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I INTRODUCTION

The approach of an interval valued fuzzy matrix is the one of the current subjects evolved for
managing unreliability found in maximum of our actual lifestyles circumstance [5]. The
premise of an IVFM as an abstract principle of fuzzy matrix became delivered and evolved
through Shyamal and Pal [7], by enlarging the max. min operation on fuzzy algebra F = [0,1]
c+d=max{cd} and c.d = min {c,d} for every element ¢,d € F .Let F,, be the
collection of all m x n fuzzy matrices with the support [0 1]over the fuzzy algebra. In a
nutshell, F,,is indicate as F, .For A € F,, LetAT,A*,R(A),C(A),N(A4), p (4) indicate the
transpose of matrix A ,generalization of inverse matrix A , row space of A, column space of
A, null space of A and the rank of A respectively [1]. We have constitute IVFM A = (ai j) =
([aijL, aijU]).Where in every a;;is the subinterval of interval[0,1],as the interval matrix A =
[A,, Ay] whose ijtentry in the interval [al-jL,aijU] .where the lower limit A, = a;;;, and the
upper limit A, = a;j, are fuzzy matrices such that A, < Ay [4].For a fuzzy matrix A € F, ,
If A is range symmetric [9] especially R(4) = R(AT) implies N(A) = N(AT) . The contrary
on the other hand does not have to be true. [2].Letting K be the related permutation matrix [8]
and k — be a fixed product of disjoint transpositions in S,, = 1,2,3, ....n.[6].By the use of this
illustration we have provided the method to study the interval valued k —kernel symmetric
matrices and characterization of interval valued k — kernel symmetric matrices acquired which
consist of the end result discovered in [3].
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Il. PRELIMINARIES

A few theoretical foundations and attributes pertaining to the development of essential
outcomes are provided in this study. The collection of all interval valued fuzzy matrices whose
entries are the subinterval of the interval [0,1] is referred to as IVFM.

Definition 2.1

For a couple of fuzzy matrices G = (g;;)and H = (h;;)in F,, 3 G < H ,Now let us describe
the interval matrix indicate as [G, H], where ij*"entry is the interval with lower (bottom) limit

gij and upper (higher) limit h;;, it can be represent that[g;; , h;;].

In specific, For G = H, IVFM [G,G] simplifies to the fuzzy matrices G € F,,, .For A =
(a;;) = ([aiw aiju]) € AVFM) . Assume that A, = aj;, and Ay = ay;y are defined. Clearly
A; and Ay € F,, sothatA; < Ay. Asaresult, A canbe statedas A = [Ay, Ay] where Ajand
Ay are the lower and upper limits respectively.

The primary processing on IVFM as described in [7] has been performed here.

ForX = (xl-j) = ([xijL,xl-jU]) andY = (yl]) = ([yijL'yijU]) of order m x n

Here

X+Y = (xy +yi5) = ([xije + viju Xiju + yiju)) o - (211

For X = (xij)mxn and Y = (yij)nxp their product denoted as XY defined as,

n
XY = (zij)mxp = [Z Ak bkj] i=12,...mand j=12,....p
k=1

= [Z (aikL ' bkjL),Z(aik U bij),] Cer e e e e (212)
k=1 k=1

X <Yifand Only if XijL < YVijL and Xiju < Yiju

In specific, if x;;, = x;;y and y;j;, = y;;p then (2.1.2) simplifies to the standard max. min
composition of fuzzy matrix [1, 2]

Definition 2.2
Forx = xq,, ... ... X € Fixn Letus described the function
K(X) = xk(l),xk(z), .xk(n) € Tnxl-

Given that K is involuntary, the related permutation matrix may be shown to satisfy the
conditions listed in [2]. K is already a permutation matrix, KKT = KTK = I,,.,, and K is an
involution, especially K2 =1 therefore KT = K
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KT=KandK(x) =Kx forAeF, ... (C.2.1)
N(A) =N@AK) . (C.2.2)
If ATexistthen (KA*) = ATK and(AK)* = KAt ........... (C.2.3)
If AT exist e AT isageneralize inverseof4A ... (C.2.4)
Definition 2.3

