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1 Introduction
The discontinuity of capillary pressure fields at interfaces that separate subdomains with varied rock

characteristics complicates the numerical simulation of two-phase immiscible incompressible flows
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over heterogeneous porous media. When both phases are present on both sides of the interface, the
saturation is forced to be discontinuous at the interface to ensure capillary pressure continuity; when
one of the phases is absent, the capillary pressure can also be discontinuous due to the difference in
entry pressures of the different rocks. Due to significant (up to several orders) permeability changes
and rapid variations in capillary forces, the global pressure and saturation might exhibit strong
discontinuities in such applications [1]. The development of numerical methods for two-phase flows in
heterogeneous porous media that are compatible with the non-linearity and degeneracy of the pressure
and saturation equations, as well as dealing satisfactorily with the discontinuity of the saturation and

global pressure, is a relevant and challenging problem.

Numerical simulations and analysis for the system (3.1,3.2 and 3.3) were investigated extensively in
the last several decades, applied mixed finite element method of the pressure and the Darcy velocity
and upwind Galerkin finite element method of the saturation equation for immiscible displacement of
one incompressible fluid in porous media[2]. Evolved discontinuous Galerkin methods for the
numerical computation of incompressible two-phase flow in porous media[3]. Used a finite volume
method with the modified implicit pressure explicit saturation approach to model the 3D
incompressible and immiscible two-phase flow in porous media[4]. Designed and investigated the
sequential discontinuous Galerkin finite element method to approximate two-phase immiscible
incompressible flows in heterogeneous porous media with discontinuous capillary pressures [5].
Introduced a finite element level set method for simulation of immiscible fluid flows [6]. Considered
the system of equations governing an incompressible immiscible two-phase flow within the
heterogeneous porous medium made of two different rock types [7], considered the immiscible
incompressible two-phase flow in a porous medium composed of the two different rocks [8]. Presented
the sequential discontinuous Galerkin method for two-phase immiscible incompressible flows in
heterogeneous porous media[l], described the competitive motion of (N + 1) incompressible
immiscible phases within a porous medium [9]. Developed a high-order hybridisable discontinuous
Galerkin formulation of the solution the immiscible and incompressible problems [10], considered a
new efficient implicit pressure explicit saturation scheme for the simulation of incompressible and

immiscible two-phase flow in heterogeneous porous media [11], used the multiphase Lattice
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Boltzmann method for the numerical simulation of immiscible fluid displacement through a 2D porous
medium [12].

The weak Galerkin method is a new finite element framework for the solution partial differential
equations. Wang and Ye [13] introduced the weak Galerkin finite element method by using weakly
defined gradient operator over discontinuous functions with heterogeneous properties and the solution
of a model second order elliptic equations. The use of weak gradients, weak divergent and their
approximations results called discrete weak gradients and discrete weak divergent which to play
important roles in numerical methods for partial differential equations. Mu et al [14] conducted is to
conducted a computational for the weak Galerkin method for various model second elliptic problem.
Mu et al [15] introduced and analyzed the weak Galerkin mixed finite element method of the solution
the biharmonic equation. Li and Wang [16] proposed developed weak Galerkin method of the solution
parabolic equations. Zhu et al [17] combined weak Galerkin finite element method and characteristics
method of treat the convection-diffusion problems. Gao et al [18] presented numerical weak Galerkin
finite element schemes for Sobolev problem. Li et al [19] introduced and analyzed the weak Galerkin
finite element method for the numerically solution the coupling of fluid flow with porous media flow.
Li et al [19] introduced and analyzed weak Galerkin finite element method for numerically of the
solution the coupled Stokes-Darcy problem. Liu et al [20] presented a lowest-order weak Galerkin
finite element method of the solution the Darcy equation on general convex polygonal meshes.
Kashkool and Hussein [21] used the weak Galerkin finite element method for the solution of
two-Dimensional Burgers’ equations. Zhu and Xie [22] presented and analyzed weak Galerkin method
for the quasi-linear elliptic problem of non-monotone type. Hussein and Kashkool [23] presented the
continuous time and discrete time weak Galerkin finite element method of the solution nonlinear

two-dimensional coupled Burgers’ problem.

In this paper, we will adopt the weak Galerkin finite element [13] and weak Galerkin mixed finite
element [15] methods of the solution (3.1, 3.2 and 3.4). However, a direct application of the algorithms
will lead to a non-linear algebraic system, in which the velocity and the saturation are coupled, since

the diffusion-dispersion tensor in transport equation depends on velocity in flow equation. We set up

Vol. 71 No. 4 (2022) 3123

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

weak Galerkin mixed finite element method for the pressure and the velocity for dual equations (3.1)

and (3.2), and weak Galerkin finite element method for the saturation equation.

The paper is organized as follows.

In Sect. 2, we present some assumptions on the problem, the weak Galerkin finite element space, basic
notations and some useful projections. In Sect. 3, properties for the weak Galerkin finite element
method are presented. In Sect. 4, we are proved energy convection mass of weak Galerkin finite (3.4)
and the stability for each of velocity, pressure and saturation, respectively. In Sect. 5, we are proved
lemmas for the error equations and lemmas and theorems for error estimate for L?-norm and H! -norm
for each velocity, pressure, saturation and both, respectively. In Sect. 6, numerical results are given to

demonstrate the accuracy of the proposed method. Finally, the conclusions in Sect. 7.

