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Abstract 

This paper intends to find the solution to Fuzzy initial value problems. Here 

a fourth-order Improved Runge-Kutta method is proposed to find the 

solution to the problem. Along with the Butcher’s table is also used. The 

find solutions are depicted in terms of fuzzy representation. The accuracy 

and efficiency of the proposed method are also checked by numerical 

examples. The proposed method is an extension of the existing methods. 

Keywords: Fuzzy initial value problem, explicit improved Runge-Kutta 

method,  Butcher’s table, Trapezoidal fuzzy number. 

1. Introduction  

To increase the order of the Runge Kutta method has to increase the number of Taylor series 

terms used and thus the number of function evaluations. The Runge Kutta method of order 𝑝 

has a local error over the step size h of (ℎ𝑝+1). Many authors have attempted to increase the 

efficiency of Runge Kutta methods by trying to minimize the number of function evaluations 

required. The proposed Improved Runge Kutta methods can be used for autonomous as well 

as non- autonomous systems and solving ordinary differential equations. The Improved Runge 

Kutta methods that arise from the classical Runge Kutta methods can also be considered as a 

special class of two-step methods. i.e., the approximate solution 𝑦𝑛+1 is calculated using the 

values of 𝑦𝑛 and 𝑦𝑛−1. The proposed method introduces the new terms of  𝑘−𝑖, which are 

calculated using 𝑘𝑖, from the previous step. The method proposed here has a minimum number 

of function evaluations than the Runge Kutta methods. The numerical method to solve the 

fuzzy initial value problems is introduced by various researchers like Ming Ma et al., [8] In this 

paper, the proposed method is used to solve the fuzzy initial value problem through explicit 

improved Runge Kutta method with Butcher’s coefficients. 

2. Preliminaries 

2.1 Trapezoidal Fuzzy Number (TrFN) 

A fuzzy number �̃� = {𝑢 | 𝑢 ∶  𝑅 →  [0,1]} and satisfies the following 

1. �̃� is upper semi-continuous.  

2. �̃� is fuzzy convex, if  

𝑢(𝜆𝑥 + (1 − 𝜆)𝑦) ≥  𝑚𝑖𝑛{𝑢(𝑥), 𝑢(𝑦)}∀ 𝑥, 𝑦 ∈ 𝑅, 0 ≤ 𝜆 ≤ 1 
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3. �̃� is normal, ∃ 𝑥0 ∈  𝑅for which 𝑢(𝑥0) = 1 

4. Closure of the set {𝑥 ∈ 𝑅, 𝑢(𝑥) > 0} is compact. 

The parametric form of a fuzzy number 𝑢 ̃is represented as a pair (𝑢, 𝑢 ) of  

maps (𝑢(𝛿), 𝑢(𝛿)) , 0 ≤ 𝛿 ≤ 1, such that  

1.𝑢(𝛿) is a left continuous, bounded and  monotonic increasing map. 

2.𝑢(𝛿)) is a left continuous, bounded and  monotonic decreasing map 

3.𝑢(𝛿) ≤  𝑢(𝛿) , for 𝛿 ∈ (0,1]. 

A trapezoidal fuzzy number is a four tuples 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑) such that  

𝑎 < 𝑏 < 𝑐 < 𝑑  with base is the interval [𝑎, 𝑑] and vertex 𝑥 = 𝑏, 𝑥 = 𝑐, and its membership 

function is given by 

𝑢(𝑥) =

{
 
 

 
 

0,                   𝑥 < 𝑎
𝑥 − 𝑎

𝑏 − 𝑎
,         𝑎 ≤ 𝑥 ≤ 𝑏

      1,                  𝑏 ≤ 𝑥 ≤ 𝑐
𝑐 − 𝑥

𝑐 − 𝑏
,         𝑐 ≤ 𝑥 ≤ 𝑑

 

And have, (1) 𝑢 > 0    𝑖𝑓  𝑎 > 0;  (2) 𝑢 ≥ 0    𝑖𝑓  𝑏 > 0; 

                  (3) 𝑢 > 0    𝑖𝑓 𝑐 > 0;   (4) 𝑢 > 0    𝑖𝑓 𝑑 > 0. 

2.2 Fuzzy Arithmetic  

Let �̃� =  (𝑢(𝛿), 𝑢(𝛿)),    �̃� =  (𝑣(𝛿), 𝑣(𝛿)),   0 ≤  𝛿 ≤  1 be arbitrary Fuzzy numbers 

andlet 𝑘 ∈𝑅, the arithmetic operations on fuzzy numbers are defined by.  