ForA € F, isakernel symmetric if N(4) = N(AT) where N(A) = {x /xA =0 and x €
:F1><n}

Definition 2.4

ForA € F, isarange symmetric if R(4) = R(AT). where R(4A) = {(x,0) x € F }
Lemma: 2.5

ForA,B € F, and P being a permutation matrix N(4) = N(B) < N(PAPT) = N(PBPT)
Theorem: 2.6

ForA € F, the subsequent statements are identical

1) A € F, iskernel symmetric fuzzy matrix
2) For a few permutation matrix P, PAPT is kernel symmetric

3) There exist a permutation matrix P with det D > 0 so that PAPT = [g 8]
I11. INTERVAL VALUED k — KERNEL SYMMETRIC FUZZY MATRICES

The concepts of interval valued x — symmetric matrices and interval valued x — kernel
symmetric matrices are introduced in this section. Some results on interval valued x —kernel
symmetric matrices are also discussed.

Definition 3.1

For a matrix A = [A,, Ay] € IVFM,,,is stated to be interval valued kernel symmetric if
N(Ay) = N(A,") where N(A4,) ={x /xA, =0 and x € Fyyn}.

N(Ay) = N(AUT) ,where N(Ay) = {x /xAy; = 0 and x € Fixn}
The principles that follow will also be used wisely.
Remark 3.2

For a matrixA = [A,, Ay] € IVFM,,,,with det A > 0.By the definition, A = [A,, Ay] has no
"0’'rowandno’ 0’ columns.
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Hence N(4,) = {0} = N(A,").N(4,) = {0} = N(4,")
Further for a symmetric matrix A = AT, hence N(4,) = N(4,"), N(4y) = N(4,")

Thus, a kernel symmetric matrix is a generalization of interval valued symmetric fuzzy matrix
with positive determinant.

Remark 3.3

In general, there is no relation between regular, kernel symmetric and range symmetric interval
value fuzzy matrices

Example 3.4
_ _ -[1!1] [010] 2 __ 2 __ H H H
LetA = [A,, Ayl = (11] [0,0] VA=A, Ay = Ay , Ais the idempotent. Hence A is
regular.
1 o _ 1 o i [1 1 1 [1 1
Here[4,] = || 0] M40 = |} 0],[AL |= [0 o] and [47] = [0 0]

R(A) =R(4y) ={(x,0)/x €F}
R(A)) =R(Ay) =R(ATy) ={(x,x) / x € F}
R(AL) # R(AL)
Hence A = [A;, Ay] is not interval valued range symmetric matrix.
N(AL) = N(Ay) = {0}
N(AT) =N (A"y) ={0,x) /x € F}
N(AL) # N(AL)
Hence A = [A,, Ay] is not interval valued kernel symmetric matrix.
Example 3.5

[1,1]
[1,1]
interval valued range symmetric and interval valued kernel symmetric matrix.

LetA = [A,, Ay] = [ HH] A is symmetric idempotent .Hence A is regular .Also

Here [A,] = [1 ﬂ [Ay] = } ﬂ,[ALT]: H } and [4,7] = } ﬂ

R(A) =R(A,7) ={0} = R(4y) =R(4,") = {0}

N(A) =N(A,") ={0} = N(4,) = N(4,") = {0}
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Hence A =[A,,Ay] is an interval valued range symmetric and interval valued kernel
symmetric matrix.

Lemma 3.6
For A,B € IVFM,, and P being a Permutation matrix
N(4,) =N(B,) & N(PA,PT) = N(PB,PT)
N(4y) = N(By) & N(PAyPT) = N(PByPT)

Proof
ForA = [A,, ,Ayl, B = [By, By] € IVFM,,,,,, P being a Permutation matrix, if N(A) = N(B)
Let x € N(PA,PT)

= x(PA,PT) =0

= yPT = 0 where y = xPA,

=y € N(PT)
Since, det P = det PT > 0, N(PT) = {0} .Hence y = 0

= yPA, = 0

=>xP € N(A,)) = N(B )