2 The Preliminaries Definitions

A weak Galerkin finite element methods were first introduced in [13],a weakly defined gradient
operator over discontinuous functions is used. The concept of weak gradient, weak divergent and its
approximations result in discrete weak gradients and discrete weak divergent, which will play an
important role in the weak Galerkin finite element methods for porous media.
Let 7, be a shape regular and body-fitted partition of Q (see [24]). Denote by P,(T) the set of
polynomials on T with degree on more than k, and P, (e) the set of polynomials on boundary of T (e)
with degree no e € £ with degree on more than k, where £ by a set of all edges in ;,, in particular.
On this partition of 7;, we are introduced the following Sobolev space

H™(t,):={v € L*(Q):v|x € H'(K); VK € 1;,}
for any integer m < 0.

For any weak function w = {w° w®} on a polygon K with boundary 0K satisfying w° €

L*(K),w” € H%(OK), we define its weak gradient [13] denote by V,w, in the dual space of H(div, K)
and weak divergent [25] denote by V, - w in the dual space of H(K) , respectively

(Vaw,q): = —(0°V - Q)g + (0 q - n)ox, Vq € H(div,K)

(Va - 0, 9):= —(0°, V) + (@0’ - n, Yo, Vip € H'(K)
where n is the outward normal direction to dK. Basing on a weak function, the weak Galerkin finite
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element space is defined by
Sp:={w = {0° w’}: 0w° € P,(T),w’ € P,(e),V e €EEV T €14},
furthermore

S?l = {{worwb} € Vh; wblaTnaQ = O,V T € Th}.

And introduce two finite element space which are necessary for formulating the numerical schemes.
The first corresponds to the scalar (or pressure ) variable and the second one corresponds to
vector-valued functions, defined as

G = {w € L*(Q):w|r € Px 1 (T)},

Qy = {u = {uub}ul|; € [Pk(T)]4, ul|, = uln,,ub € Px(e),e € E}.
where k > 0 is a non-negative integer. The following L? projections are introduced

Qn:L*(T) - P (T); VT € 14;

Ry: [LA(T)]? = [Pe—1(T)]% VT € Ty,

3 The Weak Galerkin Finite Element Methods
In many engineering applications, incompressible immiscible flow in porous media can be described
by immiscible displacement system, let Q be a bounded domain (oil field ) in the plan R? with smooth

boundary T and T > 0. The classical system in two-dimensional space are given as follows [2]

V-v=gq(xt),(xt)eQx(0,T] (3.1)
v=—a(s) Vp, (x,t) e Qx(0,T] (3.2)
¢g—i +V-(f(s)v) =V-(a(s)Vs) = g(x,t,5),(x,t) € 2 x (0,T], (3.3)
where
q+(x,t)5(x,t) , at injection wells
g(x,t,s) =1—q_(x,t) s(x,t) , at production wells
0 , otherwise

where ¢ is the porosity of the medium of the rock (¢ € (0,1) in the domain Q),s,v and p are the

saturation, Darcy’s velocity and pressure, respectively, f(s) is the fractional flow function, g(x,t,s)

Vol. 71 No. 4 (2022) 3125

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

is acceleration caused by gravity, a(s) = S Is a smooth function, k = k(x) is the permeability of the

porous rock, u = u(s) is the viscosity of the fluid , g is the source and sink terms.
If s =s,;, then § =0 and we can denote g(x,t,s) = —q_(x,t) s(x,t) , where —q_(x,t) = 0, so
the above equation (3.3) becomes

(,bz—i +V-(f(s)v) = V- (a(s)Vs) +q_(x,t) s(x,t) =0,(x,t) € A x (0,T].(3.4)

The boundary conditions are

a a

—=0,—=0,(xt) €rx(0,T], (3.5)
and the initial condition

s(x,0) =s%x), x € Q. (3.6)

The variational formulation for the above system. The pair Hy(div, Q) x L3(Q) x H'(Q) forms the
finite element approximation space for the unknown. Find v € Hy(div,Q) , p € L4(Q) and s €
H'(Q) such that

(V-v,w) = (q,w); VwEeIL3(Q), (3.7)

(v, u) = (a(s)p,V-u); VYue€ Hy(div,Q) (3.8)

(¢ ‘27 ‘P) +(@(s)V-5,V-9) + (V- (f(s)v, 9) + (g-s,9) = 0;V ¢ € Hy(2),(3.9)

The weak Galerkin mixed finite element method for the Darcy velocity and pressure. Find v, =

(v),vP} € Q4 and p, = {p, Pt} € G, such that

Var - v w®) = (w?); Yw={ww’}eG,, (3.10)
9, u%) = (@(sD)p, V1w Vu = (u,ub} € Q (3.11)

The weak Galerkin finite element method for the saturation. Find s, = {s?,s?} € S%(j,1) such that

(¢ %'90") + (@(s)Vay S Var - ) + Vap - (F(s1)vn), 9% +
(g-sp, #®) =0;V ¢ = {9 0?} € SR(, D), (3.12)
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sn(x,0) = 53 (x).

Although the weak Galerkin scheme (3.12) is defined for arbitrary indices j, [, and r, the method can
be shown to produce good numerical approximations for the solution of the original partial differential
equation only with a certain combination of their values. For one thing, there are at least two prominent
properties that the discrete gradient operator V,, should possess in order for the weak Galerkin finite
element method to work well. These two properties are:

* Al: For any ¢ € S(j,1) , if V4,90 =0 on T , then one must have ¢ = constant on T . In
other words, ¢° = @? = constant on T ;

* A2: Let s € H™(Q)(m = 1) be a smooth function on (, and Q;s be a certain projection of s
on the finite element space S,(j,1). Then, the discrete weak gradient of Q;s should be a good

approximation of V, - s.

