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Abstract 

In this paper we have shown some coincidence and common fixed-point 

theorems for Kannan type mappings. We have used the additional 

conditions as complete metric space and asymptotic regularity and Kannan 

fixed point. 
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Introduction:  

The Banach contraction mapping is one of the significant results of functional analysis. It is 

generally source of metric fixed point theory. Also, it is used for many significant and 

applicability in number of branches of mathematics. In 1968 Kannan [6] proved a fixed-point 

theorem for map satisfying a contraction condition that did not require continuity at each point. 

We know as Kannan fixed point theorem. 

The principal states that, if (𝑋, 𝑑) is a complete metric space and 𝑓: 𝑋 → 𝑋 is a mapping such 

that there exists 𝑘 <
1

2
  satisfying. 

𝑑 𝑓𝑥, 𝑓𝑦 ≤ 𝑘[𝑑(𝑥, 𝑓𝑥 + 𝑑 𝑦, 𝑓𝑦 ] for all  𝑥, 𝑦 ∈ 𝑋 

Then, 𝑓 has a unique fixed point 𝑎 ∈ 𝑋, and for any 𝑥 ∈ 𝑋 the sequence of iterates {𝑓𝑥𝑛} 

converges to 𝑣 and 𝑑 𝑓𝑥𝑛+1, 𝑢 ≤ 𝐾.  
𝐾

1−𝐾
 
𝑛

 . 𝑑(𝑥, 𝑓𝑥) where 𝑛 = 0,1,2,3…… 

Kannan’s theorem is important because Subrahmanyam [11] also proved that Kannan’s theorem 

characterizes the metric completeness, i.e. A metric space 𝑋 is complete if every mapping 

satisfying “Lipschitzian mappings” on 𝑋 with constant 𝐾 <
1

2
 has a fixed point. 
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The necessary existence of fixed points for Kannan type mappings implies that the 

corresponding metric space is complete but same is not true with the Banach contraction. 

Absolutely, there I an example of an incomplete metric space where every contraction has a 

fixed point [6]. Kannan type mappings, its generalizations and extensions in various spaces. 

In this paper, we have proved coincidence point and common fixed point. 

Definition 1.1 

Let  𝑋, 𝑑  be complete metric space and 𝑓: 𝑋 → 𝑋 is called Bannach contraction map that is 

𝑑 𝑓𝑥, 𝑓𝑦 ≤ 𝑑 𝑥, 𝑦  for all 𝑥, 𝑦 ∈ 𝑋 where 𝑘 ∈  0,1  is constant. Then 𝑓 has unique fixed point. 

Definition 1.2If  𝑋, 𝑑  is complete metric space and 𝑓 is self mapping is called Kannan type 

contraction𝑑 𝑓𝑥, 𝑓𝑦 ≤
1

2
 𝑑 𝑥, 𝑓𝑥 + 𝑑 𝑦, 𝑓𝑦   for all 𝑥 ≠ 𝑦 ∈ 𝑋 

Definition 1.3If  𝑋, 𝑑  is metric space. A sequence  𝑦𝑛  is called conveyent for 𝜀 > 0 and 

𝑛 ≥ 𝑁 we have 𝑑 𝑥𝑛 , 𝑥 ∈ 𝜀 where 𝑥 is called the limit point of the sequence  𝑦𝑛 . 

Definition 1.4If  𝑋, 𝑑  is metric space. A Sequence  𝑦𝑛  is called a Cauchy sequence for 𝜀 > 0 

there exist a positive integer 𝑁 such that 𝑚, 𝑛 ≥ 𝑁 we have (𝑥𝑚 , 𝑥𝑛) < 𝜀 

Definition 1.5A metric space  𝑋, 𝑑  is said to be complete, if every Cauchy sequence is 

convergent. 

Definition 1.6.[5]. 

A metric space  𝑋, 𝑑  is said to be boundedly compact if every bounded sequence in 𝑋 has a 

convergent subsequence.  It is clear that every compact metric space is boundedly compact, but 

boundedly compact metric space need not be compact. 