�̃� + �̃� = (𝑢(𝛿) + 𝑣(𝛿),   𝑢(𝛿) + 𝑣(𝛿)) 

𝑢 ̃ − �̃� =  (𝑢(𝛿) + 𝑣(𝛿), 𝑢(𝛿) + 𝑣(𝛿)) 

𝑢 ̃ ∙  �̃� = (𝑚𝑖𝑛{𝑢(𝛿)𝑣(𝛿), 𝑢(𝛿)𝑣(𝛿), 𝑢(𝛿)𝑣(𝛿), 𝑢(𝛿)𝑣(𝛿)},

𝑚𝑎𝑥 {𝑢(𝛿)𝑣(𝛿), 𝑢(𝛿)𝑣(𝛿), 𝑢(𝛿)𝑣(𝛿), 𝑢(𝛿)𝑣(𝛿)}) 

𝐶�̃� =  {
(𝐶 𝑢(𝛿), 𝐶𝑢(𝛿)) ,     𝑖𝑓 𝐶 ≥ 0

(𝐶𝑢(𝛿), 𝐶𝑢(𝛿)) ,      𝑖𝑓 𝐶 < 0
 

Let 𝐷 ∶ 𝑢 ̃ × 𝑢 ̃ → 𝑅+ ∪ {0}, 

𝐷(𝑢, 𝑣) = 𝑆𝑢𝑝𝛿∈[0,1]max{|𝑢(𝛿) − 𝑣(𝛿)|, |𝑢(𝛿) − 𝑣(𝛿)|}, be Hausdorff distance between 

fuzzy numbers, where �̃� =  (𝑢(𝛿), 𝑢(𝛿)) , �̃� =  (𝑣(𝛿), 𝑣(𝛿)). 
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The following properties are well known: 

➢ 𝐷(𝑢 + 𝑤, 𝑣 + 𝑤) = 𝐷(𝑢, 𝑣), ∀ 𝑢, 𝑣, 𝑤 ∈  𝑢 ̃, 

➢ 𝐷(𝑘𝑢, 𝑘𝑣) = |𝑘|𝐷(𝑢, 𝑣),           ∀ 𝑘 ∈ 𝑅 ,    𝑢, 𝑣 ∈  𝑢 ̃, 

➢ 𝐷(𝑢 + 𝑣,𝑤 + 𝑒) = 𝐷(𝑢, 𝑤) + 𝐷(𝑣, 𝑒), ∀ 𝑢, 𝑣, 𝑤, 𝑒 ∈  𝑢 ̃. 

2.3 𝜹-level set  

      Let F be the set of all fuzzy numbers, the 𝛿-level set of fuzzy number �̃�∈F, 

 0≤ 𝛿 ≤1, is defined by [𝑢]𝛿 = {𝑥 ∈  𝑅  / 𝑢(𝑥)  ≥  𝛿𝑖𝑓 0 ≤   𝛿 ≤  1 } . 

The 𝛿-level set [𝑢]𝛿 = (𝑢(𝛿),   𝑢(𝛿))is closed and bounded. 

Lemma [8] 

If the sequence of positive numbers {𝑊𝑛}𝑛=0
𝑁  satisfy 

|𝑊𝑛+1| ≤ 𝐴|𝑊𝑛| + 𝐵, 0 ≤ 𝑛 ≤ 𝑁 − 1,  

for the given 𝐴, 𝐵 ∈ 𝑍+, |𝑊𝑛| ≤ 𝐴
𝑛|𝑊0| + 𝐵

𝐴𝑛−1

𝐴−1
 ,0 ≤ 𝑛 ≤ 𝑁 − 1. 

Lemma 2 [8] 

If the sequence of positive numbers {𝑊𝑛}𝑛=0
𝑁 , {𝑉𝑛}𝑛=0

𝑁  satisfy 

|𝑊𝑛+1| ≤ |𝑊𝑛| + 𝐴max{|𝑊𝑛|, |𝑉𝑛|} + 𝐵,  

|𝑉𝑛+1| ≤ |𝑉𝑛| + 𝐴max{|𝑊𝑛|, |𝑉𝑛|} + 𝐵, 

for the given 𝐴, 𝐵 ∈ 𝑍+, 𝑈𝑛 = |𝑊𝑛| + |𝑉𝑛| ,0 ≤ 𝑛 ≤ 𝑁, then 

              𝑈𝑛 ≤ 𝐴𝑛𝑈0 + 𝐵
𝐴𝑛−1

𝐴−1
 ,0 ≤ 𝑛 ≤ 𝑁, where 𝐴 = 1 + 2𝐴  and 𝐵 = 2𝐵. 

Theorem 1[8] 

Let 𝐹(𝑡 , 𝑢 , 𝑣 ) and 𝐺(𝑡 , 𝑢 , 𝑣 )be in 𝐶𝑙(𝐾) and its partial derivatives are bounded above K 

then, for random fixed  𝛿, 0 ≤ 𝛿 ≤ 1, the approximate solutions 𝑦(𝑡𝑛+1 ; 𝛿) and 

 𝑦(𝑡𝑛+1 ; 𝛿)meet the exact solutions 𝑌(𝑡 ; 𝛿) and 𝑌(𝑡 ; 𝛿) regularly in t. 

