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Introduction

Let Rm be a Riemannian manifold and A a graphical line in Ry and [s, s + h]c  dom(}),Xe X(Rw) is belongs to the
field Rm. A vector space has defined as follows in the following linear combination:

V : Lys+h)Rm — Lags+h)Rm
is the Newton difference of operator of initial variable X on A(s), A(s + h) in A'(s) it contains
V(Fiss n(A(s))) = ~(X(A(s + h)) = Fass a(X(M(s)))). €
+ h +
Let f,g € M, [f, g; X] be a divided difference (1) with A a neighboring values A(s) = f and A(s+h) = g, [s, s+h] c
dom(}). let Rm be and Eulerian with neighboring values x, y € Ry is defined by
Ms) —x—s(y —x) =0, SER.
Then (1), let s=V and h = 1, we have
[, y; XI(y = X) = V(y = x) = X(y) = X(x),
Therefore, the solutions is (1) for F = X. Hence, (1).
Let A : R — R be a graphical fit, the line parallel in A, given by F,, .,. and calculated by
Frab: Li@Rm — Lip)Rm
vHr— V(Mb)),

which belongs to a, binR; here V is a variable under both magnitude and direction in A withy gV = 0 and V(A(a)) =
V.
Let Fyap is 1-1, with Fap be straight lines at slope LyaRm and LypRwm. Its reciprocal has & in V(A(b)) to

V(M@)). Let Fyap be identical lies LyxRm and LypRwm for any a, b, d € R the following conditions:
Fibng © Frab = Frag, Fy, . = Frab, and Frap(X(@)) = A'(b).
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Preliminaries

Let us consider the equation
Vo = [, fo, XIHX()) (2)
] fn+1 = Eprn (Vn),

foreachn=1,2..., with fy and f; given.

_ Let us assume that @ : R+ x R+ — R be angles. Here Ry is vector identity and Q < Ry is interval at open. The
variable X € X(Rw) true w-properties in Q,

I f1, f2, X] ° (faio01) — (Fro1) © [91, G2, X]Il < @(d(f1, i), d(fz, f2)) ?3)

for all fi, f2, 91, 92 € Q, here X is a neighboring values 1(0) = g» and A(1) = f..
Let Q be Riemannian manifold on an open connected of Ry and fo, f-1 € Q, we have

— 1 — _L(_l_)_
a(u) = Ba(a, u)  b(u) = Bo(u, 2u) o) = ®(2u, 2u ,
1 - Bw(a, u) 1-PBo(a + u,u) 1-PBo(a +u,u)
where
a=d(f, f1) and B =N[fs, fo, X 4
Lemma 1. Prove that
d(fs, fo) <(ba+a+1)n <R,
where a = a(R) and b = b(R).
Proof. We first prove that f; € B(fo, R). In fact, by (2) one has
Vo = [, fo, X]H(X( o)
fi = eprO(Vo),
hence, Ao(t) = expy, (tvo),
Iy
d(fo, f1) = a0t
= [Ivoll
= NLE fo, XTHX(fo))I
From hypothesis (ii), thus, we have d(fo, fi) <m < R. (5)

Conversely, the o-properties (3) satisfies
IFs01 © [f-1, fo, X] = [fo, f1, X] ° Fago.1ll < @(d(po, f-1), d(f1, fo)) < o(a, R), (6)

from (4), d(fo, f1) < R, and the fact that o is non-decreasing in its two arguments. Since the parallel transport is an
isometry, it follows by hypothesis (ii) that

1 1
B I(F 0n o[, f, X)L

Thus, a classical result of linear operator theory, see Theorem 2.3.5 in [38], shows that [fo, fi, X] o Fi,01iS
invertible and moreover,

IFs.0.1 ° [f-1, fo, X] —[fo, f1, X] © Fyg0.ll <

-1
RN E I -1, fo, X] 7l
o.x 1 )1(]_,1IIIIF LI f0 X]—[Of 1f X] 4B
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We conclude from (4) and (6) that
IR Ry (7)
1-Bow(o, R)
and (6) we get,
XN = N[ fo, f1, X] © Fag01 — Fag 01 ° [f-1, fo, X])(vo)ll
< N([fo, f1, X] © Fagoa1 = Fao0a © [ -1, fo, X]IlIVoll
< o(a, R)lIvoll

S

The following procedure shows at d(fi, f2) < ad(fo, f1) and d(fo, f2) < R. To prove the first inequality, we use (2)
toobtain

vi = —[fo, f1, XIH(X(f1))
f2 = expy, (v1),
which gives, by (7) and (8),
d(f, 1) = lvall
<[ fo, fu, XTHIX(FI

<[ o, fu, XTHIX(F)N

Bo(a, R)
< 1_wad(fl, fo).

d(fz, f1) <ad(fy, fo), )
By definition of a it follows that
d(fz, fo) = d(fz, f1) +d(f1, fo)
< (a + 1)d( f1, fo)
<(a+In. (10)

which gives us that

By definition of R, we obtain the second inequality. Thus
F, € B(fo, R). (11)