To verify property A2, let s € H(T) be a smooth function on T . Denote by Q;s = {Q*s°, Q*s"} the
L* projection onto P, (T°) x P,(9T). In other words, on each element T , the function Q*s° is defined
as the L? projection of s in P(T) and on T , Q*s, is the L* projection on P;(dT) and on 4T .
Furthermore, let R;, be the local L projection onto V(T,1). According to the definition of V. , the
discrete weak gradient function V,,.Q;s is given by the following equation:

Jp VarQps-vdT == [ (Q*s)V-vdT + [, (Q*s*)v-ndz, Vv € V(K,7).(3.13)
Since Q¢ and Q; areL?-projection operators, then the right-hand side of (3.13) is given by

— [ (Q* ")V -vdT + [, (Q*s®)v-ndz=—[ sV-vdT + [, sv-ndz

=— [, (Vs) -vdT

= [, (R;Vs) - vdT.
Thus, we have derived the following useful identity:

Yy (Qrs) = Rj(Vs), Vs € HYT). (3.14)

The above identity clearly indicates that V,;,(Q,s) is an excellent approximation of the classical

gradient of s for any s € H1(T). For simplicity of notation, we shall drop the subscript  in the
discrete weak gradient operator V;, from now on. Readers should bear in mind that V; refers to a

discrete weak gradient operator defined. One may also define a projection II, such that I;v €

Vol. 71 No. 4 (2022) 3127

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

H(div,Q) ,andoneach T € 7}, one has Il;v € V(T,r = ) and the following identity
(V0,007 = (V- T;v,¢%r, V° € PR (T).
The following result is based on the above property of II;.

Lemma 3.1 [13] For any v € H(div, 2), we have
ZTeTh (V- v,q)O)T = ZTETh (v, Vg, @)y, V @ = {(Po,fpb} € 520, D. (3.15)

4 The Energy Conservation and Stability of Weak Galerkin
The increase in interval energy in a small spatial region of the material, control volume, over the time
period [t — At,t + At] is given by

ft+At

t—At fK wedxdt = fK w(x, t + At)dx — fK w(x, t — At)dx

since equation (3.12), let
0] g—i+V-)(+q_S=0,

x = f(s)v—a(s)Vs,
suppose that a body obeys the heat equation and, in addition generates its own heat per unit volume at
a known function q varying in space and time, the change in interval energy in K is accounted for by
the flux of heat across the boundaries together with the source energy. By Fourier’s law integral form

of energy conservation

t+At

ft+At
t—At JOK

N x-ndsde+ [

0
Jo @ aait dxdt + ar Ji q-s dxdt =0,

where the Green’s formula was used.

We chose a test function ¢ = {¢° @” = 0} so that ¢° =1 on K and ¢° =0 elsewhere. After

integrating over the time period, we have

t+At
Ji-ae

+ [ [ FO)OV, - @ dxdt

t—At

t+At
Ji-ai

0
Jo @ aait dxdt + Jie a(sOVq s Vg - @ dxdt

+ f:_JrAAtt Jic a-s° dxdt =0,

using the definition of operator Ry, the divergence theorem and of the weak (V, , -), we arrive at
fK a(si?)vd,r : Shvd,r Q@ dx = f[( RZ (a(so)vd,r : S)vd,r : (pdx
= - fK vd,r ’ R;;(a(so)vd,r ’ S) dx
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== faK Ry (a(so)vd,r ©s)-ndd

i fFSDVRVa, @ dx = [ Ry (f(sDV)Vy, - @ dx
=~ Ji Var - RR(F(sP)vp)dx
=~ Jox Re(f(s)v) - n ds.
Now, we have
I I ¢aa—sf)dxdt — [ ] Ri(a(s®)Vy, - 5) - ndddt
_ft+At

t—At faK R;;(f(so)v}?) -ndddt

t+At
+[_,, [, a-sp dxdt =0,

[P d)%’(’)dxdt — [ Ri(@(sP)Vy, s + F(sO)D) - n déde

+ ftt_JrAAtt Jic a-sp dxdt =0,
which provides a numerical flux given for saturation by y;, - n = =R} (a(s®)Vy, - s + f(s)vy) - n.
The numerical flux y, -n + q_sp is continuous a cross the edge of each element K, which can be

verified by a selection of the test function ¢ = {¢°, ¢”} sothat ¢° = 0 and ¢” arbitrary.

Now the arguments for stability and bound on the approximation error are useful for the analysis of the
discrete formulations.

Lemma 4.1 (The stability for the pressure)
Let a solution p, € G, and C; is a constant and independent h, then

Il pr 1< Cy Nl q 112 (4.1)

Proof. From equations (3.10 and 3.11) , and put w = p,,, we get
(@) VarPh Var - Pr) = (@, PR),
by using Young’s inequality and Cauchy inequality, we have

|(@(s)Var - P Var - o)l <0 (@(sp) N Vg, - pp 1< C N (a(sy) I py 112,
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(@ Pl <7 1q 12+ pf 11%
then
C Il (a(s®) I py 125 1 q 12 +11 pf 12
I pr 1°<Cy 1 q 117,
where C; = 1/min{4C Il (a(sy) I, =4 Il p I1%}.
Lemma 4.2 (The stability for the velocity)
Let a solutionv, € Q, and C, is a constant and independent h, then
I vy 12< C{ll vl I +11 pg 173, (4.2)
Proof. Put u = v, in equation (3.10), we have
(Wi, vR) = (@(S)PR, Var - Vh),
then,
|V, v)| < ay Il vy 117,
|(@(DPE, Vvl < 2 1 a(sf) 121 pd I+ 1l Vv 112
< 21 a(sP) 121 p 12+ 2 1l vy 12,
then
2 I a(sp) I%1l py) ||2+§ Il v 1°< aq v 113,
v 1P @ v 12— 2 1 a(s)) 120 pf 12,
then
I v 12< C{ll vl 12 +1 pf 1123,
where C, = max{2a;/C,—4 Il a(s{) I>/C}
3130
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Theorem 4.1 (The stability of velocity and the pressure)
Let the dual solutions v, = {v, v} € Qu, pr = {p?, P2} € Gy, and B is a constant and independent
h. Then

