: R — [0,1]} and satisfies the following
1. i is upper semi-continuous.
2. i is fuzzy convex, if

u(Ax + (1 —=21y) = minfu(x),u(Y)}IVx,yeR0<A1<1

865
Vol. 71 No. 4 (2022)

http://philstat.org.ph


http://philstat.org.ph/
https://en.wikipedia.org/wiki/John_C._Butcher

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

3. tiisnormal, 3 x, € Rfor which u(xy) =1
4. Closure of the set {x € R, u(x) > 0} is compact.
The parametric form of a fuzzy number i is represented as a pair (u, u ) of
maps (u(d), u(s)),0<6 <1, such that
1.u(6) is a left continuous, bounded and monotonic increasing map.
2.u(0)) is a left continuous, bounded and monotonic decreasing map
3.u(6) < u(s), fors € (0,1].
A trapezoidal fuzzy number is a four tuples u = (a, b, ¢, d) such that

a < b < ¢ < d with base is the interval [a,d] and vertex x = b, x = ¢, and its membership
function is given by

0, x<a
xX—a -
, a<x<
u(x)=$ bl_a b<x<c
Lc—x <y <d
s c<x<

And have, L) u>0 if a>0; (Qu=0 if b>0;

Ru>0 ifc>0 @u>0 ifd>0.
2.2 Fuzzy Arithmetic
Let i = (g((&), E(S)), 7= (v(8), v(8)), 0 < 6§ < 1be arbitrary Fuzzy numbers
andlet k €R, the arithmetic operations on fuzzy numbers are defined by.
+ 7= (u(d)+ () ul®d+v()
T — 5= (u®) +5(6),u() + (o))
@ - 7 = (min{u(6)v(8),u(6)v(8),u(8)v(8),u(8)v(8)},

max {u(8)v(8), w(8)7(6), u(8)(8), u(8)v(5)})

(c u(d), 02(5)), ifC>0
(Cu(s),Cu(s)), ifc<o0

Cu =

LetD : & X @& — R* U {0},

D(u,v) = Supsejo,1; max{|u(d) — v(8)|, [u(8) — v(8)|}, be Hausdorff distance between
fuzzy numbers, where @ = (u(6), (), = (v(5), w(5)).
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The following properties are well known:

» Dlu+w,v+w)=Du,v), Vu,v,w € I,
» D(ku,kv) = |k|D(u,v), VkKkER, wv € U,
» Dlu+v,w+e)=Du,w)+D(w,e), Vuv,w,e € .
2.3 &-level set
Let F be the set of all fuzzy numbers, the §-level set of fuzzy number @ieF,
0<6<l,isdefinedby [u]s = {x € R Ju(x) = §if0 < §< 1}.
The §-level set [u]s = (u(8), u(8))is closed and bounded.
Lemma [8]
If the sequence of positive numbers {W, }_, satisfy

Wil AW, +B,0<n<N-1,
for the given 4, B € Z*, [Wp| < A™ Wl + BE—20<n<N - 1.

Lemma 2 [8]
If the sequence of positive numbers {W, }N_,, {V;.}N_, satisfy
Wil < [Wol + Amax{[W,|, [V, [} + B,
Vi1l < Vol + Amax{|W,|, [V, [} + B,
for the given A,B € Z*, U,, = |W,| + |V,,] ,0 <n < N, then
AT

Up <A™y +B2= 0<n<N,whereA =1+ 24 and B = 2B.

Theorem 1[8]
Let F(t,u,v)and G(t,u,v )bein C'(K) and its partial derivatives are bounded above K
then, for random fixed §,0 < § < 1, the approximate solutions Y(tni1;6) and

J(tns1 ; 6)Meet the exact solutions Y (¢ ; 8) and Y (¢ ; 8) regularly in t.
Theorem 2 [8]

Let F(t,u,v) and G(t,u,v )be inC'(K) and its partial derivatives are bounded above K,
2Lh < Lthen, for random fixed §, 0 < 6 < 1,the solutions Xi(tn;6) and y'(t,;6), i =
1,2, ...not diverge to the algebraic solutions y(tn;96) and y(t,;6)inty <t, <ty,wheni—

00,
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3. Fuzzy Initial VValue Problems (FIVP)

Consider the fuzzy initial value differential equation has the form:

{ y'(@®) =f(t,y®); tE€Elty ]

1
y(to) = Yo, @

Here y is a fuzzy map int, f (t,y)is a fuzzy map of tand fuzzy variable y, the derivative of y is
denoted by y' and y(t,) = y,is a fuzzy number (in triangular shaped). The exact solution of
the problem in (1) is