Theorem 2 [8] 

Let 𝐹(𝑡 , 𝑢 , 𝑣 ) and 𝐺(𝑡 , 𝑢 , 𝑣 )be in𝐶𝑙(𝐾) and its partial derivatives are bounded above K, 

2𝐿ℎ < 𝑙,then, for random fixed  𝛿,  0 ≤ 𝛿 ≤ 1,the solutions 𝑦𝑖(𝑡𝑛 ; 𝛿) and 𝑦
 𝑖
(𝑡𝑛 ; 𝛿), 𝑖 =

1,2, …not diverge to the algebraic solutions 𝑦(𝑡𝑛 ; 𝛿) and 𝑦(𝑡𝑛 ; 𝛿) in 𝑡0 ≤ 𝑡𝑛 ≤ 𝑡𝑁 , when 𝑖 →

∞. 
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3. Fuzzy Initial Value Problems (FIVP) 

Consider the fuzzy initial value differential equation has the form:  

{
𝑦′(𝑡) = 𝑓(𝑡, 𝑦(𝑡));     𝑡 ∈ [𝑡0, 𝑙]

𝑦(𝑡0) = 𝑦0,                                          
     (1) 

Here y is a fuzzy map int, 𝑓 (𝑡, 𝑦)is a fuzzy map of 𝑡and fuzzy variable y, the derivative of y is 

denoted by y' and 𝑦(𝑡0)  =  𝑦0is a fuzzy number (in triangular shaped).  The exact solution of 

the problem in (1) is 

[𝑌(𝑡 )]𝛿  = [𝑌 (𝑡 ; 𝛿), 𝑌(𝑡 ; 𝛿) ] be approximated by some 

[𝑦(𝑡 )]𝛿  = [𝑦 (𝑡 ; 𝛿), 𝑦(𝑡 ; 𝛿) ]. 

[𝑦(𝑡0)]𝛿  = [𝑦 (𝑡0 ; 𝛿), 𝑦(𝑡0 ; 𝛿) ] , 𝛿 ∈ (0, 1] 

we write  𝑓(𝑡, 𝑦)  =  [ 𝑓(𝑡, 𝑦), 𝑓(𝑡, 𝑦)] and 𝑓(𝑡, 𝑦)  =  𝐹[𝑡, 𝑦, 𝑦 ], 

𝑓(𝑡, 𝑦)  =  𝐺[𝑡, 𝑦, 𝑦 ].  Because of 𝑦′ =  𝑓(𝑡, 𝑦)we have  

𝑓(𝑡, 𝑦(𝑡); 𝛿)  =  𝐹[𝑡, 𝑦 (𝑡 ; 𝛿), 𝑦(𝑡 ; 𝛿) ] 

𝑓(𝑡, 𝑦(𝑡); 𝛿)  =  𝐺[𝑡, 𝑦 (𝑡 ; 𝛿), 𝑦(𝑡 ; 𝛿)] 

The extension principle gives the membership map as 

𝑓(𝑡, 𝑦(𝑡))(𝑠)  =  𝑠𝑢𝑝{𝑦(𝑡)(𝜏 )/ 𝑠 =  𝑓 (𝑡, 𝜏 )}, 𝑠 ∈ 𝑅 

so fuzzy number 𝑓(𝑡, 𝑦(𝑡)). From this it follows that 

[𝑓(𝑡, 𝑦(𝑡))]
𝑟
 =  [𝑓(𝑡, 𝑦(𝑡); 𝛿), 𝑓(𝑡, 𝑦(𝑡); 𝛿)] , 𝛿 ∈ (0,1], 

where 

𝑓(𝑡, 𝑦(𝑡); 𝛿)  =  𝑚𝑖𝑛{𝑓(𝑡, 𝑢)|𝑢 ∈ [𝑦(𝑡)]𝛿} 

𝑓(𝑡, 𝑦(𝑡); 𝛿)  =  𝑚𝑎𝑥{𝑓(𝑡, 𝑢)|𝑢 ∈ [𝑦(𝑡)]𝛿}. 

Theorem 3 [8] If a function 𝑓 satisfy the following  

|𝑓(𝑡, 𝑢) − 𝑓(𝑡, 𝑢′)| ≤ 𝑔(𝑡, |𝑢 − 𝑢′|),    𝑡 ≥ 0, 𝑢, 𝑢′ ∈ 𝑅, where 𝑔: 𝑅+ → 𝑅+ is a continuous 

function and 𝛿 → 𝑔(𝑡, 𝛿) is increasing, the initial value problem 𝑢′(𝑡) = 𝑔(𝑡, 𝑢(𝑡)), 𝑢(0) =

𝑢0, has a solution on 𝑅+ for 𝑢0 = 0, then the Fuzzy initial value problem (1) has a unique fuzzy 

solution.  
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4. Explicit Improved Runge Kutta Method  

The family of explicit Improved Runge Kutta methods is a generalization of the Runge Kutta 

method. It is given by 

𝑦𝑛+1 = 𝑦𝑛 + ℎ(𝑏1𝑘1 − 𝑏−1𝑘−1 +∑𝑏𝑖(𝑘𝑖 − 𝑘−𝑖)

𝑠

𝑖=2

)                        (2) 

where,  

𝑘1 = 𝑓(𝑡𝑛, 𝑦𝑛),  𝑘−1 = 𝑓(𝑡𝑛−1, 𝑦𝑛−1), 

𝑘𝑖 = 𝑓(𝑡𝑛 + ℎ𝑐𝑖 , 𝑦𝑛 + ℎ∑𝑎𝑖𝑗𝑘𝑗

𝑖−1

𝑗=1

), 

𝑘−𝑖 = 𝑓 (𝑡𝑛−1 + ℎ𝑐𝑖 , 𝑦𝑛−1 + ℎ∑𝑎𝑖𝑗𝑘−𝑗

𝑖−1

𝑗=1

) , 2 ≤ 𝑖 ≤ 𝑠. 