Iy 12 +1 v, 17< B g 12 +1 v 123 (4.3)

Proof. From equations (3.10 and 3.11) and replacement test function with u € Q;, such that v, € Qy,
we have
(@(Sp)VarPh, Var - 1) = (q,u’); u € Qy,
put u = v, in the above equation, we have

(@(SHVarPn, Var - vy) = (¢, VR),

then,
(sl
@DV ph Var - vl < 2 19,y 124 20, 1 Vg0 12
S Clipy P4 Cllvy 1%,
1

(@ vidl <7 1hq 12+l vg 1%,

then
1

Cllpn 124 C vy IP< 11 q 17 +1 vy 1%,

we get,

I pp 1% +1 vy 12< 8L g 17 +11 vp 12
where f =1/C max{1/4,1}.

Lemma 4.3 (The stability for Saturation)

Let a solution s, € SY and a, is a constant and independent h, then
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I sp () IP<Il sp(0) II* exp(—a;t) + azexp(—a;t) fot exp(a12){ll s, (2) II* +Il
vy (2) 12}dz.  (4.4)

Proof. Rewrite (3.12), and put ¢ = s, , we get
a
(922,59) + (@(59)Vay - StV - S) + WVa, - £(51),59)

+(fF(SDVay - Vi, sp) + (q-sp,si) =0, (4.5)
we have,

a 1
(622, s) <lugpnZusio 2
1
1(@(sp)Vayr - S, Vayr - S| < 2 a(sp) I1? +11 Vg5 12< C 1l sp 124 C Nl sy 1%,
1
(R f(sn), SN 7 1 wR 121 Vi f () 12 +1 s 12 C W sy 17 +1sp 1%,

|(F(sVay - Vho SO < 71 (F(SP) 120 Vgwp 12 +1 S92 11 £ (s 12

1
+ 5 11'Va,vn 12 +1 sy 1< C Il sp 124+ C 1l vy, 117,

[(q=si, sl < A1 sp 1%,
became equation (4.5), the follows

I 5o Il SY(E) 124+ C 1l sP U2+ C 1l sy, 12+ € Il sy 1% +1 5P 117

+ClsP P+ Cllv, 1P+ 210s0 17<0,

ad
|l s 1P+ aq 1 s) 1P< ay 1l sy 112+ as 1l v, 117,

where a; = ||<T||(ZC +1+2), ap = ||¢II ||¢||

by the integral factor exp(a;z) and then integrate from 0 to t, we get

¢ and as = . Multiply both sides of the above inequality
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Is2(6) 12<I sP(0) 112 exp(—ayt) + asexp(—ayt) [, exp(arz){|l 5,(2) I
+1l v, (2) 12}dz,

where a, = max{a;, a3z}
5 The Error Analysis

In this section we are derived error estimate for the weak Galerkin finite element methods in
(3.11)-(3.12). Let us begin with the derivations of the error equations for weak Galerkin approximation
(v, pn,Sy) and the L? projection of the exact solution (v,p,s) in the weak finite element space
Qp X G, X S, will prove error estimate for L2 norm and H' norm for each variables.

The first let for each element T € 7;,, denoted by QP and Q'Y the L? projection operator onto
P,_1(T) and [P, (T)]%, respectively. For each edge e € &, denote by Q7 and Q'% the L? projection
onto P,_;(e) and [P(e)]¢, respectively. We shall combine @ and Qf by writing Q, = {Qf, @}
and Q') and Q% by writing Q", ={Q'%,Q'%}. Then we can define two projection onto the finite
element space Q, and G, such that on each element T,
Qrv = {Qnv°, Qpv"}, Q'wp = {Q'rp°, Q'rp"}.
In the current application, we shall employ the following decomposition: Let
v—=vp =V = Qnv) + (Qnv — wp),
p—prn=0®—Qwp)+ (@Q'rp—Dr)
s = sp = (s = Qps) + (Qns — sp)-
For simplicity, we introduce the following notation:

e, ={e),e)} = Quv —vp, e, = {eg,e)} = Q'sp — ph &5 = {&), €2} = Qps — 5.

An error equations are given by the following lemmas 5.1, 5.2 and 5.3
Lemma 5.1 Let v, be the solution in dual equations (3.10) and (3.11) and e, is the error estimate
for the velocity, then

(ep,u®) = (Qpv° — v, u?), (5.1)
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Proof. Rewrite equation (3.11), then
Yreg, (W8, u®)r = (a(spR, Varw),
by using the projection I, for the above equation , we arrive at
Treg, (Mpv°,u®) = (a(sp, Varw).
Adding and subtracting the term (Q,v° u°) on the right hand side of the above equation and using
(3.14) we obtain,
(Mv° = @uv®,u) + (Qpv°, u®) = (a(s)pR, Varw).
since —a(s) - Vp = v , we get
(Mv° = @uv°,u®) + (Qpv°,u®) = (13, u?),
then the error equation is
(ep, u®) = (Quv° — Mv°,u"),

where el = Q,v° — v).

