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Introduction:

The Banach contraction mapping is one of the significant results of functional analysis. It is
generally source of metric fixed point theory. Also, it is used for many significant and
applicability in number of branches of mathematics. In 1968 Kannan [6] proved a fixed-point
theorem for map satisfying a contraction condition that did not require continuity at each point.
We know as Kannan fixed point theorem.

The principal states that, if (X,d) is a complete metric space and f: X — X is a mapping such
that there exists k < % satisfying.

d(fx, fy) < kl[d(x, fx +d(y, fy)] forall x,y € X
Then, f has a unique fixed point a € X, and for any x € X the sequence of iterates {fx,}
converges to v and d(fx,41,u) < K.( K )n .d(x, fx) wheren =0,1,2,3 ... ...

1-K
Kannan’s theorem is important because Subrahmanyam [11] also proved that Kannan’s theorem
characterizes the metric completeness, i.e. A metric space X is complete if every mapping
satisfying “Lipschitzian mappings” on X with constant K < % has a fixed point.
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The necessary existence of fixed points for Kannan type mappings implies that the
corresponding metric space is complete but same is not true with the Banach contraction.
Absolutely, there |1 an example of an incomplete metric space where every contraction has a
fixed point [6]. Kannan type mappings, its generalizations and extensions in various spaces.

In this paper, we have proved coincidence point and common fixed point.
Definition 1.1

Let (X,d) be complete metric space and f:X — X is called Bannach contraction map that is
d(fx, fy) < d(x,y) forall x,y € X where k € (0,1) is constant. Then f has unique fixed point.
Definition 1.2If (X,d) is complete metric space and f is self mapping is called Kannan type
contractiond(fx, fy) < %[d(x,fx) +d(y, fy)]forallx # ye X

Definition 1.3If (X,d) is metric space. A sequence {y,} is called conveyent for £ > 0 and
n = N we have d(x,,x) € € where x is called the limit point of the sequence {y;, }.

Definition 1.4If (X, d) is metric space. A Sequence {y,} is called a Cauchy sequence for € > 0
there exist a positive integer N such that m,n > N we have (x,,, x;) < €

Definition 1.5A metric space (X,d) is said to be complete, if every Cauchy sequence is
convergent.

Definition 1.6.[5].

A metric space (X, d) is said to be boundedly compact if every bounded sequence in X has a
convergent subsequence. It is clear that every compact metric space is boundedly compact, but
boundedly compact metric space need not be compact.

Definition 1.7.[6]. Asymptotic regularity:If (X,d) is a metric space. A mapping f:S — S
satisfying the condition lim,,_,, d (fx,+1, fx,) = 0 for all x € S is called asymptotic regular. In
other words, supposeS = {0} U [1,2] with S the standard metric. A mapping f:S — S defined by

fo=1land f, =0 for <x <2 for all x €S with K =% and f is fixed point. The iterative
sequence {x, = fxy} is not conveyent Then. f is not asymptotically regular.

Example 2.1:[5]Suppose that S = [0,1] with stander metric. If f:[0,1] — [0,1] is mapping
defined by f, = %andfx =-foro<x<1.
Thenfor0 <x <y <1, |fx,fy| =%(y—x) < %(x,y)

=|x—fx|+|y—fy|for0SxS1

1 x 1 x
lfo—fil Ss—5<s+5=10—fol +|x — £l
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Thus |fx —fy| <l|lx—f |+ |y—fy| forall x,y € [0,1]x # y
Hence, f is asymptotically regular and fixed point.

Definition 1.8. [5]. Fixed Function:Suppose C is any self-mapping defined on a family of a
functions X. Then g € X is called fixed function of C. If Cg = g.

Example 2.2.[5].Suppose W = [1,2]and the mapping C is defined asCg(w) = g?(w) —
2g(w) +2forallge Xandw € W.Then g(w) = 2 forallw € W and g(w) = 1 for all

w € W are two fixed functions of C.
Main Result:
Theorem3.1:

Suppose(X, d) is a complete metric space and f, g:y — X are asymptotically regular mappings
such that M < 1 satisfying condition:

i) d(fefy) < M[d(g. ) +d(gy. f,) + d(gr, gy)] forall x,y € X

(i) f¥)cg®)
(iii)  Eitherf(Y) or g(Y) is complete.

