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1.Introduction and preliminaries.

In what follows X, Y denoted topological spaces. Let & be a subset of a space X, we denote
the interior and closure of & by Int(#) and CI(A) respectively.Levine [4] introduced the
concept of semi.open sets and semi. continuouity in topological spaces. A subset & is said to
be semi.open if and only if BcCI( Int(#A) ) .The complement of semi.open is called
semi.closed . A subset & is called regular closed (resp.regular open) if CI ( Int (%)) = &
(resp.Int(C1(RB))= B[5]. A subset A is said to be 5-open [5] if for each x€ A there exists regular
open set # such that x€ A PB. A subset A is said o-semi.open[2] if there exists a 6-open set V
of X such that Vc #c Cl (V).The complement of d-semi.opencalled 6-semi.closed. We denote
the family of all 6-semi.open(resp. 6-semi.closed) in a space X by 5-SO(X) (resp. 5-SC(X)).
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The intersection of 6-semi.closed(resp. 6-semi.open) that contain a subsetB is called the 6-
semi.closure(resp.6-semi.kernal) and denotes by s.Cls(B) (resp.skers(B)) [2]. Recall that [2] a
spaceXis &-semi.J"1(resp.6-semi.Ro,0-semi.Rq)if for any distinct pairs of point x and ¢ in X,

there are two 6-semi.openU and V such that

€U -V and y€V- U (resp. If every 5-semi.open set contains the 3-semi.closure of each of its
singleton , if for x,» in X with s.Cls({x}) # s.Cls({& }).there exist distinct 5-semi.open sets U
and V such that s.Cl;({x})cU and s.Cl;({¢ })<V). Finally A.A.Ali and A.R.Sadek [1] studied
in depth the concept of &-semi.regulatiry of spaces.

A space X is said to be 6-semi.regular if for each x€X and each semi.closed set H such that
x&H there exist disjoint V1 ,V,€ 3-SO(X) such that x€V; HcV, . In this paper we introduced
thed-semi.normaland weakleys-semi.normal spaces. Many results were proved as well as we
investigated the relationship between o&-semi normal and &-semi.regular by us the o-

semi.compact spaces.
2.Weakly 8-semi.normal spaces .
We will start with the following definition

Definition 2.1.AspaceXis called weaklys-semi.normal(w.5-semi.normal for short),if for each
distinct closed subset £iand £2 of X there exist disjoint 8- semi. open set ‘U, V such that £1cU,
&V

Example 2.2.let (X, T) be a topological space such that X={a, 4, ¢, 4} and

= {0,X, {a}, {6}{ a ,6}} implies ¢ ={¢,X, {b,c,d}{a.c,d}{c,d}} Clearlythefamily of
all 5-open sets is the familyt and 5.S.0(X)={¢,X {a},{6}{a. b}

{a.cHb, 3 {b.dY{a & Ya b, d}{ ac ,d }{ .c .4 }tis not difficult to check that

(X, 1) is not normal while it is w. 3-semi.normal space.
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Theorem2.3.A space X is w.3-semi.normal if for each closed set F of X,he 6-

semi.closedneighborhood of F form a basis of neighborhood of F.

Proof: Let F be a closed set in X and let V'be a neighborhood of F, so there is an open set
0in X'such thatFcOcN'. Thus F and X- O are distinct closed sets in

X, andbythe w.5-semi.normality, we have U, Ve 6.SO(X) such that FcU,(X-0)cV and
UNV=¢. Hence FCUC(X-V) cOc)V, thus X-V is &-semi.closedneighborhoodof F contains in
N.m

Recall that [1] a map f: X—7U is said to be &-semi.open (resp. o-semi.irresulute)
iff(V)€8.SO(Y) where V€5.SO(X) (resp. £ (U)€S.SO(X) where UES.SO(Y)).

Theorem2.4.letf: X—TY be a surjective, continuous and 3-semi.open map, then the image

of w.8-semi.normalspace is w.3-semi.normal.

Proof. Let £1,&2 be a disjoint closed sets in the space Y .By the continuity of f we have f
Y(&1).7* (&2) are closed in X.Now f1(E) Nf* (E2) = ¢ [6], so by the w.5-semi.normality of the
space X, there are two disjoint sets U, V€ 8.SO(X) such that f(&) cU and f* (E2)
YcV.Furtherf (f1(€1))= E1cf( W), f (FH(E2))= E2f(V) and Since f is 8- semi. open the proof is

complete |

Theorem 2.5. Let f: X—U be an injective, closed and §-semi.irresolutemap.Then X is w.o-

semi.normalspaceif Y is 6-semi.normal.