Lemma 5.2 Let p, be the solution of equation (3.11) and e, is the error estimate for the pressure,
then
(Varep Var W) = (Var (Q'ap = 'np), Yy, - w). (5.2)

Proof. From dual equations (3.10) and (3.11), we have
Yres, (@(sVarpn Var - w)r = (q,wP),
Yres, (@O 4V, 0, Ve, - w) = (q,w?),

Adding and subtracting the term (a(sf)Q",Vy,p, Va, - w) on the left hand side of the above equation

and using (3.14 ) we obtain,
(@D V4,0 = Q'4Varp), Var - w) + (@(s)Q'hVa, D, Va, - W)
= (@(s)Va,Pn Var - W),

the following that
(@(sVarep, Var - w) = (a(s)Vq, (Q'hp — 'yp), V- W),
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then, the error equation is
(Vd,rep» Vd,r ' W) = (Vd,r (Q,hp - H’hp)’ vd,r ’ W):

where e, = p, — Q'pp.

Lemma 5.3 Let s, be the solution of equation (3.12) and e, is the error estimate for the saturation,
then

a((cp — Qr0), @) = (DWDVy, (e — Q4c), Vg, ) (5.3)
+(up - Vg, (The — Qr0), @) — (fF (I c® — Q1 c), 9.

Proof. By testing (3.12) against ¢° and using (3.15 ), we get

6sh

0=(p=2,¢%) + Xreq, [@(DVar - SnVar - 9)r + Var - (F51IVR) 01 +
(a-sh, ©*rl,
_ aCh * .0 *
0=(¢=2,¢°) + Zres, [(@TisOI;Vg,5, Vo, 0)r

+(Va,r - (FM8)v), 97 + (¢-T;5°,90)1].
Adding and subtracting the term A(Qs, @) = (a(Q;s")Vy, 015, Ve, 0) + (Var - (f(QrS)vp), %) +
(q_0;:5°, ¢°) on the right hand side of the above equation and then using ( 3.14 ) we obtain

0= (625, 0°) + (@(Qiis*)Var Qis, Var#) + (V- (F(QhsIVA), @)
+(q-Q;s°% ¢°)

+(@(M; 5V, (s = Qi) Var @) + (Var - (F(I;) = Qs)vn), 0°)
+(q-(T;5° = Q45°), 0% = (a(Q5")Va,r (s — Q45), Va, 0),
which can be rewritten as
A(sn, @) = A(Q1s,9) + (a(Tl; sV, (s — Q45), Va, 0)
+(Va, - ((F(IS) = Qrs)vp), @°)
+(q-(T;s° = Q45°),0%) — (a(Q sV, (s — Q45), Va, 0),
then, the error equation is
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A((sp = Qi5), @) = (a(lT;s°)Va, (TTs — Q5), Va )
+(Va, - ((F(IS) = Qrs)ve), ) + (a-(1;5° — Q55%), 0)
—(a(Q4s)Va, (s = Q45), Va,r 0).

5.1 L% The Error Analysis for Velocity, Pressure and Saturation

Lemma 5.4 (L> Error Analysis for Velocity)
Let v, € Q; be asolution to the dual equations (3.10 and 3.11). Then
I e, 1< Crh[ll v 1% +1 vy, 112 411 ey IIZ +11 e 1I7].

where C; is a constant and independent h.

Proof. Put v, = I1,v for dual equations (3.10 )and (3.11), we have
(TpVa, - v,wo) = (@, wp); VW € Gy,
(Mv°,u®) = (a(s)pR, Va,u); Yu € Qy

subtracting equation (3.10) from (5.6) and equation (3.11) from (5.7), then

(v —vg,u®) = ([ Vg, - v — Vg, - v4), w0).

ISSN: 2094-0343
2326-9865

(5.4)

(5.5)

(5.6)
(5.7)

Adding and subtract the two terms (Q,v°u®) and (V,, - Quv,w?), put u = e, = (Q,v — v;,) and

w = e, = (Qnp — pn), We have
((Mv° = Quv° + Quv° — vp), e)

= ((M4Vay v =V, - Quv + Va, - Quv — Vg, - 1), 9),

((Mv° — Quv®), ) + (Qrv° — v),ed) = (Va, - (v — Qyv), ep)

+(Var - Qv —vy),€0),
50,

Jun iz =13 tha
by Cauchy-Schwarz inequality and Young’s inequality, we get

(5.8)

1
Ul = |(([v° = Quv°), )| < 7 I (Mv® = Q) IZ +1l e IP< Ch Il v 1% +1I

el |17,
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Uiz2] = [((Qnv° — v eD < C l ey 117,
1
Uizl = 1(Va, - (Myv = Qpv),ep)| < 21V, (M = Quv) 1% +1 e 117
< Chllv, 12+l e II%,
1
Vial = 1(Var - (Quv = vn), ) S 51 Vg ey 12+l e IP< Cle I? +ll e 117,

then equation (5.8) becomes

Chllvy 12 +lle) 12+ C lie, I+l e) I’< Ch* || vp 112+l ed 12+ C 1l el 112,
then

I e, 1< CiR[I v 12 +1 vy 12 +I1 ep IIZ +1 ep 117,

where C; = max{h,—1,—2/Ch,1/Ch,1/h}.

Lemma 5.5 (L? Error Analysis for Pressure)
Let p, € G, be a solution to the dual equations (3.10 and 3.11). Then
I e, I2< C'1h[ll py I +1 e 112], (5.9)

where C’; is a constant and independent h.

