Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

Coefficient Characterization for Some Subclasses of Generalized
Rational Univalent Functions

S. Lalithal, V. Srinivas?

!Department of Mathematics, Geethanjali College of Engineering and Technology,
Hyderabad, email: sagi.lalitha@gmail.com

2Department of Mathematics, Dr. B.R. Ambedkar Open University, Hyderabad,
email: prof.vsvas@gmail.com

Avrticle Info Abstract: This research work consists of two sections. Each section

Page Number: 1995-2005 introduces a subclass of generalized rational functions and study of

Publication Issue: geometric properties like coefficient characterization, growth and distortion

Vol. 71 No. 4 (2022) properties. First section introduces a starlike subclass Si(b;,a) of S,.
Second section introduces a convex subclass C, (b, a) of S,.

Article History Key words: rational univalent, starlike, convex, coefficient

Article Received: 25 March 2022 characterization.
Revised: 30 April 2022

Accepted: 15 June 2022

Publication: 19 August 2022

1. Introduction

A normalized function f (z) analytic in the open unit disk around the origin and non-vanishing

outside the origin of the form f(2) = z + ¥, a,,z™ can be expressed in the form %, where

g(2) has Taylor coefficients b,,’s in U. Mitrinovic [2] obtained sufficient conditions for

functions of the form ————— b, # 0 to be univalentin U.
1+b1z+---+bpz"

Theorem[2]

The function f(z) = isinSif Y_,(n—1)|b,| < 1and Y;_q1|b,| < 1.

zZ
1+Yorq bpz™

Reade et al.,[7] introduced different subclasses of univalent rational functions and obtained
sufficient conditions for f(z) € S to be in those subclasses.

Obradovi’c. [5] studied on starlikeness of certain class of rational functions.
Ahuja and Pawan [1] studied properties of spiral-likeness of rational functions.

Obradovi’c and Ponnusamy [3] introduced a subclass of rational univalent functions S, as
the subclass of functions of S which can be expressed in the form

Z )
% = blz + Zn=1 An

Z

fa(2) (1)
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for some sequence {4, }n=,; of non-negative real numbers with ", 1, = 1 and derived
necessary and sufficient condition for functions of StobeinS,.

Theorem [3] Let f € A. Then f € S, if and only if f has the form

z . z
o = izt Lnmaidn

for some sequence {4, },-, of non-negative real numbers with »'>°_; 4,, = 1 and

2 1, for n=1
o 11+ ——2z" forn=23,..
n—-1

Now, this paper introduces different subclasses of S, by fixing b; and obtain coefficient
characterization for these subclasses similar to that of [3] for S,.

2. Starlike Subclass of Generalized Rational Univalent Functions

Reade et al.[6] obtained coefficient conditions on {b,,};-, that ensure starlikeness of functions
of the form f(z) = z

1435 bpz™
Theorem [6]
Let f(2) =

zZ

—=———,z € U and let « be a constant, 0 < a < 1. If the coefficients of f(z)
1+Y52 1 bpz™

A-a)-(A-a)lbl 0<a<-

satisfy Yo_,(n—1+a)|b,| <
n=2 : (1—a) — alb,], l<a<1

then f(z) is star-like of order « in the unit disk U.

Applying this condition, this section defines a subclass S} (b,, a) of class of starlike rational
functions by fixing Taylor coefficient b, of g(z). And obtains coefficient characterization,
growth and distortion bounds for the subclass S (b;, @).

Definition 2.1
Let b € C, |by|<1befixedand 0 < a < 1.