Now, we consider a sequence of geodesics (¢n) satisfying ¢n(0) = fo, ¢n(1) = fn, and ¢1 = Ro. We conclude from (3),
(4), (11), and d(fo, 1) < R that

[, f2, X] © Fgp01 — Fgp0.1 © [f-1, To, X]II < @(d(f1, f1), d(F2, o))
< (d(fo, f1) + d(fo, f-1), d(F2, fo))

<o(R+ao,R),

hence that 1

[ f1, 2 X] © Fgy01— Fop01 © [F1, fo, X]Il < B’ -
by hypothesis (ii). Proceeding as in the proof of (7) one obtains that the operator [fi, fz, X] is invertible and

. p
X (12)
1-Bo(R+0,R)
1990
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We claim that d(fs, f2) <bd(f, fi).
X(f2) = ([T, f2, X] ° Fog00— Fago1 © [fo, fr, X])(va),
from which we infer, by using (3) and d(f2, f1) = llvill, that
IX(fN < ([ f1, 2, X] © Fag00— Fag01 © [fo, fr, XDV
< o(d(f1, po), d(f2, pr))d(fz, f)
< o(d(fy, fo), d(fz, fo) +d(f1, fo))d(f2, f1).
Therefore, according to what we have proved above,
IX(f)Il <o(R, R+ R)d(f2, f1) <o(R, 2R)d(f2, f1). (13)
Here we have used the fact that o is non-decreasing in its two arguments.
On the other hand, by (2),
V2 = [ 1, fo, XIHX(f2))
f3 = expy, (v2).

We conclude from (12) and (13) that
d(fs, f2) = lvall
<[y, fa XTHIX(F)N
Bo(R, 2R)

< f5, ),
“I-Po(R+ R (far 1)

hence that, d(fs, f2) = bd(fz, f1). (14)

Finally, by (5), (9), (10), and (14), we deduce that

d(fs, fo) < d(fa, pz) + d(fz, fo)
<bd(f f) + @+ Dd(f, )
<abd(fi, ) + (a+ 1)d(fy, f)
<(ba+a+1)n,

whence, in virtue of the equality |
_ba '
R= +a+1ln,
1-c
we see that
d(fs, fo)) = (ba+a+1)n <R,
since0<c<1. O
Lemma 2. Prove that
(1) d(fn, fo) < N1;
(2) The function [fy-1, f, X] is inverses
I 1, fo XTI < b

1 —m(dgn—l, f1), d(fn, fo))

<

T=PoR+ % RY (4
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(3)  IX(f)ll < ©(2N1, 2N2)d(fn, fo-1);
(4) d(f1, fo) <cd(fn, fa-1),
foralln>3.

Proof. The verification of the conditions 1-4 of Lemma 2 follows by induction on n. For the case n = 3, the
condition d( fn, fo) < R is obvious from Lemma 1. To prove 2 when n = 3, we consider a geodesic ¢3 satisfying
#3(0) = fo and ¢3(1) = fs. Then, from (3) we have

I[f2, f3, X] © Fgs,01 — Fos,01 © [f-1, fo, X]II < o(d(f2, f-1), d(fs, fo))
< o(d(fz, fo) +d(fo, f-1), d(fs, fo))

and so, by (4), (11), and Lemma 1, it may be concluded that
[ 2, f3, X] © Fgs01 — Fes01 © [F-1, To, X]Il < @(a + R, R).

Proceeding as in the proof of (7) one obtains that [ f,, 5, X] is invertible and

B

Iz f3, X] =11l < 16
[fa £ X] 1—m(d([f32, ), (T ) (16)
< (17)
T-Bo(R+a,R)
which is (15) for n = 3, and (3), it follows that
IX(F) < N[ 2, f3, X] © Fag0,1 — Fag0,0 © [f1, T2, XTHIV-l
< o(d(fz, fi), d(fs, f2))d(fs, f2)
<o(d(f, fo) +d(fi, fo), d(fs, fo) + d(f, fo))d(fs, f2),
and consequently IX(f3)Il < o(2R, 2R)d( f, f2).
Hence, (2), and (16), we obtain
d(fs, f3) = llvsll
< [ fa, fa, XTHHIX(F3)
Bw(2R, 2R)
< fs, f
— Wd( 3 2)1
which, by definition of ¢, yields d(fs, f3) = c d(fs, f2).
This completes the proof for n = 3; if new case n > 3, Lemma 2 satisfies in k = 3,..., n, we have
(1) d(fq, fo) <R;
(2) The given function [ fi-1, fi, X] is reciprocal to each other
I 1, B X < P
1 —o(d(fca, f1), d(fe, fo)) B
< .
“1-Bo(R+a,R)
(3)  IX(f)Il < (2R, 2R)d( fr, fi-1);
(4) d(fxe1, f) = c d(fe, fc-1),
1992
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in k € {3ton}, the procedure for Mathematical Induction k = n + 1, thus obtain,
d( firs, i) < Ckfzd(fg, f2),
with,

d(frer, fo) < d(gfw—l’cf{l)l-*- <+ d(fa, f2) +d(fo, fo)