Proof. Rewrite equation (3.11), we get

(i, u®) = (a(s)Va, 0, u’); Vu € Qy, (5.10)
put p, = I1',p for equation (5.10 ), we have
Wi, u®) = (a(s)H'p Vg, p, u°). (5.11)

Subtracting equation (5.10) from (5.11), then

(@) 'hVarp = Varpp), u’) = 0.
Adding and subtract the term (a(s))Vq,Q"xp, u®),

(@) V4rp = V4, Q'wp), u®) + (@(sR) (VarPr — VarQ'ap),u’) = 0, (5.12)
put u = e, = (Qpv — vy), We get

(@D, Varp = V4, Q'np), e0) + (a(sp) (Va,rPr — VarQ'np),€7) = 0, (5.13)
s,
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J31 +J32=0,
by Cauchy-Schwarz inequality and Young’s inequality, we get

4 I 1
Uil = 1@ M4 Varp = Va, Q'np) e)l < 7 I alsy) 171 e I

I (Vg0 = V4, Q'np) I°< % I a(sp) 121 ed 174 C'h |l py, 112,

I 1
szl = 1(@(5R) (Var Q'ap = Varpr) ed)] < 2| a(sp) 121 e 112

I (Var QP = Varpn) IP< 7 W a(sf) 121 e 12+ C' ey Il

become equation (5.13) as the follows

% I a(s?) 121 ed 12+ ¢ |l ep Ilz+i I a(sp) 121 ed 12+ C'h |l pp I17< 0,
then,

I e, 1°< C'yh[ll py 12 +1 e 12],

—lla(s)I? 1}

where €'y = max{ T

Theorem 5.1 (L? Error Analysis for Velocity and Pressure)
Let v, € Q4 and p, € G, be the solutions to the dual equations (3.10 and 3.11). Then
e, 12+ e, 1< C"R[ll vy I* +I up 12+ pp 1% +1 el 12 +I1 ey I7].  (5.14)

where C" is a constant and independent h.

Proof. From equations (3.10 )and (5.10), put v, = Il v and p, = IT',p for equations we have
(I Vg, - v,w?) = (q,w?%); VwE G, (5.15)
(Mpv°,u®) = (a(sH'Vq,p,u); Vu € Qy (5.16)
subtracting equation (3.10) from (5.15) and equation (5.10) from (5.16), then
(M v° = v, u®) + (@(sg) (Varpn — W'V, p), u)
= ((My Vg - v = Vg, - v3), W),
Adding and subtracting the three terms (Vg - Quv,w®), (a(sp)V4,Q'rp,u’) and (Q,v° u®), and

put u=e, and w =e, ,we have

p
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(Va, - (v — Quv),el) + (Var - (Quv — i), €0) = ((IMyv° — Quv°),e?)

+((Qnv° = vR),ed) + (@(sp) Vs (Q'hp — T'p), €7)

+(@(s)Var (Q'rp — 1) €3), (5.17)
suppose equation (5.17) as

Jiz e =J11 )12 = J31 — J32,
from lemmas (5.4) and (5.5), we get

Chl vy 1% +1l e 124 C Nl e, I2 +1 ef I2< CA? 1 v I +1 €2 1%+ C Il e I
+5 I a(sP) 121 el 124+ C Il ey 17+ 1l a(sP) 121 el 12+ C'hll py 12,

then,
I ey 12 +1l €, 12< C"A[I vy 12 +1 vf 12 +1 py 12 +1 e 12 +1 e 112]

lla(s)I2

where C'" = max{—C,Ch,,C'/h,1/Ch, C/h,T,—Z/h}/min{C,—C’}

Lemma 5.6 (L?> Error Analysis for Saturation).
Let Q;s be the L? projection of s, on the corresponding finite element space such that s, be a

solution (3.12), and C and g are the constants. Then

I e (t) I*< exp(—Pt) Il e)(0) I+ B1h f(f exp((z — OBl sp(2) I
+1 s2(2) 117 +1l es(2) 1] dz. (5.18)

provided that the meshsize h is sufficiently small.

Proof. Put s, = II;s in equation (3.12), we get

am; s0 N « x
(¢ 72, 0°) + (@5 Va,r - 5, Vo, - ) + (Var - (F(11;5)01), 0°)

+(q-11;5°, %) = 0, @ €S}, D), (5.19)

- - - 052 0 6Q;;SO 0
subtracting equation (3.12) from (5.19) and using the fact (cp — P ) = (qb — @ ) then

(62 (Qis® = 52),0°) + (@ sV, -5, V4,0 - 0)
—(a(s)Vay - S Var - @) + (q-1;5% 0% — (Vo - (F(sn)vn), %)
—(q-sp, @) + (Vg - (fF(M;5)vp), 0°) = 0,
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Adding and subtracting for each, the terms (a(Q;s®)QiVa, - S, Var - @), (Va, - (F(Qr5)V), 9°)
and (q_Q;:s% ¢%), and put ¢ = e; = (Qjs — s,) ,we have

(¢ (Qis® — s, ) + (a(T;s)Va, - (Tjs = Qis), Ve - €6)

+(q-(Qrs® = sp), ) + ((a(;s°) — a(Qrs*)Vayr - Q) Vay - €5)

+((a(Qrs%) — a(sM)Vayr S Var - €5) + (V- (va(f(I1;8) — f(Q;5)), €0) +
(Var - Wn(f(Qrs) — f(sn)) ed) + (q-(11;5° — Q;5°), e9)

+(a(Q4s®)Va,r - (Qhs = sn),Var - €5) =0, (5.20)
S0,

(¢;—t(Qﬁs - 5;?),6’50) +Js51 +Js2 + /53 + Js4 + Jss5 + Jse + )57 +J58 = 0. (5.21)
To estimate Js; — Jsg by Cauchy-Schwarz inequality and Young’s inequality, we get

Usi| = [(a(;s°)Vgy - (i = Q45), Var - €)| <Il Vg, (s — Qjs) 117

la (11}, s%)112

T

I Vgres) I2< Ch Il sy I+ C |l e 112,
Us2| = 1(q-(Qs° = s, e <l q_ lll ed 1< C 1l e 1%,