Definition 1.7.[6]. Asymptotic regularity:If  𝑋, 𝑑  is a metric space. A mapping 𝑓: 𝑆 → 𝑆 

satisfying the condition lim𝑛→∞ 𝑑 (𝑓𝑥𝑛+1, 𝑓𝑥𝑛) = 0 for all 𝑥 ∈ 𝑆 is called asymptotic regular. In 

other words, suppose𝑆 =  0 ∪  1,2  with 𝑆 the standard metric. A mapping 𝑓: 𝑆 → 𝑆 defined by 

𝑓0 = 1 and 𝑓𝑥 = 0 for ≤ 𝑥 ≤ 2 for all 𝑥 ∈ 𝑆 with 𝐾 =
1

2
 and 𝑓 is fixed point. The iterative 

sequence  𝑥𝑛 = 𝑓𝑥0  is not conveyent Then. 𝑓 is not asymptotically regular. 

Example 2.1:[5]Suppose that 𝑆 =  0,1  with stander metric. If 𝑓:  0,1 →  0,1  is mapping 

defined by 𝑓0 =
1

2
 and 𝑓𝑥 =

𝑥

2
 for 0 < 𝑥 ≤ 1.  

Then for 0 < 𝑥 < 𝑦 ≤ 1,  𝑓𝑥 , 𝑓𝑦  =
1

2
 𝑦 − 𝑥 <

1

2
 𝑥, 𝑦  

=  𝑥 − 𝑓𝑥  +  𝑦 − 𝑓𝑦   for 0 ≤ 𝑥 ≤ 1 

 𝑓0 − 𝑓𝑥  ≤
1

2
−
𝑥

2
<

1

2
+
𝑥

2
=  0 − 𝑓0 +  𝑥 − 𝑓𝑥   



Mathematical Statistician and Engineering Applications 

ISSN: 2094-0343 

2326-9865 

 

 
1570 

 
 

Vol. 71 No. 4 (2022) 

http://philstat.org.ph 

 

 

Thus  𝑓𝑥 − 𝑓𝑦  <  𝑥 − 𝑓𝑥  +  𝑦 − 𝑓𝑦   for all 𝑥, 𝑦 ∈  0,1 𝑥 ≠ 𝑦 

Hence, 𝑓 is asymptotically regular and fixed point. 

Definition 1.8. [5]. Fixed Function:Suppose 𝐶 is any self-mapping defined on a family of a 

functions 𝑋. Then 𝑔 ∈ 𝑋 is called fixed function of 𝐶. If 𝐶𝑔 = 𝑔. 

Example 2.2.[5].Suppose 𝑊 =  1,2 and the mapping 𝐶 is defined as𝐶𝑔 𝑤 = 𝑔2 𝑤 −

2𝑔 𝑤 + 2 for all 𝑔 ∈ 𝑋 and 𝑤 ∈ 𝑊. Then 𝑔 𝑤 = 2 for all 𝑤 ∈ 𝑊 and 𝑔 𝑤 = 1 for all  

𝑤 ∈ 𝑊 are two fixed functions of 𝐶. 

Main Result: 

Theorem3.1: 

Suppose 𝑋, 𝑑  is a complete metric space and 𝑓, 𝑔: 𝑦 → 𝑋 are asymptotically regular mappings 

such that 𝑀 < 1 satisfying condition: 

(i) 𝑑 𝑓𝑥 , 𝑓𝑦 ≤ 𝑀 𝑑 𝑔𝑥 , 𝑓𝑥 + 𝑑 𝑔𝑦 , 𝑓𝑦 + 𝑑 𝑔𝑥 , 𝑔𝑦   for all 𝑥, 𝑦 ∈ 𝑋 

(ii) 𝑓(𝑌) ⊆ 𝑔(𝑌) 

(iii) Either𝑓(𝑌) 𝑜𝑟 𝑔(𝑌) is complete.  

Then𝑓, 𝑔 have a coincidence point. 

Proof: 

Let 𝑥0 , 𝑥1 be point of 𝑌 such that 𝑓𝑥0, 𝑔𝑥1 (This is possible for 𝑓 𝑌 ⊆ 𝑔 𝑌 ). Since 

𝑓 𝑌 ⊆ 𝑔 𝑌  and 𝑓𝑥0 = 𝑔𝑥1, hence we can construct a sequence  𝑥𝑛  such that 𝑓𝑥𝑛 =

𝑔𝑥𝑛+1 

Now 𝑑 𝑓𝑥𝑛 , 𝑓𝑥𝑛+1 = 𝑑 𝑧𝑛 , 𝑧𝑛+1  

𝑑(𝑓𝑥𝑛 , 𝑓𝑥𝑛+1) ≤ 𝑀[𝑑 𝑔𝑥𝑛 , 𝑓𝑥𝑛 + 𝑑 𝑔𝑥𝑛+1, 𝑓𝑥𝑛+1 + 𝑑 𝑔𝑥𝑛 , 𝑔𝑥𝑛+1 ] 