< da(f f) d(f f)
3 2 *t 2, 0 -
1-c

d(f ,f)<i1_crlab (a 1)
n+l 0 1-¢ T'|+I +

< b +a+1lm
l-c
=R.

n
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(18)

The point lies between ¢n+1 With ¢n+2(0) = fo t0 dn+1(1) = fase. Thus, the w-property, (18), from Mathematical

Induction, if prove that

I fn, faet, X] © Fonr,00 — Fona,02 © [F1, fo, X]N < @(d(fn, f-1), d(f+1, To))

< (d(fn, fo) + d(fo, f-1), d(fns1, To))

<wo(a +R,R).
The reference as (7), it defined [ fn, fa+1, X] is each other to inverses

I, f 1 XTI < b
1 —wo(d(fn, f-1), d(fns1, fo))
B

<
“1-Po(R+a,R)
IX(Fe)l < N[, Fave, XT © Fry01= Fago1 @ [fa-a, fa, XTHHIVAl,

IX(fas)ll < ©(2R, 2R)d(fas1, ).

Vk = —[fia, fio XIPX(f))  and  d(fies, fi) = VI, k=0,1,...

d( fos2, fn+l) = ”[fn, foe1, X]71"”X( fn+l)||
Bo(2R, 2R)

<
SR aR P

< ¢ d(fora, fo),

Hence the proof is complete.
Applications. Prove that the convergence at (pn) is a Cauchy sequence,

d(fes, f) <cfd(fy, f)), k=0,1...,
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hence, if m < n,

d(fn’ fm) < d(fny fnfl) + d(fn*lv fnfz) + ...+ d(fm+11 fm)
< (€L HC2 4+ cMY(fy, o).

Since ¢ < 1, we deduce that (f,) be a series solution of B[ fo, R], hence it is in f. € B[ fo, R] such that (f,) converges to

Now we show that f *is aroot of X. This follows directly by taking limits of both sides of the inequality

IX(f)ll < ©(2R, 2R)d(fs, f-1),

which is part of the conclusion of Lemma 2. To finish the ?roof, we prove that f. is the unique root of X in B[ fo, R].
If there existed a g- € B[ fo, R] such that X(g-) = 0, we would have

”[g*! f*! X] ° F¢,0,1 - F¢vovl ° [f*l! f(), X]” < O)(d(g*l g*1)1 d(f*, fo))
< o(d(g-, fo) +d(fo, 1), d(f., fo))
<o(a+R,R),

here ¢ is neighboring values ¢(0) = fo to ¢(1) = f.. It obtains that [g-, f., X] is inverse. The o is a o(0) = g« with
a(1) = f.. Then by (1),

[(0), a(1), X] ° Fuoa(e'(0)) = X(a(1)) — Faoa(X(a(0))) = 0

[9+, v, X] ° Fup1(c'(0)) = 0.
Since [ f., g+, X] and Fyo1 is inverse to each other, we obtain o'(0) = 0. Hence f. = g., and the proof is over. O

REFERENCES

[1] R. Castro, Higher order iterative methods in Riemannian manifolds, Ph.D. Dissertation, Uni- versidad de
Santiago de Chile, Chile 2011.

[2] S. Amat, loannis K. Argyros, Sonia Busquier, R. Castro, Sa"id Hilout, Sergio Plaza, On a bilinear operator
free third order method on Riemannian manifolds, Applied Mathematics and Computation, 219, (14), (2013),
7429-7444,

[3] S. Amat, S Busquier, R. Castro And S. Plaza, Third-order methods on Riemannian Manifolds under Kan-
torovich condition , Journal of Computational and Applied Mathematics, 255 (2014) 106-121.

[4] S. Amat, I. K. Argyros, S. Busquier, R. Castro, S. Hilout and S. Plaza, Newton-type Meth- ods on Riemannian
Manifolds under kantorovich-type conditions, Applied Mathematics and Computation, 227(C) (2014) 762—
787.

[5] S. Amat, S. Busquier, J. M. Gutiérrez: Third-order iterative methods with applications to Hammerstein equa-
tions: A unified approach, J. Computational Applied Mathematics, 235(9) (2011) 2936-2943.

[6] S. Amat, C. Berm(dez, S. Busquier, M. J. Legaz S. Plaza, On a family of high order iterative methods under
Kantorovich conditions and some applcations, AMS, 2011.

[7] S. Amat, C. Bermidez, S. Busquier, S. Plaza, On a third-order Newton-type method free of bilinear operators,
Numer, Linear Algebra Appl, 17(4) (2010) 639-653.

1994
Vol. 71 No. 4 (2022)

http://philstat.org.phc


http://philstat.org.ph/

