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1. Introduction

We begin with finite, connected and undirected graph without loops and multiple edges.
Throughout this paper, |V (G)| and |E(G)| respectively denote the number of vertices and
edges in G. A graph labeling is an assignment of integers to the vertices or edges or both
subject to certain conditions. If the domain of the mapping is the set of vertices or edges then
the labeling is called a vertex labeling or an edge labeling. A mapping f is called binary
vertex labeling of G and f(u) is called the label of vertex of G under f. For an edge e =
uv, the induced edge labeling f*: E(G) — {0,1} given by f*(e = vu) = |f(u) — f(v)| then
v (i) is the number of vertices of G having label 1 under f and ef(i) is the number of edges
of G having label 1 under f and f* for i = 0,1. A binary vertex labeling of a graph G is called
cordial labeling if |v:(0) — v(1)| < 1 and |e;(0) — e-(1)| < 1. A graph G is called cordial
if it admits cordial labeling. Let G be a graph with vertex set V(G) and edge set E(G) and
f:E(G) — {0,1}. Define f* on V(G) by f*(v) = X{f(uv)/uv € E(G)}(mod2). The function
f is called an E-cordial labeling of G if |vf(0) — vf(1)| <1 and [ef(0) —ef(D)] < 1. A
graph is called E-cordial if it admits E-cordial labeling. The concept of E-cordial labeling was
introduced by Yilmaz and Cahit in 1997.

Let G(V,E) be a simple graph and let f: E(G) — {1,2,3,4} be a mapping with the induced

labeling f*:V(G) — {0,1} defined by f*(u) = Z{(f(uv))z/uv € E(G)}(mod 2) then f is
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called a 4-square sum E-cordial labeling if |vp(0) —vp(1)| <1 and |e;(i) —ef(j)| < 1

where v,(0) and v, (1) is the number of vertices labeled with 0 and labeled with 1; e;(i) and
er(j) is the number of edges labeled with i and labeled with j respectively.

Theorem 1.1. Path graph B, is 4-square sum E-cordial graph.
Proof: Let V(B,) = {uy, uy, ..., u,} and
E(B) = {uyup, UpUs, Usly, -, Un—1Un}-
Define the labeling function f: E(G) — {1,2,3,4} as follows :
1ifi=1(mod4)
2 if i =3 (mod4
fluiien) = 3 i;i =2 Emod 43
4 if i = 0(mod 4)
Define f*on V(G) by f*(w) = X{(f (uv))? /uv € E(G)} (mod 2).
The labeling pattern defined above covers all possible arrangement of edges.
The labeling defined as above satisfies [v:(0) — v,(1)| < 1 and |ef (i) — es(j)| < 1.
Therefore path B, admits 4-square sum E-cordial labeling.
Hence, path B, is a 4-square sum E-cordial graph.

Example 1.2

Figure 1. 4-square sum E-cordial labeling of Pg

In the above graph, f*(uy) =1, (uy) =0, f*(uz) =1, f*(uy) =0, f*(us) =0
Here, v:(0) = 3,v:(1) = 2 thisimplies [v;(0) — v(1)| < 1and |e;(D) — e (j)| < 1.
Hence, Psis a 4-square sum E-cordial graph.
Theorem 1.3. Bistar B,, ,, is 4-square sum E-cordial graph if n is odd
Proof: Let V(B ,) = {u,v,u;,v;,1 < i < n}and

E(Bn,n) = {uv,uy;, vy, 1 < i < n}.
Define the labeling function f: E(G) — {1,2,3,4} as follows:

fluv) =3
1ifi=1,3(mod4)
fluw) = {
3if i =20 (mod4)
2if i =13 (mod 4)
flov) = {
4ifi=0,2(mod4)

Define f* on V(G) by f*(w) = X{(f (uv))? /uv € E(G)}(mod 2).

The labeling pattern defined above covers all possible arrangement of edges. The labeling
defined as above satisfies |v;(0) — v(1)] < 1and |ef(i) — e ()| < 1.

Therefore, Bistar B,, ;, admits 4-square sum E-cordial labeling.

Hence, Bistar B,, ,, is a 4-square sum E-cordial graph.
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Theorem 1.4. Square of Bistar B?,, is 4-square sum E-cordial graph if n is odd.

Proof: Consider Bistar B2, with vertices {u, v,u;, v;,i = 1,2, ...,n} where u;, v; are pendent
vertices, u and v are connected, u;, v; are adjacent to u and v respectively.

Then |V(B2,)| = 2n+2and |E(B2,)| = 4n + 1.

Define the labeling function f: E(G) — {1,2,3,4} as follows :

Forl1 <i<n,

fuv) =3

1ifi =13 (mod4)
fuu) =

2if i =2,0(mod 4)

3ifi=1,3(mod4)
fov) =,

4if i =0,2 (mod 4)

2ifi=1,3(mod4)
flw) =

1if i = 2,0 (mod 4)

3ifi=1,3(mod4)
fuvy) =4

4if i =0,2(mod4)

Define f* on V(G) by f*(u) = X{(f (uv))?/uv € E(G)}(mod 2).
The labeling pattern defined above covers all possible arrangement of edges. The labeling

defined as above satisfies |v;(0) — v,(1)| < 1and |ef () — e; ()| < 1.
Therefore, square of Bistar B3, admits 4-square sum E-cordial labeling.
Hence, square of Bistar B?,, is a 4-square sum E-cordial graph.
Theorem 1.5. Fan graph F ,, is 4-square sum E-cordial graph if n = 0,2,3(mod 4)
Proof: Let V(F; ) = {u,uq,up,u3, ..., uy} and
E(Fl,n) = {U Uy, Uy Uz, UzUy, ..., Up_1 Uy, UL, Uly, UUs, ..., UlUy }.
Here u is the apex vertex and uq, u,, us, ..., u,, be the vertices of path.
Define the labeling function f: E(G) — {1,2,3,4} as follows:
1if i =13 (mod4)
fuw) = {