[Y(t)]s = [Y (t;6),Y(t;8) ] be approximated by some
()]s = [y ;)58 |
Y(to)ls = [y (to;8).5(te;6) |,6 € (0,1]

wewrite f(t,y) = [f(t,y),ft.»]and f(t,y) = Flt,y,¥],

f(&y) = G[t,y,y]. Becauseof y' = f(¢t,y)we have
fEy(©);8) = Flt,y (£;8),5(¢t;6) ]

fty(®);8) = Gty (t;6),¥(t;6)]
The extension principle gives the membership map as

f&y)(s) = sup{y(®)(z)/s = f(t,7)},sER
so fuzzy number £ (t, y(t)). From this it follows that

[F(Ly®)], = [f&y@); 8.7t yt);8)],6 € (0.1],
where

ft,y(®);8) = min{f(t,u)|u € [y(D)]s}

f&y():8) = max{f(t,wlu € [y(t)]s}:
Theorem 3 [8] If a function f satisfy the following

If(t,w) — ft,u)| < gt Jlu—u']), t=>0,uu €R,where g:R* > R is a continuous
function and 6 — g(¢, &) is increasing, the initial value problem v’ (t) = g(t,u(t)), u(0) =
Uy, has a solution on R* for u, = 0, then the Fuzzy initial value problem (1) has a unique fuzzy
solution.
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The family of explicit Improved Runge Kutta methods is a generalization of the Runge Kutta

method. It is given by

yn+1=yn+h<b1k1 bk +Zb(k _1)>

where,

ky = f(tn: yn): k_, = f(tn—ltyn—l)'

i—-1

kizf tn+hCinn+hzaijkj ’

j=1

i—-1

k_i=f\tw1+hc,Yn1+ hz ajjk_j |,2<i<s.

j=1

Taylor Series expansion for y,,,; around y,, is given by

h2 h3 2 2
Yn+1 = Yn +hf+§(fx +ffy) +§(fyfx +fyf+fxx+ foxf+fyyf )

+0(h"),

where y' = f(t,y) and by expanding (1) in the Taylor series expansion and comparing

both the series in terms of h, we have the order conditions of the method.

The Butcher’s (1987) equations of conditions for order 5 are given below

which are used for the elementary differentials up to order 5.

1Order | b, —b_; =1
S
2" Order | b_; + Z b, =
i=2
3" Order Z bic; =
i
2_ 5 2 1
3 31 2 31
Zbici ZE,ZbiCj aijci:%'
5t Order | N
ij ijk
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By the order conditions in above Table, we derived the Improved Runge Kutta methods of

orders 4. To determine the free parameters of the third and fourth order methods we minimized

the error norm for the methods of order 4 and 5, respectively. Hence, by satisfying as many

equations as possible, for the fifth order method, we obtained the optimized fourth order
method with 4-stages p = 4,

s = 4. The coefficients of the improved fourth order Runge Kutta methods are in following
Table. The integer s (the number of stages), and the coefficients aj;, bi, ci,i1=2, 3, ..., s.

The matrix [aj] is called the Runge Kutta matrix, while the bjand cjare known as
the weights and the nodes. These data are usually arranged in a mnemonic device, known as
a Butcher tableau [2]:

C3 | Az; dszp

Cs | Qg1 Qg2 as,s—l

b, b, .. bey b

The Runge—Kutta method is consistent if 3;11 a;j =c¢;,l=23,..5

The Coefficients of 4th Order improved Runge Kutta method

0

1)1

5|5

310 3

5 5
2 4 38

5|15 25 75
307 =25 25 125
288 144 144 288
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5. Explicit Improved Runge-Kutta Fourth Order

The explicit improved Runge Kutta fourth order methods is to prompt the variance among the
standards of y at ¢t,,,; and ¢,, as

s
Yne1 =Ynth <b1k1 —b_qk_4 + z b;(k; — k_; )
=2

where,

ki = f(tw yn)

ko = f(tn + hey, yn + h(aziky))

ks = f(tn + hes, yn + h(asiky + assks))

ky = f(tn + heg, yn + h(agiky + agoks + aysks))

koy = f(tn-1,Yn-1)

k_y = f(tno1 + hey Yooy + h(azik_1))

k_z = f(tno1 + hes, Yoo + h(agik_1 + aszk_3))

kg = f(tno1 + hea, Yoo + h(auk 1 + gk 5 + aysk_3))