Proof.Suppose &1, &; are two are disjoint closed subsets of X and since f is injective and
closed ,so f(&1),f(E2) are disjoint closed in Y.But Y is w.6-semi.normal, hence there are two
disjoint U, V€8.SO(Y) such that f(E1)cU f(E2)cV.Now Eicf(f (£1)) cf ™ (U) and Excf(f
(€2)) cf* (V) [6] and since UNV=¢ , therefore f* (U) and f* (V) are required subsets.
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3. 8-semi.normaland 8-semi.compact spaces .

We present in this section a new type of spaces, we called it d-semi.normal space. Many

properties of this space were studied. First, we introduce the following definition.

Definition3.1.A space Xis said to be 5-semi.normalif for each disjoint semi.closed setsF,K of
X .There exist U, V€ 6.SO(X) such thatFcU, KV and UNV =¢.

Example 3.2.Consider the following topology ©= {¢, X {c1i}.{c2}.{ c1,c2}} on the set
X={ci,c2c3}.Then 8.SO(X)={d,X {ci} {c2}{ cuecb{c: c3}{cic3}} and the family of
semi.closed are S.C(X)={¢,X {cz2cs}.{c1,c3}, {c3}.{c1} {c2}}.Now it is not difficult to show

that the space X is 6-semi.normal.

Some properties are holds in a 6-semi.normal spaces as shown in the next theorem and

remark.

Theorem 3.3.Let X be a 3-semi.normal space, then for each semi.closedFcXand for every o-
semi.open set V containingFthere exists U € 6.SO(X) such thatFcUcsCls(U)cV.

Proof.Let FcX and let V be any 6-semi.open set containing®.NowFN(X-V) =¢ and (X- V)
is d-semi.closed ,hence it is semi.closed [5].By the -semi.normality of X, there exist U, G €
3.SO (X) such thatFcU, (X-V) cG and UNG= ¢.Thus UcX-G and since (X-G) is o-
semi.closed, hence FcUcsCls(U) c(X- G)cV. m

Remark 3.4.1f Xis 6-semi.normal space than for any two distinct semi.closed setsF, %, then
skers(F)N skers(HK)=o.

Proof. From &-semi.normality of X’ we have U, V€5.SO(X) such thatFcU, K cV andUNV=¢
and since skers(F)cU,skers(K)cV[2],hence skers(F)Nskers(K)=a.

Caldas[2] shows that any &-semiR; space is 8-SemiR,.In the following preposition we will

show the converse is true in 3-semi.normal spaces .

Proposition 3.5.A §-semiR.and d-semi.normal spaceis 6-semi R;.
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Proof.Let X be a space and x, ¢€X such that sCls({x}) # sCls({#}). Since X

isd-semiR,, hencesCls({x})NsCls({¢})=¢ [2, p.123].But sCls({x}), sCls({y¢}) are &-
semi.closed sets [2] consequently semi.closed sets [5], hence bythed-semi.normality of X there
exist ‘U, V€6.S0(X)such that sCls({x})cU,sCls({¢})=V and UNV=¢. Thus, X is d-SemiR;.

|
The following two theorems are good characterizations for 6-semi.normalspaces.

Theorem3.6. A space X is 6-semi.normalif and only if for eachdisjoint semi.closed sets€ and

F, there exists a 6-semi.open set U containing€ such that F N sCls(U)=¢.

Proof. Suppose X is a &-semi.normal space, andFNE=¢p,where€ and F are semi.closed sets in
X.Thus there exist U ,V € 6.SO(X) such thatF cV, EcU andUNV=¢, hence V is 5-semi.open
containing F which not intersect U, impliesFNsCls (U) =¢. For sufficiency since there exists
UES.S0 (X) containing € such that FN sCls(U) =¢ where F and € as in the assumption,that is
mean there exist a family{V, a €A}of 3-semi.open sets containing x, for all x,€€ andUNV,=¢,

a€A. But Uyer {V,} is 6-semi.open[2] which complete the proof. ]
Theorem 3.7.1n any topological space the following are equivalent.
(1) Xis 6-semi.normal space.

(2) For any two distinct 3-semi.closed sets Fand Kthere exists two d-semi.open sets V; andV;
such that FcV; and K<V, and sCls(V1) N sCls(V2)=6.

Proof.(2) — (1) obviously.