𝑑 𝑧𝑛 , 𝑧𝑛+1 ≤ 𝑀 𝑑 𝑧𝑛−1, 𝑧𝑛 + 𝑑 𝑧𝑛 , 𝑧𝑛+1 + 𝑑 𝑧𝑛−1, 𝑧𝑛  

≤ 2𝑀𝑑 𝑧𝑛−1, 𝑧𝑛 + 𝑀𝑑 𝑧𝑛 , 𝑧𝑛+1  

𝑑 𝑧𝑛 , 𝑧𝑛+1 ≤
2𝑀

1 −𝑀
 𝑑 𝑧𝑛−1, 𝑧𝑛 + 𝑑 𝑧𝑛 , 𝑧𝑛+1  → 0 

Using Lemma (4.1), 𝑧𝑛 =  𝑓𝑥𝑛  is Cauchy sequence. Hence 𝑔 𝑌  is complete. Then there 

exists 𝑝 ∈ 𝑔 𝑌 . 

Such that lim𝑛→∞ 𝑧𝑛 → 𝑝. Then ∃ 𝑧 ∈ 𝑦 such that 𝑔𝑧 = 𝑝 

Putting 𝑥 = 𝑥𝑛 , 𝑦 = 𝑧 we have  
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𝑑(𝑓𝑥𝑛 , 𝑓𝑧) ≤ 𝑀[𝑑 𝑔𝑥𝑛 , 𝑓𝑥𝑛 + 𝑑 𝑔𝑧, 𝑓𝑧 + 𝑑(𝑔𝑥𝑛 , 𝑔𝑧) 

𝑑 𝑝, 𝑓𝑧 ≤ 𝑀 𝑑 𝑝, 𝑝 + 𝑑 𝑔𝑧, 𝑓𝑧 + 𝑑 𝑝, 𝑓𝑧   

𝑑 𝑝, 𝑓𝑧 ≤ 𝑀 𝑝, 𝑓𝑧  

Which is contradiction when 1 ≤ 𝑀. Hence it is possible only if 𝑑 𝑝, 𝑓𝑧 = 0, So 

𝑝 = 𝑓 𝑧 = 𝑔 𝑧 . 

Hence 𝑝 is coincidence point of 𝑓and𝑔. 

Again if 𝑓 𝑌  is complete then 𝑧𝑛 → 𝑝 ∈ 𝑓 𝑌 ⊆ 𝑔 𝑌  

Hence 𝑧 is coincidence point of 𝑓 and 𝑔. 

Theorem 3.2 

Suppose (𝑋, 𝑑) is a complete metric space and 𝑓, 𝑔: 𝑥 → 𝑥 is an asymptotically regular 

mapping such that exists 𝑀 < 1 satisfying condition. 

(i) 𝑑(𝑓𝑥, 𝑓𝑦) ≤ 𝑀[𝑑 𝑔𝑥, 𝑓𝑥 + 𝑑 𝑔𝑦, 𝑓𝑦 + 𝑑(𝑔𝑥, 𝑔𝑦) for all 𝑥, 𝑦 ∈ 𝑋. 

(ii) 𝑓(𝑋) ⊆ 𝑔(𝑋) is complete. 

(iii) 𝑓 and 𝑔 are commuting at their coincidence point, 𝑓 and 𝑔 have unique common 

fixed point. 

Proof: 

If we take 𝑌 = 𝑋 in theorem (3.1) then we get 𝑧𝑛 = 𝑓𝑥𝑛  such that {𝑧𝑛} is cauchy sequence. 

Suppose 𝑔(𝑋) is complete. Then 𝑧𝑛 → 𝑝(𝑋) ∈ 𝑔(𝑋), hence there exists 𝑧 ∈ 𝑋 such that 𝑓 𝑧 =

𝑝. Putting 𝑥 = 𝑥𝑛 ; 𝑦 = 𝑓(𝑧)in (i) we have 𝑓 𝑧 = 𝑔 𝑧 = 𝑝. 

Since 𝑓and𝑔 are commuting at their coincidence point So, 𝑓𝑔𝑧 = 𝑔𝑓𝑧 = 𝑔𝑝 = 𝑓𝑝 . 