From Butcher table,

ci =0 1 3 4 a- =0
1 szg C3_§ C4=§ 11
_307 | _-25| _ 25| 125 38
17288 |27 144 | 72T 124 | °* T 288 | M3 T 75
a 1] an=0 a _3 a _ 2 Any = —
21_5 32_5 41_15 4-2_25
, 19
~17 288
Hence,
=y, +h 307k 19k 25 (ky — k )+25 (k3 —k_3)
+125(k k_,)
288 T
where,
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ki = f(tn:yn): k_q= f(tn—ern—l)
1 1
kz :f tn+§h,yn+h<§k1>
3 3
k3 :f tn+§h,yn+h<§k2)
k, = t+4h +h<2k+4k 38k>
4_f n 5 rYn 15 1 25 2 5 3
1
5k1)
3
5h-2)

k_, = 4h h k_, 4k 38k
o= fth +§ yYn—1 T (15 +25 ﬁ —3)

1
ka=f (tn_l e yn +h(

3
kz=f <tn—1 + gh' Yn-1+h

6. Explicit Runge-Kutta method for solving fuzzy initial value problem

The exact solution of the problem in (2)

[Y(t)]s = [Y (t;6),Y(t;8) ] be estimated by some

()]s = [y ;8,58 |

The grating points areh = b Jti=tog+ih0<i<N.

Now, we define

307 19

25 125
}’n+1—)’n+h(ﬁk1 ﬁk—l_ (k

25
—(ky —k_3) + Taa (k3 —k_3) +— ~gg 4 — k—4)> as

144

Y(tni1:6) = Y(t,;6)

+ h<288 ki (t,y(6:6)) — Zag k-1 k_1(t,y(t;6))

25
~Ti (kz(t y(t;8)) — ko (£, y(t; 6)))

25

144 (kg(t y(t68)) — k- 3(1: y(t; 6)))
1

288 (k4(t y(t;68)) —k_ 4(t y(t; 6))))

Where,
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= F(t, Y (t;6),Y(t;8));

h hk,
kz—F<t +=,Y(t;8) +— z

hk4
70 +75)
3hk, hk,

Sk)
5
k.=F 4hy :8)+h zk 4k+38k Y(t:6
s =Fltn 5 X(E:6) + (151 752 ﬁ3>' (t56)

+h(2k A +38k)
157 T g5k t7pks

koy = F(ta-1,Y (£56),Y(t;6))

3h
k3—F<t +—,Y(t;9)

h hk_4
k_2:F<n1+ Y(t 6)"‘

hk_4
z Y(t;6) + )

5

3h 3hk_, — 3hk_
k_3=F(n1+ Y(t 6) 52, t; + 52)

15 25 75

hzk 4k 38k
+(E—“5§ﬂ+ﬁ—9

4h 4, 38
k_4=F(n1+ Y(t6)+h< ks +—k_, )Y(ta)

And,

Y(tn+1i 5) = ?(tn; 5)
307
+h<288k1(t y(£8)) — k1 (ty(9))
k(6 y(68)) — k2 (ty(t 6)))
ks(ty(68) — k-3 (ty(t; 8)))

12454(
144(
;88 (k4(t y(t:8)) —k_4(ty(t; 8)))>

Where,

ki = G(tp,Y (t;6),Y(t;8));

h hk, hk,
kzzG(t + 2 X0 + =V 6”?)
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k, =G| t, Y(t'5)+h( k k ) Y(t;6)
= + , ; 1+ 2+ , ;

+h(2k A +38k)
157 T g5k tpks

koq=G(tyo1,Y (t;6),Y(t;6))

3h
ks =G (tn +?,Z(t;5)

h hk_4
k_2=G<n 1+ JY(58)+—

=L7(c;6) + hk- 1)

5

3h 3hk_
k—3=G(n 1+ JY(t;8) +

_ 3hk_
z 2Y(t;6) + 2)

5 25 75

h 2k 4k 38k
+ (E TR BT —3)

4h 4, 38
h4=6(n1+ YG(®+h<1k +—k_, )YU 5)

Also we have
Y(tni1;6) = y(ty;6)

307
+ h<288 ki(t,y(t;6)) — 5= k_1(t, ¥(t; 8))

25
i = (67 8) - koa(63(6:9)))

o (ka6 8) ka6 (6:9)))

125
+ 288 (k4(t y(t;8)) — k_ 4(1: y(t; 6))))

ko= F(tay (6:8)5(¢;8) );

h hk, hky
ko = F (a5 9(658) + =2, 5(650) + )