= x(PB,PT) =0

= x € N(PB,PT)

= (PA,PT) € N(PB ,PT)
Similarly it can be prove that N(PA,PT) € N(PB ,PT)
Thus N(PA,PT) = N(PB ,PT)
Conversely if N(PA,PT) = N(PB ,PT) then by the above proof N(4,) = N(B ).
Similarly, we can prove that N(4,) = N(By) < N(PAyPT) = N(PB,P")
Hence, in general for, A = [A, ,Ay],B = [B,,By] € IVEM, .,

N(A) = N(B) & N(PAPT) = N(PBPT)
Theorem 3.7
The subsequent statements are equivalent for A € IVFM,,«,,

1) [A,,Ay] = A isaninterval valued kernel symmetric
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2) For few permutation matrix P, PA,PT, PAyPT is an interval valued kernel
symmetric
3) There exist a permutation matrix P,with det D > 0 so that PA, PT = 8 g] ,

PasP =0 ©

Proof

(1) ©(2), this equivalence follow from by the definition 3.1
N(4,) = N(A4,), N(4y) = N(4,")and

Lemma 3.6,
N(4,) = N(B,) & N(PA,PT) = N(PB,PT)
N(4y) = N(By) & N(PAyPT) = N(PB,PT)

L =03)

Let A = [A,, Ay] be an interval valued kernel symmetric. If det A > 0 then A haveno ' 0’ row
and no ' 0’ columns.

Hence (3) routinely holds by taking P = I and D = A itself.If det A = 0 then
N(AL) = N(AL") # (0}, N(Ay) = N(Ay") # (0}

For x + 0,x € N(A,) corresponding to each non zero coefficientx; of x , the fuzzy sum
Yx;jag=and Y x;a,; =0forall k

Hence the i*" column of 4, and i*" row of 4, are full of zeros. Now by permutating the rows
and columns suitably, we can move all the zero rows to the bottom and all zero column to the

left. Thus A = [A,, Ay] is of the form PA,PT = [8 g] PA,PT = [0 b

0 0] where D is a

square matrix is. D hasno’0'rowandno ' 0’ columns.
~detD >0
Hence (3)holds.
3)=(2)
Since det D > 0, by Remark (3.2) D is kernel symmetric,[g g] = PA,PT = PA,PT is also
an interval valued kernel symmetric.

Hence (2) holds.
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Example 3.8
[0.2,0.5] [0,0] [0.3,0.4]

LetA =[4,,4,1=| [0,0] [00] [0,0]
[0.2,0.6] [0,0] [0.1,0.4]

0.2 0 0.3 05 0 04
Where A, =0 0 and4d;, =10 0 O
02 0 0.1 06 0 04

) N(A,) =N(A,") Where N(A) ={(0 x 0)/ x € F }isaninterval valued kernel

symmetric

ii) N(Ay) = N(A,") Where N(4) ={(0 x 0)/ x € F }isan interval valued kernel

symmetric
0 0 1
For a Permutation matrix P =1 0 0
0 1 0
0 0 1 02 0 03 0 1 0
Consider PA,PT =1 0 0 0 0 1
0 1 0 02 0 01 1 0 0
[0 0 02] [0 0 0.1] [0 O O]J|f0 1 O
=[02 0 0] [03 0 0] [0 0 O] [0 0 1]
[0 0 0] [0 0 0] [o o o]jlT 0 O

02 0.1 0][0 1 O
.[0.2 0.3 o] [o 0 1]
o ollt o o
[0 0 0] [02 0 0] [0 0.1 0]
0
0

= |[o 0] [02 0 0] [0 03 0]
[0 o] [0 o 0o [0 0 0]
0 02 0.1
= lo o2 0.3]= 8 Ig]
0 0 o0
r_[0 D _ 0.2 0.1
PA, P _[O 0] ,detD > O0Where D = [0.2 0.3

N(PAPT)={(0 x)/ x €F}

PA, PT is an interval valued kernel symmetric for a few permutation matrix P
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0 0.6 0.4 0 D

Similarly, for few permutation matrix, PA,PT = |0 0.5 0.4|= [0 0] ,PA,PT is an
0 0 0

interval valued kernel symmetric matrix.