Taylor Series expansion for 𝑦𝑛+1 around 𝑦𝑛 is given by  

𝑦𝑛+1 = 𝑦𝑛 + ℎ𝑓 +
ℎ2

2!
(𝑓𝑥 + 𝑓𝑓𝑦) +

ℎ3

3!
(𝑓𝑦𝑓𝑥 + 𝑓𝑦

2𝑓 + 𝑓𝑥𝑥 + 2𝑓𝑥𝑥𝑓 + 𝑓𝑦𝑦𝑓
2)

+ 𝑂(ℎ4), 

where 𝑦′ =  𝑓(𝑡, 𝑦) and by expanding (1) in the Taylor series expansion and comparing 

both the series in terms of h, we have the order conditions of the method. 

      The Butcher’s (1987) equations of conditions for order 5 are given below 

     which are used for the elementary differentials up to order 5. 

1st Order 𝑏1 − 𝑏−1 = 1 

2nd Order 𝑏−1 +∑𝑏𝑖

𝑠

𝑖=2

=
1

2
 

3rd Order ∑𝑏𝑖𝑐𝑖
𝑖

=
5

12
 

4th Order ∑𝑏𝑖𝑐𝑖
2

𝑖

=
5

12
 ,∑𝑏𝑖𝑐𝑗

2𝑎𝑖𝑗
𝑖𝑗

=
1

6
 

5th Order  

∑𝑏𝑖𝑐𝑖
3

𝑖

=
31

120
 ,∑𝑏𝑖𝑐𝑗

2𝑎𝑖𝑗𝑐𝑖
𝑖𝑗

=
31

240
 , 

 ∑𝑏𝑖𝑐𝑗
2𝑎𝑖𝑗

𝑖𝑗

=
31

360
 ,∑𝑏𝑖𝑎𝑖𝑗𝑎𝑗𝑘𝑐𝑘
𝑖𝑗𝑘

=
31

720
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By the order conditions in above Table, we derived the Improved Runge Kutta methods of 

orders 4. To determine the free parameters of the third and fourth order methods we minimized 

the error norm for the methods of order 4 and 5, respectively. Hence, by satisfying as many 

equations as possible, for the fifth order method, we obtained the optimized fourth order 

method with 4-stages 𝑝 = 4,  

𝑠 = 4. The coefficients of the improved fourth order Runge Kutta methods are in following 

Table. The integer s (the number of stages), and the coefficients aij , bi , ci , i = 2, 3, ..., s.  

The matrix [aij] is called the Runge Kutta matrix, while the bi and ci are known as 

the weights and the nodes. These data are usually arranged in a mnemonic device, known as 

a Butcher tableau [2]: 

0      

𝑐2 𝑎21     

𝑐3 𝑎31 𝑎32    

: 

: 

: 

: 

    

𝑐𝑠 𝑎𝑠1 𝑎𝑠2 … 𝑎𝑠,𝑠−1  

 𝑏1 𝑏2 … 𝑏𝑠−1 𝑏𝑠 

The Runge–Kutta method is consistent if  ∑ 𝑎𝑖𝑗
𝑖−1
𝑗=1 = 𝑐𝑖 , 𝑖 = 2,3, … 𝑠 

The Coefficients of 4th Order improved Runge Kutta method 

0     

1

5
 
1

5
 

   

3

5
 
0 

  
3

5
 

  

4

5
 
2

15
 

4

25
  

38

75
 

 

 307

288
 
−25

144
 
25

144
 
125

288
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5. Explicit Improved Runge-Kutta Fourth Order 

The explicit improved Runge Kutta fourth order methods is to prompt the variance among the 

standards of y at 𝑡𝑛+1 and 𝑡𝑛 as 

𝑦𝑛+1 = 𝑦𝑛 + ℎ(𝑏1𝑘1 − 𝑏−1𝑘−1 +∑𝑏𝑖(𝑘𝑖 − 𝑘−𝑖)

𝑠

𝑖=2

)                        

where, 

𝑘1 = 𝑓(𝑡𝑛, 𝑦𝑛)    

𝑘2 = 𝑓(𝑡𝑛 + ℎ𝑐2, 𝑦𝑛 + ℎ(𝑎21𝑘1)) 

𝑘3 = 𝑓(𝑡𝑛 + ℎ𝑐3, 𝑦𝑛 + ℎ(𝑎31𝑘1 + 𝑎32𝑘2)) 

𝑘4 = 𝑓(𝑡𝑛 + ℎ𝑐4, 𝑦𝑛 + ℎ(𝑎41𝑘1 + 𝑎42𝑘2 + 𝑎43𝑘3)) 

𝑘−1 = 𝑓(𝑡𝑛−1, 𝑦𝑛−1) 

𝑘−2 = 𝑓(𝑡𝑛−1 + ℎ𝑐2, 𝑦𝑛−1 + ℎ(𝑎21𝑘−1)) 

𝑘−3 = 𝑓(𝑡𝑛−1 + ℎ𝑐3, 𝑦𝑛−1 + ℎ(𝑎31𝑘−1 + 𝑎32𝑘−2)) 

𝑘−4 = 𝑓(𝑡𝑛−1 + ℎ𝑐4, 𝑦𝑛−1 + ℎ(𝑎41𝑘−1 + 𝑎42𝑘−2 + 𝑎43𝑘−3)) 