3hk2)

ky, _

3h
k3:F<tn+_ 5

5=
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k,=F|t +4h (t-6)+h(2k 4k 38 ) y(t; o)
S SRR AL 15t a5ty
h(z Ky ok 38k)
Fh{gat e toghs
ko = F (tnesy (658),5(¢56))
o hk_
k_2:F<tn_1+ 51,y(t;6)+ 51)
3h 3hk_ 3hk_
k_3—F<tn_1+— - =2 5(t;0) + 2)
k,=F|t +4h (t6)+h< P ) 5(t;6)
—4 =0\ 1 Ty 15 252775 y
+h(2k PR )
15 ' 25 7% 75773
And,
V(tns1;6) = Y(ty; 6)
<%k1(t y(t;8)) — 288 k_1(t,y(t; )
5
~Ti (kz(t y(£:8)) — k_,(t, y(t; 6)))
25
+ 1o (kg(t y(t:68)) —k_3(t, vt 5)))
|12
+oee (Ralt,y(6:8)) — T (6y (6 6))))
Where,
k= G (tny (:0),5(:0) ),
h hk, hk,
ke = G (6 + 5, 08) + =255 8) + =)
3h 3hk, _ 3hk,
ks = G(tn+— (t:6) + )
5 5
ke =61, + 20 t-5+h2k 4k 380.) 56
h( kg 2k, 423
(15 A TR T 3)
875
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ko =G (taos,y (£56),5(¢56) )
k —G<t . hk-1 S hk_l)
2ot gl 5 ’ 5

==

&
Il
Q

3hk_2)

3h 3hk_
(tns + 23050 + 222,550 +

k_,=G|t +4h (t; 6)+h<2k 4k 38 ) y(t; o)
AR R 4 15kt oggkataeks )y

+h(2k +4k 38k)
15 75 -2t 7g s

Define,

mEyY) (kz(t y(t;8)) — ko (£, y(t; 5)))

25
4 (ka6 y(68) — kea (65 8))

12
+ 58 (k4(t y(t;8)) — k_ 4(1: y(t; 6))))

G(t,y(t,6)) = h<ﬁk1(t y(t;8)) —ﬁk k_1(t,y(t6))

12454 (kz(t y(£:8)) — k_,(t, y(t; 6)))
12454 (kg(t y(t;8)) — k_3(t, y(t; 6)))
+ 22 (Tt v ) ~ (e ¥ 5))))
Thus,
¥ ()]s = [¥ (t038),¥(ta:6)] and [y(ta)]s = |y (203 8),7(ta ;8) | are the exact and
approximate solutions at ¢,,, 0 < n < N.

The solution at grid points, [ =ty < t; <t, < - <ty =m and

m-—l
h:T:tn+1_tn'

By above Equations,
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let
Y(tns1;6) = Y(tn; 8) + Fltn, Y (ty; 6)]
Y(tn1;8) = Y(tn; 6) + Gltn, Y (ty; 6]
and
Y(tnt1:6) = y(tn; 8) + Fltn, y(tn; 8)]

y(tn+1; 8) = ?(tn; 8) + Glty, y(tn; 6)]

By Lemma 1 and Lemma 2,
limp_oy(t,8) =Y(t,6) and limy oy(t,6) =Y(t6).

Let F(t,u,v)and G(t,u,v) be found by replacing [y(t)]s = [u, V]

(307
F(t,u,v)=nh 288k1(t u,v)— Sag k1 k_,(t,u,v)
25 5
_m(kZ(t u,v) —k,(t,u v)) 144(k3(t u,v)—ks(t,u v))
5 " .
288( 4(t,u,v) —k_4(t,u v))

30 19
G(t,u,v) = h(ﬁkl(t u, v)——k (t,u,v)

> (kz(t w,v) —k5(t,u v))+£(k3(t u,v) —ko(t,u,v))

144 144

;25(k4(t w,v) — kL (t,u v))>

The territory where F and G are well-defined, therefore
K={t,u,v)|]0<t<T,—o0o<v<o0,—0<u< v}

By Theorem 2, the approximate solutions y(t;r) and y(t;r) converges to the precise

solution Y (¢ ;) and Y (¢ ; ) consistently in t.
7. Numerical Example:

The following problems are solved for t € [0,10]

Problem 1: Consider the IVP, y' = (1+t2), y(0) =1;
-1
The exact solutions y(t) = M)
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Problem 2: Consider the IVP, y’ = ycost, y(0) = 1;

The exact solutions y(t) = eSn¢

8. Conclusion

In this paper, an Explicit Improved Runge-Kutta method is introduced and the fuzzy initial
valued problem with Butcher coefficient is solved by using the proposed method, tested some
initial value problems to show the efficiency and accuracy of the proposed methods.
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