Define S:(by, @) =

f(2)=z+3Y2,a,2" €S : %:1+2${’=1bnz", z€Uandb, =0, forn =2

1-a)—(1-a)lbl, 0<a<- )
Y2 ,(n—1+a)b, < . 2
k (1—a) — albq|, E<a<1 )

The following result shows coefficient characterization for the subclass S (b;, a)

Theorem 2.2
Let f(z) € S be of the form f(z) = szzﬁforz € Uand by € C, |by| < 1 be fixed.
n=1n
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Then f(z) € Si(by,a) ifandonlyif f(z) has the form

)_b1Z+Zn 1/1

f(z nf()

for some sequence {1,,},—; of non-negative real numbers with >, 1,, = 1 and

1 for n=1
- 1 Z - :
(i).for 0<a< 2 @ {1 + 1"“azn, for n =23, ..

i), f 1 < 1« z  _ 1 for n =1
(ii).for 2 <a <1, |bl<—= ==y, n::’:azn, for n=23,..

Proof:

Case (i) for0<ac< E

N

Suppose that f(z) € S, z € U has the form (1) for some sequence of non-negative
real numbers {1, }h— with);_, 1, = 1.

We need to prove that the function f(z) € S;(by, ).

for z € U, rewrite — as
d f()

= b12+2n 11

£
(@ " fa(@) (Z)

- 1-a
b124—11+-2n=2[1—kn_1+a

z"] An ( by the definition of ‘)

fn(@)

=14 bz+ 32, Ay ——2"

n—-1+a

1-a
n—-1+a —

=1+ byz+ Y-, bz where b, = A,
Choosing A; € R suchthat |b;| <24, <1,

(1= a)|bi| + Xn=o(n =1+ ) by

<(A-a)k +E5 -1+ )i,

il
=1-a),+ 27,1 —a)A,
=Al-a) XA =0 -a)

This shows that f(z) satisfies (2).

Therefore f(z) € Si(by, a)for 0 < a < %

Conversely, suppose f(z) € Si(by,a)for0 < a < % :

Then f(z) satisfies condition (2).
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Yoon—1+a)b, <(1—a)— (1 —a)|b].

(1-a)

Now, set b, = )An for n=2,3, ...

T (n-1+a)
so that 1, %X)bn forn=2,3,... and 4, =1-Y",1,.
Then
% =14+biz+ Yo, b, 2"
= bz + A+ B, |1+ 2| 4,
= bz+ A+ 35,4, [1 + (::2{) z"]
= biz+ X5 1/1nf @

Case (ii). for %< a<l1

Suppose that f(z) € S has the form (1) for some sequence of non-negative real numbers
{Ann=awith Y5, 2, = 1.

We need to prove that the function f(z) € Si(by, @).
- Z
Now, rewrite ) as

z

f@ blz+2n llnf(z)
=bz+ A+ 3,1 1-a z"] ( by the definition of —2—)
n
—1+b1Z+Zn 2). e 1+CZZ

=1+bz+3%,b,z" where b, = A, ——

n-1+a —

Choosing 1; € R suchthat |by| < (l;a)

<1,

albi| + Xy=2(n— 1+ a)by,

<a[ ]Al+2n 24 [(n—1+a)

=1 —a)d; + X=(1— a)4y
=1 —-a)Xn=1n
=(1—a)
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This shows that (2) is satisfied.

Therefore f(z) € Si(by, a)for %< a<l.

Conversely, suppose f(z) € Si(by, @) for% <a<l1
Then f(z) satisfies condition (2).
Thus

alb|+ Yo ,(n—1+a)b, < (1—a)

(1- a)

Now, set b, = An( forn =23.. and A4 =1-X7 .1,

(n 1+a)

sothat A,
(1-a

——=b, for=2,3,.
Z
Then @ has the form

Z oo
% = 1+b12+2n=2bnzn

=bz+A + 3% 2[1+

n]
n-1+a n

= blz + Al + Z?{D:Z ATL [1 + (1-a) Zn]

(n-1+a)

- blz+2n 1/1nf (Z)

This completes the proof.
Next results discuss growth and distortion bounds for Si (b,, @)
Theorem 2.3

If f € Si(b,@), z€eU, for 0 <a <1, then|z| =7 <1, then

_ _lma 2 Z 1ma 2
max{o, 1—|by|r r }s |f(z)| S1+|b1|r+1+ar

Proof: Since f(z) € Si(by, a),

z
by Theorem 1.2, ) has the form

zZ

% = b1Z+2n 1).