Definition 3.9

If N(AL) = N(KA_"K), N(Ay) = N(KAy"K) a matrix A = [4;, Ay] € IVFM,, is defined as
an interval valued k —kernel symmetric matrix.

Remark 3.10

In specific, while k(j) = j for every j = 1ton , the related permutation matrix K becomes
the unit matrix, and definition 3.1 becomes to N(4,) = N(4,"), N(4y) = N(4,") this is
A = [A,, Ay] is interval valued kernel symmetric. If A is symmetric, then [A;, Ay] is interval
valued k —kernel symmetric for all transposition of x € S,

Likewise, an interval valued matrix A is an interval valued k —symmetric implies it is an
interval valued x — kernel Symmetric, for A, = KA,"K, Ay = KA, K routinely
implies N(A4,) = N(KA,"K),N(Ay) = N(KA,"K). The inverse, on the other hand, does not
have to be true. The following examples demonstrate this.

Example 3.11

[0,0] [0,0] [0.2,0.6]
Let A = [A,, Ay] = [[0.3,0.5] [0.4,05]  [0,0]
[0.2,0.6] [0.1,0.3] [0,0]

0 0 0.2 0 0 0.6] 0 0 1
Where A, =03 04 0 |andAy=|[05 04 O |, K=(1 0 O
02 01 0] 06 03 0 0 1 0
0 0 1[0 0 0.2]1[0 0 1
KA,"K=|[1 0 ol|[0o3 04 o]t 0 0
0 1 ollo2 01 ollo 1 o
02 0 0.2
=03 02 o0
04 01 0
A, # KA,"K

~ A, isnotan interval valued x —symmetric matrix.
For this N(A,) = {0}. here A, hasno’0'rowandno ' 0’ columns.
N(KA,"K) = {0}
= N(4,) = N(KA,"K)
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~ Ay is an interval valued x —kernel symmetric, but . A; is not an interval valued
K — symmetric
Similarly - Ay is also an interval valued k -kernel symmetric, but . Ay is not k — symmetric

Hence, the interval valued matrix A = [A;, Ay] is an interval valued k —kernel symmetric,
but not an interval valued k — symmetric.

Lemma 3.12
For A = [4,,Ay] € IVFM,,,,, A, , Ay ™ exists if and only if (KA,)*,(KAy)™ exits
Proof

For A = [A,, Ay] € IVFM,,, if A" existsthen A,* = A, which A, is a generalize
inverse of 4; .

Contrarily, while A,” is a generalize inverse of 4, then
AATA = A, = A, TAAT = A",
Hence 4," is a generalize inverse of 4; .
Both 4, AT and A," A, are symmetric.
Hence 4, = 4,".
A exists @ AATAL = A,
o KA A"A, = KA,
e (KA)KADT (KAL) = KA,
& (KA)T € KA,
& (KA Yexist (By C.2.4)
Similarly we can prove that,
Ayt exists © (KAy)*exist
Theorem 3.13
The subsequent sentences are equal for A = [A,, Ay] € IVFM,,,
i) A =[A, Ayl isan interval valued k —kernel symmetric
ii) KA, , KAy is an interval valued kernel symmetric
iii) A K , AyK is an interval valued kernel symmetric
iv) N(A,) = N(KA,),N(Ay) = N(KAy)
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v)N(4,) = N((ALK)T) ,N(4y) = N((AUK)T)
Lemma 3.14

Any two of the subsequent conditions imply each other in the case of A = [4;, Ay] €
IVFM,,,