From Butcher table,  

𝑐1 = 0 
𝑐2 =

1

5
 𝑐3 =

3

5
 𝑐4 =

4

5
  

𝑎11 = 0 

𝑏1 =
307

288
 𝑏2 =

−25

144
 𝑏3 =

25

144
 𝑏4 =

125

288
 𝑎43 =

38

75
 

𝑎21 =
1

5
 

𝑎31 = 0 
𝑎32 =

3

5
 𝑎41 =

2

15
 𝑎42 =

4

25
 

𝑏−1 =
19

288
 

 

Hence, 

𝑦𝑛+1 = 𝑦𝑛 + ℎ(
307

288
𝑘1 −

19

288
𝑘−1 −

25

144
(𝑘2 − 𝑘−2) +

25

144
(𝑘3 − 𝑘−3)

+
125

288
(𝑘4 − 𝑘−4))  

 

where,   
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𝑘1 = 𝑓(𝑡𝑛, 𝑦𝑛),  𝑘−1 = 𝑓(𝑡𝑛−1, 𝑦𝑛−1) 

𝑘2 = 𝑓 (𝑡𝑛 +
1

5
ℎ, 𝑦𝑛 + ℎ (

1

5
𝑘1)) 

𝑘3 = 𝑓 (𝑡𝑛 +
3

5
ℎ, 𝑦𝑛 + ℎ (

3

5
𝑘2)) 

𝑘4 = 𝑓 (𝑡𝑛 +
4

5
ℎ, 𝑦𝑛 + ℎ (

2

15
𝑘1 +

4

25
𝑘2 +

38

75
𝑘3)) 

𝑘−2 = 𝑓 (𝑡𝑛−1 +
1

5
ℎ, 𝑦𝑛−1 + ℎ (

1

5
𝑘−1)) 

𝑘−3 = 𝑓 (𝑡𝑛−1 +
3

5
ℎ, 𝑦𝑛−1 + ℎ (

3

5
𝑘−2)) 

𝑘−4 = 𝑓 (𝑡𝑛−1 +
4

5
ℎ, 𝑦𝑛−1 + ℎ (

2

15
𝑘−1 +

4

25
𝑘−2 +

38

75
𝑘−3)) 

6. Explicit Runge-Kutta method for solving fuzzy initial value problem 

The exact solution of the problem in (2) 

[𝑌(𝑡 )]𝛿  = [𝑌 (𝑡 ; 𝛿), 𝑌(𝑡 ; 𝛿) ] be estimated by some 

 [𝑦(𝑡 )]𝛿  = [𝑦 (𝑡 ; 𝛿), 𝑦(𝑡 ; 𝛿) ].  

The grating points areℎ =
𝑇−𝑡0

𝑁
 , 𝑡1 = 𝑡0 + 𝑖 ℎ; 0 ≤ 𝑖 ≤ 𝑁 . 

Now, we define 

𝑦𝑛+1 = 𝑦𝑛 + ℎ (
307

288
𝑘1 −

19

288
𝑘−1 −

25

144
(𝑘2 − 𝑘−2) +

25

144
(𝑘3 − 𝑘−3) +

125

288
(𝑘4 − 𝑘−4))  as 

 

𝑌(𝑡𝑛+1; 𝛿) =  𝑌(𝑡𝑛; 𝛿)

+ ℎ (
307

288
𝑘1(𝑡, 𝑦(𝑡; 𝛿)) −

19

288
𝑘−1(𝑡, 𝑦(𝑡; 𝛿))

−
25

144
(𝑘2(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−2(𝑡, 𝑦(𝑡; 𝛿)))

+
25

144
(𝑘3(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−3(𝑡, 𝑦(𝑡; 𝛿)))

+
125

288
(𝑘4(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−4(𝑡, 𝑦(𝑡; 𝛿))))  

Where,   
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𝑘1 =  𝐹(𝑡𝑛, 𝑌 (𝑡 ; 𝛿), 𝑌(𝑡 ; 𝛿) ) ;   

𝑘2 = 𝐹 (𝑡𝑛 +
ℎ

5
, 𝑌(𝑡 ; 𝛿) +

ℎ𝑘1
5
, 𝑌(𝑡 ; 𝛿) +

ℎ𝑘1
5
) 

𝑘3 = 𝐹 (𝑡𝑛 +
3ℎ

5
, 𝑌(𝑡 ; 𝛿) +

3ℎ𝑘2
5

, 𝑌(𝑡 ; 𝛿) +
3ℎ𝑘2
5
) 

𝑘4 = 𝐹 (𝑡𝑛 +
4ℎ

5
, 𝑌(𝑡 ; 𝛿) + ℎ (

2

15
𝑘1 +

4

25
𝑘2 +

38

75
𝑘3) , 𝑌(𝑡 ; 𝛿)

+ ℎ (
2

15
𝑘1 +

4

25
𝑘2 +

38

75
𝑘3)) 

𝑘−1 =  𝐹(𝑡𝑛−1, 𝑌 (𝑡 ; 𝛿), 𝑌(𝑡 ; 𝛿) ) 