"f()

bz + A =t B A s

biz+ Ay + 32, Ay [1 PGl z”]

(n—-1+a)
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- oo (1-a)

=1+ blz+zn=21nm n
Then
_z © (1-a) n
f(2) =1+ |b1Z| + |Z"=2 An (n-1+a) |

© (1-a)
< 1+ [byllz] + 1212 | Sy An s

n—-1+a)
<1+ |b1|r+1_—ar2 for |z]|<r<1
1+«a

And also from (4),

_Z _ R ANE (1-a) 4
f(2) 21— |byz| |Zn=2/1n (n-1+a) |
_ _ 2 o) (1-a)
> 1 - |byllzl = 1217 |Eie An s
1-a 2
21—|b1|r—mr for IZIST<1
Therefore
_ _lze o
max {0, 1—|byr 7 }S
Theorem 2.4

If f e Si(by,a), zeU and 0 <a <1,

2(1 )

max{ |by| —

Proof: Sincef(z) € Si(by, @),
using (4) m can be written as
=1+ bz + 30, Ay = gn
f() ! n=27N (n-1+a)
So
z)'_ © (1-a) g
{f(z)} = by + anz nin (n—-1+a)
z ) (1-0) n-1
|{f(z)} | = |b1| + |Zn 2N An (n-1+a) |
0 (1-a)
< byl + 12l B g s
< byl + 222 for |z| =7

Vol. 71 No. 4 (2022)
http://philstat.org.ph

=l = a2

Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

(4)

(1-a)
(n-1+a)

(since is decreasing)

1+ |bylr +1—ar2

then

20~ a)r for |zl =r<1

(1-a)

(n-1+a)

(since is decreasing)

2000
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and also

i) | = 1ol = B nn g

> |by] — Izl [ S n
> |by| =252 for |zl =7 <1
Therefore
max {0, |by| — 52 7} < |{f( )} | < I+ =50

3. Convex subclass of Generalized Rational Univalent Functions

Ahuja and Pawan [1]__obtained sufficient condition for convexity of generalized rational
functions. Also proved the following condition:

The function f(z) = m is convex of order a in U if
n=1n

(n-1)Bn+1-a)

G0 |yl < 1 (5)

4- [e'e]

ﬁ |b1| + Zn 1
Imposing this condition, now this section defines a subclass C,(b,,a) of S,.
Definition 3.1

Let by € C,0<|b;| <1/4 befixedand 0 < a < 1.

C.(by,a) ={f(z)eS: m =1+4+Yy1byz" z€U, b, 20 forn=2,

G4 —-a)|b| +2X7-i(n—1D)Bn+1—-—a)b, <1—a}.
(6)

Now, the next result shows coefficient characterization for the subclass C, (b;, @)

Theorem 3.2

Let f(z) € S for z € U be of the form f(z) = m—band b, € C, |by| < 1/4 be fixed.
Thenf € C.(by,a) for 0 < a <1 ifandonlyif f(z) has the form

=bz+ Y51y -

f() ()

For some sequence {4, },-, of non-negative real numbers with }'>_; 4, = 1 and

Z { 1, for n=1
— = 1-a n _ (7)
fnz |1+ —(n_l)(3n+1_a)z , for n =23, ..
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Proof:

Suppose that f(z) € S has the form (1) for some sequence {1, }n=,0f non-negative real
numbers with Y7, 4, = 1. To prove that the function f(z) € C,(by,@).