Ussl = 1((@(;5°) — a(Qis))Vay - Qis, Var - €5)]

<Il (@(l;5°) — a(Q;is®) 121 Vg, - Qjis 12+ 5 1l Vg e 12

< @ |l (@(;s%) = a(Qis®)) I+ 511 Vg, - Qis 1247 1l Vg e 12
<SCI@Gs®=Qrs) 1P+ C ll sy 174+ C 1l Ve 1°< Ch Il sy 112
+C |l sp 174+ C ll e 112,

Usal = 1((@(@45°) — a(s)Var * Spy Var - €5l

<Il ((a(Qiis®) = alsi) 121 Vay - s W45 11 Ve 1P

< @ I ((a(Qis®) = a(s) 1245 1l Var - s 1245 1 Vg e 1P
< CNQis® =D IP+Cll sy 12+ C Nl Vg e 12< C 1l ed 112

+C |l s I+ C 1l eg 117,
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Uss| = (V- (oa(F(Ti$) = F(Qis)), eI < |
Var - n(f (T8) = F(Qis)) 12 +1l € I2< 51 vy 121 (F () = £(Qis)) 17 +11 e 11

a
< f Il vy 121 (s — Qrs) I +1l ed I2< Ch Il s, 1% +11 e 117,

Ussl = 1(Vay - (0p(f(Qrs) — f(sp)),eD)| < % IV, - Wa(F(Q5s) — f(sp)) I? +I
ed 17< S Il vy 171 (F(Q7s) = f(sn)) IZ +1l e 117

a
< 71 Il v, 120 (Qss — sp) 2+l ed 1< Ch Il eg I +11 € 112,

* . llg_1I? * *
Us7| = 1(a-(M;s° = Qs e)| < =1l (TT;5° = Q5s%) 17 +1l e I

< Ch% Il sP 117 +1l e2 112,

|]58| = |(a(Q;;SO)vd,r : (Q;{S - Sh)'vd,r : es)l = |(a(Q;;SO)Vd,T : eS'Vd,r : es)l
<l a(Q;;s®) Il Yy, - &5 IP< C Il e 112,
substituting Js; — Jsg in the equation (5.21), we get
PP
(62 (Qis® = ), €2) + Ch Il sy 12+ C ll e 12+ C Il € 12+ Ch Il 5§ I?
+C sy 1P+ Clles 12+ C N ed I+ C Il s, I+ C Il eg 12+ Ch |l sp, II?
1 ed 124 Ch ll es 12 +11 el 124 Ch% I s 12 +1l €2 1124+ C Il e I12< 0,
SO,
10
[NON Rl ed 124+ Ch Il sp 1?4+ C lles 12+ C Nl e 12+ Ch 1l sp 12+ C Il sy 112
+C lleg I+ C 1l ed 1%+ C Il sp 12+ C Il eg 1%+ Ch Il s, 11> +11 e 117
+Chlles 1%+l ed 112+ Ch2 I sP 1% +1l e 12+ C ll es < 0,

;—tll ed 12+ B 1l € 1°< Byh[ll sy 112 +1 sp 12 +11 e 112].
where g = min{2C, 3} and B; = max{—2C,—2C/h,—C,—Ch,—4C/h,—1/h}.
Multiply both sides of the above inequality by the integral factor exp(fz) and then integrate from 0

to t, we have
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1 €20) IP< exp(=1) 1 €2(0) I+ fuh exp(=p1) fy expBAM 5w () I +1
s2(2) I? +1l es(2) %] dz.

Theorem 5.2 Let v, € Q, , py € G, and s, € S) are the solutions for the equations (3.10) , (3.11)
and (3.12), respectively. And Q,v, Q',p and Q;s are the L? projection operators for all v, p, and

s, on the corresponding finite element spaces . Then

I e, 2+l e, IZ +1l €2 (¢) 1< exp(—Pt) | e2(0) 1%+ Boh[ll vy 17 +11 v 1> +II
pr 17+l ed 17 +1l eg 17+ fot exp(B(z — ))[Il sp(2) I

+1 s(2) 112 +1l es(2) 1] dz]. (5.22)

where 8, and S are the constants and independent h.
Proof. From the equations (5.14) and (5.18 ), we get proof.
5.2 H?! Error Analysis for Velocity, Pressure and Saturation

Lemma 5.7 (H! Error Analysis for Velocity).
Let v, € Qp be asolution to the dual equations (3.10 and 3.11). Then

I Vg, e, () 12+ e, (8) I°< Czhfot [ ()2 (2) 12 +1ed(2) 12 +1l ()5 (2) 1% +II
ey (2) I? +1l (e9).(2) II°] dz+Il V- €,(0) I +11 €,(0) II%. (5.23)

where C, is a constant and independent h.