𝑘−2 = 𝐹 (𝑡𝑛−1 +
ℎ

5
, 𝑌(𝑡 ; 𝛿) +

ℎ𝑘−1
5

, 𝑌(𝑡 ; 𝛿) +
ℎ𝑘−1
5
) 

𝑘−3 = 𝐹 (𝑡𝑛−1 +
3ℎ

5
, 𝑌(𝑡 ; 𝛿) +

3ℎ𝑘−2
5

, 𝑌(𝑡 ; 𝛿) +
3ℎ𝑘−2
5

) 

𝑘−4 = 𝐹 (𝑡𝑛−1 +
4ℎ

5
, 𝑌(𝑡 ; 𝛿) + ℎ (

2

15
𝑘−1 +

4

25
𝑘−2 +

38

75
𝑘−3) , 𝑌(𝑡 ; 𝛿)

+ ℎ (
2

15
𝑘−1 +

4

25
𝑘−2 +

38

75
𝑘−3)) 

And, 

Y̅(tn+1; δ) = Y̅(tn; δ)

+ h(
307

288
k1̅̅ ̅(t, y(t; δ)) −

19

288
k−1̅̅ ̅̅ ̅(t, y(t; δ))

−
25

144
(k2̅̅ ̅(t, y(t; δ)) − k−2̅̅ ̅̅ ̅(t, y(t; δ)))

+
25

144
(k3̅̅ ̅(t, y(t; δ)) − k−3̅̅ ̅̅ ̅(t, y(t; δ)))

+
125

288
(k4̅̅ ̅(t, y(t; δ)) − k−4̅̅ ̅̅ ̅(t, y(t; δ))))  

Where,   

𝑘1 =  𝐺(𝑡𝑛, 𝑌 (𝑡 ; 𝛿), 𝑌(𝑡 ; 𝛿) ) ;   

𝑘2 = 𝐺 (𝑡𝑛 +
ℎ

5
, 𝑌(𝑡 ; 𝛿) +

ℎ𝑘1
5
, 𝑌(𝑡 ; 𝛿) +

ℎ𝑘1
5
) 
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𝑘3 = 𝐺 (𝑡𝑛 +
3ℎ

5
, 𝑌(𝑡 ; 𝛿) +

3ℎ𝑘2
5

, 𝑌(𝑡 ; 𝛿) +
3ℎ𝑘2
5
) 

𝑘4 = 𝐺 (𝑡𝑛 +
4ℎ

5
, 𝑌(𝑡 ; 𝛿) + ℎ (

2

15
𝑘1 +

4

25
𝑘2 +

38

75
𝑘3) , 𝑌(𝑡 ; 𝛿)

+ ℎ (
2

15
𝑘1 +

4

25
𝑘2 +

38

75
𝑘3)) 

𝑘−1 = 𝐺(𝑡𝑛−1, 𝑌 (𝑡 ; 𝛿), 𝑌(𝑡 ; 𝛿) ) 

𝑘−2 = 𝐺 (𝑡𝑛−1 +
ℎ

5
, 𝑌(𝑡 ; 𝛿) +

ℎ𝑘−1
5

, 𝑌(𝑡 ; 𝛿) +
ℎ𝑘−1
5
) 

𝑘−3 = 𝐺 (𝑡𝑛−1 +
3ℎ

5
, 𝑌(𝑡 ; 𝛿) +

3ℎ𝑘−2
5

, 𝑌(𝑡 ; 𝛿) +
3ℎ𝑘−2
5

) 

𝑘−4 = 𝐺 (𝑡𝑛−1 +
4ℎ

5
, 𝑌(𝑡 ; 𝛿) + ℎ (

2

15
𝑘−1 +

4

25
𝑘−2 +

38

75
𝑘−3) , 𝑌(𝑡 ; 𝛿)

+ ℎ (
2

15
𝑘−1 +

4

25
𝑘−2 +

38

75
𝑘−3)) 

Also we have  

𝑦(𝑡𝑛+1; 𝛿) =  𝑦(𝑡𝑛; 𝛿)

+ ℎ (
307

288
𝑘1(𝑡, 𝑦(𝑡; 𝛿)) −

19

288
𝑘−1(𝑡, 𝑦(𝑡; 𝛿))

−
25

144
(𝑘2(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−2(𝑡, 𝑦(𝑡; 𝛿)))

+
25

144
(𝑘3(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−3(𝑡, 𝑦(𝑡; 𝛿)))

+
125

288
(𝑘4(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−4(𝑡, 𝑦(𝑡; 𝛿))))  

Where,   

𝑘1 =  𝐹 (𝑡𝑛, 𝑦 (𝑡 ; 𝛿), 𝑦(𝑡 ; 𝛿) ) ;   

𝑘2 = 𝐹 (𝑡𝑛 +
ℎ

5
, 𝑦(𝑡 ; 𝛿) +

ℎ𝑘1
5
, 𝑦(𝑡 ; 𝛿) +

ℎ𝑘1
5
) 

𝑘3 = 𝐹 (𝑡𝑛 +
3ℎ

5
, 𝑦(𝑡 ; 𝛿) +

3ℎ𝑘2
5

, 𝑦(𝑡 ; 𝛿) +
3ℎ𝑘2
5
) 
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𝑘4 = 𝐹 (𝑡𝑛 +
4ℎ