2if i =0,2(mod4)
3if i = 1,3 (mod 4)

fuuiy) = {
4if i =0,2(mod4)
Define f* on V(G) by f*(uw) = X{(f (uv))? /uv € E(G)}(mod 2)
The labeling pattern defined above covers all possible arrangement of edges. The labeling
defined as above satisfies |v;(0) — v,(1)| < 1and |ef () — e, ()| < 1.
Therefore, Fan graph F; ,, admits 4-square sum E-cordial labeling.
Hence, Fan graph F; ,, is a 4-square sum E-cordial graph.

Theorem 1.6. Semi total point graph of path T, (B,) is 4-square sum E-cordial graph when n
is odd.
Proof : Let the path P, has the vertices v, v,, vs, ..., v, and the edges e;, ey, e3 ..., €,_1.
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Construct T, (B,) from path B,. Join v; and v;,, to a new vertex w; by edges
eyi_q = viw; and ey; = vy wy, fori =1,2,3,...,n — 1.
Now |V[T,(B,)]| = 2n—1and | E[T,(P)]| =3n—3
Define the labeling function f: E(G) — {1,2,3,4} as follows:
Forn = 1,3 (;mod 4),
(1if i = 1(mod 4)

3if i =2 (mod4)
f(uiui+1) = 1
2ifi=3(mod4)

\4if i =0 (mod 4)
1if i =1,3(mod 4)
fuvy) = {
3if i =0,2 (mod 4)
2if i =1,3(mod 4)

fuipavy) = {
4ifi=0,2(mod 4)

Define f*on V(G) by f*(u) = X, {(f(uv))z/uv € E(G)} (mod 2).

The labeling pattern defined above covers all possible arrangement of edges.

In each case the labeling defined as above satisfies |v¢ (0) — vf(l)l <1and

|ef(i) - ef(j)l <1

Therefore, T, (P,) admits 4-square sum E-cordial labeling.

Hence, T, (B,) is a 4-square sum E-cordial graph if n is odd.

Example 1.7

Us

Figure 2: 4-square sum E-cordial labeling of T, (Ps)

In the above graph, f*(u;) =0, f*(uy) = 1,f*(u3) =0, f*(u,) = 1,

ffus) =0,f"(w) =1, (v) =1,f (v3) =1, (vy) = 1.

Hence v;(0) = 5,v,(1) = 4 this implies |v;(0) — v;(1)| < 1and |e; (i) — e; ()| < 1.
Hence T,(Ps) is a 4-square sum E-cordial graph.

Theorem 1.8. Ladder graph L,, is 4-square sum E-cordial graph when n is even.

Proof: Let V(L,) = {uy, uy, ug, ..., Uy, V1, V2, V3, ..., U, } and

E(L,) = {ujuy, uys, Usly, ..., Up_q1 Uy, V1Vs, VaV3, V3 Uy, e, Uneq1Un,
U V1, Up Vg, U3 V3, oo, UpUp }
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Define the labeling function f: E(G) — {1,2,3,4} by

( ) - 3if i =1,3(mod 4)
fluge) = {4 if i = 0,2 (mod 4)
1if i = 1,3(mod 4)
2if i =0,2 (mod 4)
1if i = 1(mod 4)
2if i =2 (mod 4)
3if i =3 (mod4)
4if i =0 (mod 4)
Define £ on V(G) by £*(u) = £ {(fur))’/ uv € E(6)} mod 2).

The labeling pattern defined above covers all possible arrangement of edges .
In each case the labeling defined as above satisfies |v;(0) — v,(1)| < 1and
les (i) — e ()| < 1.
Therefore, L,, admits 4-square sum E-cordial labeling .
Hence, L,, is a4-square sum E-cordial graph if n is even.
Theorem 1.9. Square of a path P? is a 4-square sum E-cordial graph.
Proof: Let V(P?) = {uy,uy, us, ..., u,} and

E(P?) = {uquy, Upls, Usly, ..., Up_q Uy, UsUs, Uply, Usls, ..., Up_o Uy ).
Define the labeling function f: E(G) — {1,2,3,4} as follows :

lifi=1(mod4)

2ifi=2(mod4)

fivip) = {

fuvy) =

fnui) = 3if i =3 (mod4)
\4if i = 0 (mod 4)
1lifi=1(mod4)

3ifi=2 d4

Pl = o 0= 2 mod®)

2if i =3 (mod4)
k4ifi = 0 (mod 4)
Define f* on V(G) by f*(u) = X{(f (uv))? /uv € E(G)}(mod 2)
The labeling pattern defined above covers all possible arrangement of edges. The labeling
defined as above satisfies |v;(0) — v (1)] < 1and |ef(i) — e ()| < 1.
Therefore, square of a path P? admits 4-square sum E-cordial labeling.
Hence, square of a path P? is a 4- square sum E-cordial graph.
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Example 1.10.

u; 1 Uy 2 Uz 3 Uy 4 s 1 g

Figure 3: 4-square sum E - Cordial labeling of P2

In the above graph, f*(uy) =0, f*(uy) =1, f*(u3) =0,

fru) =0,f"(us) =1, f*(ug) = 1.

Hence v£(0) = 3,v;(1) = 3 this implies |v;(0) — v;(1)| < 1and |e;(i) — ()| < 1.
Hence PZ is a 4-square sum E-cordial graph.
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