Now, write — as
f(2)

z o z
o = bzt L

1-a
(n-1)(3n+1-a) z

=biz+ A + T, A |1+ "|  (by the definition of —=)

fn(2)

1-a n

=b1z+ A1 + Y=o An + Xn=2 An (n-1)(3n+1-a) z

1-a n

=14 biz+ Yoo i 2

1-a

=14+biz+Y,_,b,z" where b, = 1 >0, n>2.

n (n-1)@Bn+1-a) — =
Taking A; € R such that |b;| < :—2/11,

(4 —a)|bi| + Xpz,(n —D@Bn+1—-a)b,

1-«a
" (n-1)(Bn+1-a)

<A-—-a)A+ 27, (n—1)Bn+1—-a)A
=(1— ) + Yo, (1 —a)hy
=(1-0) i h=0-0a)

This shows that condition (6) is satisfied.

Hence f(z) € C,(by,a) for 0 < a < 1.

Conversely, supposef (z) € C,.(b;,a)for z € U.

Therefore, by (6)

G-a)b | +Xy,n—1D)Bn+1-a)b, < (1—0a)

Now, set 4, = %bn forn>2and 4, =1-%,1,

Therefore % =1+4+bz+ Y%, b, 2"

1-a n

=M+ Xn=2An + b1z + X5 Ay n—DGnii-o 2

) - S o
= blz + /11 + anz )ln [1 + (n_1)(3n+1—a)z ]

— o) Z
= biz+ Znaidn g
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This completes the proof.
The following results discuss growth and distortion bounds for the subclass C, (b,, @).
Theorem 3.3

If f e C.(b,a)forzeU and 0<a<1, 0<]|by| <1/4, thenfor |z| =r <1, then
maX{O, 1- |b1|r—1—r2}_| |_1+|b1|r+1 Zr2

Proof: Sincef(z) € C,.(by, @), by Theorem 2.2

Fo = bzt Iy
—_ [o'e) 1-a n
= biz+ A+ Ln=a dn [1 + (n-DGn+i-a) > ]
=1+bz+Y" A, ——% m (8)
1 n=2""n _1)(3n+i-a)
So
_Zz_ o0 1-a n
f(2) < 1+ |byz| + |Z"=ZA" (n—1)(3n+1—a)Z |

1-a

< 1+ Ibyllzl + 1217 [Bie An i

1-a 2 _
<1+ |bilr+ oo’ for |z|=r<1

(since is decreasing)

(n-1)(Bn+1-a)

From (8), write

_ 1—“ n
=1 |b12| |Zn 2 n (n- 1)(3n+1—a)Z |

1-a
n (n-1)(Bn+1-a)

> 1 - |byllzl - 12| |25, 2

1-a

(7-a)

>1—|bylr — r? for |z|=r<1

Therefore

2

max {0, 1—|by|r—

(7 a) } |f(z)| <1+Ibs (7:Z)r

Theorem 3.4

If f eC.(b,a), zelU for 0<a<1,0=<|b| <1/4, |z| =7 <1,then

max{ Ibll—Mr}<|{f( )}|_|b1|+2(1 O

a
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Proof: Let f(z) € C.(b;,a), then from (8),

_ 1-a n
f( ) = 1+biz+ 2= Ay —DGnt1-a) 2
- oo 1-a n-1
{f(z)} bl + Zn=2 n An (n-1)(Bn+1-a) z
And
1-a n-1
|{f( )} | < 1b,l+ |Z" 21 An n—DGnt1l-a) > |
. 1-a
< [b] + 2| |Z”=2nln (n-1)(3n+1-a)
< by + 227 for |zl =7 <1
(since Dens S decreasing)
also

2 ) _ |y _1-a n—1|
|{f(z)} | = |b1| |Zn=2n/1n (n—l)(3n+1—a)Z

1-a
n (n-1)(3n+1-a)

> |by| - |zl |Z5,n A

> |b1| _2(1 a)

r for |z|=7r<1

Therefore

mex {0, [y - 222 r} < [{-Z}] < by | + 28227

7—-a
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