5
, 𝑦(𝑡 ; 𝛿) + ℎ (

2

15
𝑘1 +

4

25
𝑘2 +

38

75
𝑘3) , 𝑦(𝑡 ; 𝛿)

+ ℎ (
2

15
𝑘1 +

4

25
𝑘2 +

38

75
𝑘3)) 

𝑘−1 =  𝐹 (𝑡𝑛−1, 𝑦 (𝑡 ; 𝛿), 𝑦(𝑡 ; 𝛿) ) 

𝑘−2 = 𝐹 (𝑡𝑛−1 +
ℎ

5
, 𝑦(𝑡 ; 𝛿) +

ℎ𝑘−1
5

, 𝑦(𝑡 ; 𝛿) +
ℎ𝑘−1
5
) 

𝑘−3 = 𝐹 (𝑡𝑛−1 +
3ℎ

5
, 𝑦(𝑡 ; 𝛿) +

3ℎ𝑘−2
5

, 𝑦(𝑡 ; 𝛿) +
3ℎ𝑘−2
5

) 

𝑘−4 = 𝐹 (𝑡𝑛−1 +
4ℎ

5
, 𝑦(𝑡 ; 𝛿) + ℎ (

2

15
𝑘−1 +

4

25
𝑘−2 +

38

75
𝑘−3) , 𝑦(𝑡 ; 𝛿)

+ ℎ (
2

15
𝑘−1 +

4

25
𝑘−2 +

38

75
𝑘−3)) 

And, 

�̅�(𝑡𝑛+1; 𝛿) = �̅�(𝑡𝑛; 𝛿)

+ ℎ (
307

288
𝑘1̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)) −

19

288
𝑘−1̅̅ ̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿))

−
25

144
(𝑘2̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−2̅̅ ̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)))

+
25

144
(𝑘3̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−3̅̅ ̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)))

+
125

288
(𝑘4̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−4̅̅ ̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿))))  

Where,   

𝑘1 =  𝐺 (𝑡𝑛, 𝑦 (𝑡 ; 𝛿), 𝑦(𝑡 ; 𝛿) ) ;   

𝑘2 = 𝐺 (𝑡𝑛 +
ℎ

5
, 𝑦(𝑡 ; 𝛿) +

ℎ𝑘1
5
, 𝑦(𝑡 ; 𝛿) +

ℎ𝑘1
5
) 

𝑘3 = 𝐺 (𝑡𝑛 +
3ℎ

5
, 𝑦(𝑡 ; 𝛿) +

3ℎ𝑘2
5

, 𝑦(𝑡 ; 𝛿) +
3ℎ𝑘2
5
) 

𝑘4 = 𝐺 (𝑡𝑛 +
4ℎ

5
, 𝑦(𝑡 ; 𝛿) + ℎ (

2

15
𝑘1 +

4

25
𝑘2 +

38

75
𝑘3) , 𝑦(𝑡 ; 𝛿)

+ ℎ (
2

15
𝑘1 +

4

25
𝑘2 +

38

75
𝑘3)) 
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𝑘−1 = 𝐺 (𝑡𝑛−1, 𝑦 (𝑡 ; 𝛿), 𝑦(𝑡 ; 𝛿) ) 

𝑘−2 = 𝐺 (𝑡𝑛−1 +
ℎ

5
, 𝑦(𝑡 ; 𝛿) +

ℎ𝑘−1
5

, 𝑦(𝑡 ; 𝛿) +
ℎ𝑘−1
5
) 

𝑘−3 = 𝐺 (𝑡𝑛−1 +
3ℎ

5
, 𝑦(𝑡 ; 𝛿) +

3ℎ𝑘−2
5

, 𝑦(𝑡 ; 𝛿) +
3ℎ𝑘−2
5

) 

𝑘−4 = 𝐺 (𝑡𝑛−1 +
4ℎ

5
, 𝑦(𝑡 ; 𝛿) + ℎ (

2

15
𝑘−1 +

4

25
𝑘−2 +

38

75
𝑘−3) , 𝑦(𝑡 ; 𝛿)

+ ℎ (
2

15
𝑘−1 +

4

25
𝑘−2 +

38

75
𝑘−3)) 

Define,  

𝐹(𝑡, 𝑦(𝑡, 𝛿)) =  ℎ (
307

288
𝑘1(𝑡, 𝑦(𝑡; 𝛿)) −

19

288
𝑘−1(𝑡, 𝑦(𝑡; 𝛿))

−
25

144
(𝑘2(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−2(𝑡, 𝑦(𝑡; 𝛿)))

+
25

144
(𝑘3(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−3(𝑡, 𝑦(𝑡; 𝛿)))

+
125

288
(𝑘4(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−4(𝑡, 𝑦(𝑡; 𝛿))))  

 

𝐺(𝑡, 𝑦(𝑡, 𝛿)) =  ℎ (
307

288
𝑘1̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)) −

19

288
𝑘−1̅̅ ̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿))

−
25

144
(𝑘2̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−2̅̅ ̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)))

+
25

144
(𝑘3̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−3̅̅ ̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)))

+
125

288
(𝑘4̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿)) − 𝑘−4̅̅ ̅̅ ̅(𝑡, 𝑦(𝑡; 𝛿))))  

Thus,  

[𝑌(𝑡𝑛)]𝛿  = [𝑌 (𝑡𝑛 ; 𝛿), 𝑌(𝑡𝑛 ; 𝛿) ] and [𝑦(𝑡𝑛)]𝛿 = [𝑦 (𝑡𝑛 ; 𝛿), 𝑦(𝑡𝑛 ; 𝛿) ] are the exact and 

approximate solutions at 𝑡𝑛, 0 ≤ 𝑛 ≤ 𝑁.  