Putting 𝑥 = 𝑝 and 𝑦 = 𝑝′ 𝑖𝑛  𝑖  𝑤𝑒 𝑔𝑒𝑡 

𝑑(𝑓𝑧, 𝑓𝑓𝑧) ≤ 𝑀[𝑑 𝑔𝑧, 𝑓𝑧 + 𝑑 𝑔𝑓𝑧, 𝑓𝑓𝑧 + 𝑑(𝑔𝑧, 𝑔𝑓𝑧) 

𝑑(𝑝, 𝑓𝑝) ≤ 𝑀[𝑑 𝑝, 𝑓𝑝 + 𝑑 𝑔𝑝, 𝑓𝑝 + 𝑑(𝑝, 𝑔𝑝) 

Again, we have 𝑔𝑝 = 𝑝 

𝑑(𝑝, 𝑓𝑝) ≤ 𝑀[𝑑 𝑝, 𝑓𝑝 + 𝑑 𝑝, 𝑓𝑝 + 𝑑(𝑝, 𝑝) 

𝑑(𝑝, 𝑓𝑝) ≤ 2𝑀[𝑑(𝑝, 𝑓𝑝) which is not possible when 𝑑(𝑝, 𝑓𝑝) ≠ 0 therefore 𝑝 = 𝑓𝑝 = 𝑔𝑝  that is 

𝑝 is a common fixed point of 𝑓and𝑔. 

For uniqueness, let𝑝′beanother common fixed point then put 𝑥 = 𝑝, 𝑦 = 𝑝′ such that 𝑝 = 𝑝′ 
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𝑑 𝑓𝑝, 𝑓𝑝′ ≤ 𝑀 𝑑 𝑔𝑝, 𝑓𝑝 + 𝑑 𝑔𝑝′, 𝑓𝑝′ + 𝑑 𝑔𝑝, 𝑓𝑝′   

𝑑 𝑝, 𝑝′ ≤ 𝑀 𝑑 𝑝, 𝑝 + 𝑑 𝑝′, 𝑝′ + 𝑑 𝑝, 𝑝′  ≤ 𝑀𝑑 𝑝, 𝑝′  

A contradiction! which is mean such that 𝑝 = 𝑝′. Thus 𝑝 is unique common fixed point of 

𝑓 and𝑔 .Hence, we prove the uniqueness. 

Theorem 3.3: 

Let (𝑋, 𝑑)is a complete metric space and 𝑓: 𝑋 → 𝑋 is asymptotically regular mapping such that 

exists 𝑀 < 1 satisfying 

𝑑(𝑓𝑥, 𝑓𝑦) ≤ 𝑀[𝑑 𝑥, 𝑓𝑥 + 𝑑 𝑦, 𝑓𝑦 + 𝑑 𝑥, 𝑦 ] 

For all 𝑥, 𝑦 ∈ 𝑋. 

Then 𝑓 has a unique fixed point 𝑢 ∈ 𝑋. 

Lemma 4.1: 

If C is a non-empty closed sub-set of a complete metric space. (𝑥, 𝑑) and let 𝑓: 𝐶 → 𝐶 is a 

mapping such that there exists 𝐾 < 1 satisfying 

𝑑(𝑓𝑥, 𝑓𝑦) ≤ 𝑘[𝑑 𝑥, 𝑓𝑥 + 𝑑 𝑦, 𝑓𝑦 ] for all 𝑥, 𝑦 ∈ 𝑋 

We suppose that there exists constant 𝑥, 𝑦 ∈ ℝ such that 0 ≤ 𝑥 ≤ 1 and 𝑦 > 0. 

If for arbitrary 𝑎 ∈ 𝐶 there exists 𝑥 ∈ 𝐶 such that 𝑑 𝑣, 𝑓𝑣 ≤ 𝑥. 𝑑(𝑎, 𝑓𝑥) and 𝑑 𝑣, 𝑎 ≤

𝑦. 𝑑(𝑎, 𝑓𝑎) then 𝑓 has at least one fixed point. 

Conclusion: 

In our paper, we have used two mappings for Kannan type mappings. If we take 𝑋 = 𝑌 and  

𝑔 = 𝐼 (Identity map) our theorem (3.1) then results of “Jaroslow Gomichi” [6] is became a 

particular case of our result. In this sense, our result is generalized form “JaroslowGomichi”. 
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