(1) A =[A,, Ay] is kernel symmetric with interval value.
(2) A= [A,, Ay] is an interval valued x —kernel symmetric
(I N(A,") = N((AL KD, N(Ay") = N((AyK)™)
Proof
Although (1) and (2) = (3)
A = [A,, Ay] is an interval valued k — kernel symmetric
= N(4,) = N(KA,"K), N(Ay) = N(KA,"K),
= N(4,) = N(KA,") ,N(4y) = N(KA,") (ByC.2.2)
Hence (1) and (2) = N(A,") = N(4,) = N((4,K)),
N(Ay") = N(4y) = N((AyK)T)
As follows (3) holds.
In addition (1)and (3) = (2)
A = [A,, Ay] is an interval valued kernel Symmetric
= N(4,) = N(A,"),N(4y) = N(4,")
Hence (1) and (3) = N(A4,) = N((A,K)T),N(Ay) = N((AyK)T)
= N(A,K) = N((4.K)7), N(4yK) = N((AyK)")
(ByC.2.2)
= AK = [A K ,AyK] is an interval valued kernel Symmetric
= A = [A,, Ay] is an interval valued x — kernel Symmetric

(By theorem 3.13)

As a result (2) holds.
On other hands (2) and (3) = (1):

A = [AL, Ay] is an interval valued k — kernel Symmetric
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= N(4,) = N(KA,"K),N(Ay) = N(KA,"K)
= N(A,) = N((A,K)"),N(A,) = N((A,K)T)  (ByC.2.2)
Hence (1) and (3) = N(4,) = N(A,"),N(4y) = N(4A,")
As a result (1) holds.

Hence the proof

To characterize a matrix as interval valued x —kernel symmetric, we initially show the
subsequent lemma.

Lemma 3.15

Letting B = [B,, By] = [8 [DL'ODU]] where D = [D,, Dy] isp X p interval valued fuzzy
matrix withno ' 0’ row and no * 0 ' columns, then the subsequent equivalent condition holds:
(1) B = [B,, By] is an interval valued k — kernel symmetric

(2) N(B,") = N((BLK)"), N(By") = N((ByK)")

K

(3) K= 0 I(() ] where K; and K, are permutation matrixes of order p and n —p
2

respectively.
(4) k = k,k, Where k; is the combination of disjointed inversion matrices on
Sp=123,...n leaving p + 1,p + 2, .....,n invariant and k, is the combination of

disjointed inversion leaving 1,2, ..... p invariant.

Proof.

Let D = [Dy, Dy] = [8 [DLbDU]] haveno’ 0’ rowandno’ 0’ columns.

N(D,) = N(D,)" = {0} N(Dy) = N(Dy)" = {0}
~ N(B,)) =N(B,)T # {0} N(By) = N(B,)T # {0}, and
B = [B,, By] is an interval valued kernel symmetric
We will now illustrate the equivalence of (1), (2) and (3)
Here B = [B,, By] is an interval valued x — kernel symmetric
& N(B,") = N((B,K)T),N(By") = ((ByK)T) (By lemma 3.14)

Select z = [0 x] with each component of x # 0 and partitioned in conformity with that of
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B = [B,,By] = [8 [DLtODU]].

Clearly,z € N(B,) = N(B,") = N((BLK))

z € N(By) = N(By") = N((ByK)")

|_t1<—[K1 K3]th
etK = KT K, en

K, K T K,D,T
KB, = [ 1T 3] [0 Dy ]: 0 1T LT
K3 KZ O 0 0 K3 DL
Now

z=[0 x]€N(B,) =N(B.K)T)

0 K,DT
= [0 x] 1TLT=0
0 K;'D,

= [0 xK;"D,”]
>xK;'D," =0
SinceN(D,)" =0, insuchaway xKs' =0

Consequently every component of x # 0 under max- min composition

x KT =0
=K =0
$K3:O
o, _[Kx O
= [l 0

As aresult, (3) is established.

Versus, if (3) obtains, on the other hand,
KB, = [0 KlDLT]
0 0

N(kB,")=N(B,")
In the same way, we can prove that, N(KB,") = N(B,")

Asaresult (1) © (2) & (3) holds.

Moreover (3) & (4) the definition of x shows the equivalence of(3) and (4).
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IV. CONCLUSION

We defined the interval valued kernel symmetric and interval valued x — kernel symmetric
fuzzy matrices in this work. In addition we have investigated into some Proposition of interval
valued x — kernel symmetric fuzzy matrices with examples.
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