The solution at grid points, 𝑙 = 𝑡0 ≤ 𝑡1 ≤ 𝑡2 ≤ ⋯ ≤ 𝑡𝑁 = 𝑚  and 

 ℎ =
𝑚−𝑙

𝑁
= 𝑡𝑛+1 − 𝑡𝑛. 

By above Equations,  
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let 

𝑌(𝑡𝑛+1; 𝛿) =  𝑌(𝑡𝑛; 𝛿) +  𝐹[𝑡𝑛, 𝑌(𝑡𝑛; 𝛿)] 

𝑌(𝑡𝑛+1; 𝛿) =  𝑌(𝑡𝑛; 𝛿) + 𝐺[𝑡𝑛, 𝑌(𝑡𝑛; 𝛿)] 

and 

𝑦(𝑡𝑛+1; 𝛿) =  𝑦(𝑡𝑛; 𝛿) +  𝐹[𝑡𝑛, 𝑦(𝑡𝑛; 𝛿)] 

𝑦(𝑡𝑛+1; 𝛿) =  𝑦(𝑡𝑛; 𝛿) +  𝐺[𝑡𝑛, 𝑦(𝑡𝑛; 𝛿)] 

By Lemma 1 and Lemma 2,  

𝑙𝑖𝑚ℎ→0𝑦(𝑡, 𝛿)  = 𝑌(𝑡, 𝛿)   𝑎𝑛𝑑    𝑙𝑖𝑚ℎ→0𝑦(𝑡, 𝛿)  = 𝑌(𝑡, 𝛿). 

Let 𝐹(𝑡 , 𝑢 , 𝑣 ) and 𝐺(𝑡 , 𝑢 , 𝑣 ) be found by replacing [𝑦(𝑡)]𝛿 = [𝑢, 𝑣] 

𝐹(𝑡 , 𝑢 , 𝑣 ) =  ℎ (
307

288
𝑘1(𝑡 , 𝑢 , 𝑣 ) −

19

288
𝑘−1(𝑡 , 𝑢 , 𝑣 )

−
25

144
(𝑘2(𝑡 , 𝑢 , 𝑣 ) − 𝑘−2(𝑡 , 𝑢 , 𝑣 )) +

25

144
(𝑘3(𝑡 , 𝑢 , 𝑣 ) − 𝑘−3(𝑡 , 𝑢 , 𝑣 ))

+
125

288
(𝑘4(𝑡 , 𝑢 , 𝑣 ) − 𝑘−4(𝑡 , 𝑢 , 𝑣 )))  

𝐺(𝑡 , 𝑢 , 𝑣 ) =  ℎ (
307

288
𝑘1̅̅ ̅(𝑡 , 𝑢 , 𝑣 ) −

19

288
𝑘−1̅̅ ̅̅ ̅(𝑡 , 𝑢 , 𝑣 )

−
25

144
(𝑘2̅̅ ̅(𝑡 , 𝑢 , 𝑣 ) − 𝑘−2̅̅ ̅̅ ̅(𝑡 , 𝑢 , 𝑣 )) +

25

144
(𝑘3̅̅ ̅(𝑡 , 𝑢 , 𝑣 ) − 𝑘−3̅̅ ̅̅ ̅(𝑡 , 𝑢 , 𝑣 ))

+
125

288
(𝑘4̅̅ ̅(𝑡 , 𝑢 , 𝑣 ) − 𝑘−4̅̅ ̅̅ ̅(𝑡 , 𝑢 , 𝑣 )))  

The territory where F and G are well-defined, therefore 

𝐾 = {(𝑡 , 𝑢 , 𝑣 )| 0 ≤ 𝑡 ≤ 𝑇,−∞ < 𝑣 < ∞,−∞ < 𝑢 ≤ 𝑣}. 

By Theorem 2, the approximate solutions 𝑦(𝑡 ; 𝑟) and 𝑦(𝑡 ; 𝑟) converges to the precise 

solution 𝑌(𝑡 ; 𝑟) and 𝑌(𝑡 ; 𝑟) consistently in t. 

7. Numerical Example:   

The following problems are solved for 𝑡 ∈  [0,10] 

Problem 1: Consider the IVP,   𝑦′ =
−𝑡𝑦

(1+𝑡2)
, 𝑦(0) = 1; 

                   The exact solutions   𝑦(𝑡) =
−1

√(1+𝑡2)
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Problem 2: Consider the IVP,   𝑦′ = 𝑦𝑐𝑜𝑠 𝑡, 𝑦(0) = 1; 

                   The exact solutions   𝑦(𝑡) = 𝑒sin 𝑡 

8. Conclusion 

In this paper, an Explicit Improved Runge-Kutta method is introduced and the fuzzy initial 

valued problem with Butcher coefficient is solved by using the proposed method, tested some 

initial value problems to show the efficiency and accuracy of the proposed methods.  
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