(1) — (2) Take any two distinct semi.closed setsF and K there exist disjoint 3-Semi.open
sets V; andV, such thatFcV;, andKcV,. By [1] we have twod-semi.open sets U andVsuch
thatFcUcsCls(U)cV, and KV csCls(V)cVasince ViNV,=¢ impliessCls(U)NsCls(V)=¢ and

we have done. m
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A d-semi.normal space is 6-semi.regular under a given condition as shown in the following

remark.
Remark. 3.8. A 4-semi.normaland &-semiJ’; space is 6-semi.regular.

Proof. Let Fbe a semi.closed subset in X and let x be any point in X such thatx¢F .Now
since X is 6-semiJy,then every singleton in X is 6-semi.closed and ,then is semi.closed [5] .Thus
thereexist adisjoint U, V€5.SO(X)suchthat x€U andFeV, hence X is o-semi.regular.

[ ]
Corollary3.9. A 8-semi.normal and &-semiJ’; space is 6-SemMiR; .

Proof. Follows by remark (3.8)and proposition (3.5) sinceeach &-semi.regular is o-
SemiR,[1,p.956].m

Before we will give the next theorem, we present the following definitions.
Definition 3.10. A covering of a set X is a family B of subsets of X such that

X=u{U:UeB}.If Xis a topological space and every member of B is 5-semi.open, then B is

called 8-semi.open cover of X.

Definition 3.11. A space X is said to be d-semi.compact if every 6-semi. open cover of X has

a finite subcover.
The following is an example of 6-semi.compact space

Example 3.12.Let (R,ting) the Indiscrete topological space on the set of the real number R. It

is not difficult to check that (R,ting) is 6-semi.compact space.
Theorem 3.13.A 3-semi.compact ,6-semi.regular and 3-semiJ’; space is 5-Semi.normal space.

Proof.Suppose Xis &-semi.regular and 6-semiJ’; then X is 8-semiT,[1]. Now let € F be a
disjoint semi.closed sets .Fix «€E since X is 8-semiT, ,then for each #€ F there exist -
semi.open sets U, ,Vqsuch that .€V, €U, and V,NU,=¢. Thus {U,; a € A} is 5-semi.open

cover of F and since F is d-semi.compact so there exists a finite sub cover {U, Uy,
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v Ugn b,put U, = Uy UULU...UU and V, =V NVeaN...NVyuis 8-semi.open  [2] and since X
is &-semi.regular , then V,; 4=1,2...n are also -semi.closed[1]. Thus V, is 6-semi.closed [2].
Thus we have F cU. €V, and V, N U.= ¢ . Now let ¢ vary throughout € , so we obtain a &-
semi.open cover { V, ; « €€}of £.As € is 6-semi.compact there exists a finite sub cover Vg
Ve, ...,.Ver means V= V,,UV,,U.. .UV andU= U,s NU,z.... NU., .NOWV is 6-semi.open [2] and
the o-semi.regularityl! is also o&-semi.open. ThenFcU, EcCV andUNV= ¢, hence X is &-

semi.normal. m

Lemma3.14. [3]If f:X—TYis continuous and open map, and if A is semi.open in X ,then f(A)

is semi.open in Y.
Under the same condition of f in the above lemma we have the following theorem.

Theorem3.15.Let f: X—TUYbe an injective, 6-semi.irresolute map, and Y is d-semi.normal

space, then X is 8-semi.normal space.

Proof.Suppose &1, E.are any disjoint semi.closed subset of X. Now f(&1),f(E2) are
semi.closed (3.14) and disjoint since f is injective .Thus by the d-semi.normality of Y, there exist
disjoint U, V€8.SO(Y) such that f( E1)CUf(E2) V. But &cfif(E))cfHU), &cf
Y(f(E))cft (V), clear that each of f(U),f* (V) are 3-semi.open further they are disjoint [7].

Hence X is 8-semi.normal spacem

Theorem 3.16.Let f:X—7UY be an injective,continuous, and &-semi.open, then Y is o-

semi.normal if X is 6-semi.normal space.

Proof.Suppose X is &-semi.normalspace.LetE1, Ezare two disjoint semi.closed subset in
Y.Now since f is bijective and irresolute continuous, thus f(E1),f (E2) are disjoint and
semi.closed in X,so by the &-semi.normality of X there exist U, V€ 5.SO(X) such that f
L&D U FH(E)V and UNV=¢, hencef(f(E1))=E1cf(U) and f(f(E2))=E2cf(V). It is clear
f(UW), f(V) are disjoint and since f 1is O-semi.open map sSo we have done
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