Thenf, g have a coincidence point.
Proof:

Let xy,x; be point of Y such that fx,, gx; (This is possible for f(Y) < g(Y)). Since
f(Y) < g(Y) and fx, = gx;, hence we can construct a sequence {x,} such that fx, =

IXn+1
Now d(fxn' fxn+1) = d(Zn:Zn+1)
d(fxn'fer-l) < M[d(gxn:fxn) + d(gxn+1'fxn+1) + d(gxnr gxn—i—l)]

d(anZn+1) < M[d(zn—l:zn) + d(Zn'Zn+1) + d(Zn—lfzn)]
= ZMd(Zn—ltzn) + Md(zn'zn+1)

d(Zn'Zn+1) < (d(zn—lfzn) + d(Zn:Zn+1)] -0

T 1-M

Using Lemma (4.1), z, = {fx,} is Cauchy sequence. Hence g(Y) is complete. Then there
exists p € g(Y).

Such that lim,,_,,, z, = p. Then3 z € ysuchthat g, = p

Putting x = x,,, v = z we have
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d(fxn, f2) < M[d(gxn, fX,) + d (92, f2) + d(gXy, 92)

d(p,fz) < M[d(p,p) +d(gz fz) + d(p, fz)]

d(p,fz) < M(p,fz)

Which is contradiction when 1 < M. Hence it is possible only if d(p, fz) = 0, So
p=f(2)=g().

Hence p is coincidence point of fandg.

Again if f(Y) is complete then z, - p € f(Y) <€ g(Y)

Hence z is coincidence point of f and g.

Theorem 3.2

Suppose (X,d) is a complete metric space and f,g:x — x is an asymptotically regular
mapping such that exists M < 1 satisfying condition.

() d(fx fy) <M[d(gx, fx) +d(gy fy) + d(gx,gy) forall x,y € X.

@)  fX) € g(X) is complete.

(ili))  fand g are commuting at their coincidence point, f and g have unique common
fixed point.

Proof:

If we take Y = X in theorem (3.1) then we get z, = fx, such that {z,} is cauchy sequence.
Suppose g(X) is complete. Then z, - p(X) € g(X), hence there exists z € X such that f(z) =

p. Putting x = x,,; y = f(2)in (i) we have f(z) = g(z) = p.
Since fandg are commuting at their coincidence point So, fgz = gfz = g, = f,.
Puttingx =pandy = p'in (i) we get
d(fz ffz) < Mld(gz fz) + d(gfzffz) + d(9z 9fZz)
d(p, fp) < M[d(p, fp) + d(gp, fp) + d(p, gp)

Again, we have g, = p

d(p, fr) <M[d(p,fp) + d(p, fp) + d(p,p)

d(p, fp) < 2M[d(p, fp) which is not possible when d(p, fp) # 0 therefore p = f, = g, that is
p is a common fixed point of fandg.

For uniqueness, letpbeanother common fixed point then put x = p,y = p’such that p = p’
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d(fp,fr) < M[d(gp,fp) +d(gp’ fp) +d(gp, fp)l
d(p,p) < M[d(p,p) +d(®’,p) +d(p,p)] < Md(p,p)

A contradiction! which is mean such that p = p’. Thus p is unique common fixed point of
/andg.Hence, we prove the uniqueness.

Theorem 3.3:

Let (X,d)is a complete metric space and f: X — X is asymptotically regular mapping such that
exists M < 1 satisfying

d(fx, fy) < M[d(x, fx) +d(y, fy) + d(x,y)]
Forall x,y € X.
Then f has a unique fixed point u € X.
Lemma 4.1:

If C is a non-empty closed sub-set of a complete metric space. (x,d) and let f:C —= C is a
mapping such that there exists K < 1 satisfying

d(fx, fy) < kl[d(x, fx) +d(y, fy)] forall x,y € X
We suppose that there exists constant x,y € Rsuchthat0 <x < 1andy > 0.

If for arbitrary a € C there exists x € C such that d(v, fv) < x.d(a,fx) and d(v,a) <
y.d(a, fa) then f has at least one fixed point.

Conclusion:
In our paper, we have used two mappings for Kannan type mappings. If we take X = Y and

g =1 (Identity map) our theorem (3.1) then results of “Jaroslow Gomichi” [6] is became a
particular case of our result. In this sense, our result is generalized form “JaroslowGomichi”.
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