Proof. Put e, = (e,); and e, = (e,); inequation (5.8) , we have

((MLv° = Qrv®), (ed)e) + ((Qrv° — v), (ed)y)

= (Va, - (Myv — Quv), (€0)e) + (V- (Quv — vr), (€0):), (5.24)
S0,

J21 + Ja2 = J23 + Joa,
by Cauchy-Schwarz inequality and Young’s inequality, we get
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]
Va1l = 1M v° = Qpv®), (e))] < |5 (M v° — Q) )]
] ]
=1 (5 (Mv° = Q4v©),€2) | < | (M, v° — @), )]

1
+5 1 (w0 = Quv®), 12 +1l e 1< Ch2 Il (), I +I €2 12,

<

U2zl = 10Qv° = v, @)1 < |5 (v — v, ef) | = | (5 (@uv° — v, ef)

|2 ((@uv° = v, €D + C Il (e, 1P C 1l (eD), 12,

Uzl = 1(Var - (Mhv = Quo), (eD))] < |5 (Var - (Myv — Qo). €9))

~1 (5 Var - My = Quv), ) | < 15 (Vg - (M0 = Q4v), )]

+3 1 Vg - (v = ) = Qv — v))e 12 +1 e 12

< |j—t(vd,r (v — Qpv), ed)| + Ch Il (wp), 124 CR 1l (), I +11 @° I2< Ch I

(Wp)e 1P+ Ch 1 (ey)e I* +1 e 117,

Uzal = 1(Var - (Qnv — i), (e),)] < |—(Vdr (Qwv —vp), ep)l
1 (5 Var - Qv = vi)€9) | < 13- (Vay - (@4 = i), ef)]
+3 1 V- (e0)e 12+l e 1P 211 Vg - (&) 12+ e 12,
then equation (5.24) becomes
Ch Il (p)e 1%+ Ch Il (&) I +1l € 142 1| Vg, - (e,)c 12 +1l 3 117
< Ch* I (R)e 1%+l el 1+ C Il (e))e 1%,
then
S [ V- ey 12 +1 ey 12] < Coh[I ) 12+l e 17 +1 (), 17 +11 e 1% +1
(eg)t "2]:
where C; = max{—C,—2/h,Ch,1/h,C/h}/min{1/4, Ch}, and integrate with respect to z from 0 to

t, we have
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I V- €n(t) 12+l €,(t) 12 Coh2 fy [ (W), (2) 17 +1l €9 (2) 12 +1l (W), (2) I
+11e2(8) 1% +1l (2),(2) 17] dz+1l Vg, - €,(0) I +1l €, (0) I%

Lemma 5.8 (H! Error Analysis for Pressure).
Let p, € G, be a solution to the equation (3.11). Then
I Va,e, () 12 +1 e, () 121l Vg e, (0) 1%+l e, (0) IIZ
+C'3h [ 1l ()2 (2) 12 +1l €2(2) I17] dz. (5.25)

where C’, is a constant and independent h.

Proof. Put u = (e,); inequation (5.12) , we have
(@) Vgy0 = V4, QD). (€)e) + (@(sR) (VarPh — Va,Q'nb), (€9):) = 0
(@(s)Var ('yp = Q'kp), (e)e) + (@(s2)Var (Pn — Q'ap), (e):) =0,  (5.26)
SO,
Jar +Ji2 =0,
by Cauchy-Schwarz inequality and Young’s inequality, we get

Uil = 1(@(Var (T'hp = Q) D] < |2 (als?)Va, (W ip — Q' ,p) 2)

6 ! ! a li !
| (3 a(s9)Var (Wp = Q'4p),€d) | < |5 (a(s9)Va,y (Whp — Q'5p) )]

lla(sHl2

ey I 41 Vo, (Wpp — b — (Q'ap — pi))e I7

+
2 , , ll (s )11 )
< | o (@(s)Va,r (hp = Q'ap) e + 2= Il €® 12+ C'h 1| (P I

0yy12
+C'h 1l Vg, (e)e 1S CRI (pa)e 12+ C'h N Vg () 174 2220 e 2,

Uizl = 1(@(s) (V4 (@ 40 = 1), (€] < 15 (@l (Var (@' — p1) )] —

(2 a9 Var@p = pa)e0) | < |2 @ Tar @0 = pa)s e

la (s |

ller (s 112
+ 1L | 69 12 1l (Vg (@0 — Pr)e) 1P 2 ) €2 124 €7l (e, 117
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substituting J4; and J4, in the equation (5.26), we get

lla (sl

, la (sl ,
2L e 124 € 1 (e)e 1P+ 25 €0 12+ C' Il (o), 12
+C'h 1 Vg, () 1< 0

= [l Varep 12+l e, 12] < C'2h[0 (pa)e 17 +1 €0 12],

0yy2
where €', = max{—C’,—%}/min{C’, C'h}, and integrate with respect to z from 0 to t, we get
I Va,e, () 12 +1 e, () 171l Ve, (0) 1%+l e, (0) I

+C'2h2 [ [ (o). (2) 1% +1l €(2) 1] dz.

Theorem 5.3 (H' Error Analysis for Velocity and Pressure).
Let v, € Q4 and p, € G, are the solutions to the dual equations (3.10, 3.11). Then
I Vo, - e(t) 12+ e, (t) 12 +1l Vare, () 17+ e, (t) 12< € 1R, [l
Wn)2(2) 12 +1 (WR)(2) 12 +1I ()2 (2) 17 +1 ) (2) 1> +1I (e9),(2) I
+1l e3(2) 12]dz+1l Vg, - e,(0) IZ +1l e,(0) II?
+11 Ve, (0) 12 +1 e, (0) 112, (5.27)

where C"’; is a constant and independent h.

Proof. Put e, = (e,); and e, = (e,), inequation (5.17) , we have
(Va, - (Myv — Quv), (€)e) + (Va, - (Quv — w1, (€):)
= ((Mv° = Qpv°), (e))) + ((Qrv° — v), (e))e) (5.28)

+H(a(5)Var (Q'np — D), (e)e) + (a(s)Var (Q'np — Pr), (€)0)s
then, equation (5.29) becomes

J23 + J2a = J21 )22 = Ja1 — Ja2,
by lemmas (5.7) and (5.8), we get

Ch Il (), 1%+ Ch Il (&) I +1 9 147 1| Vg - (e,)c 12 +1l € 17< Ch2 Il (v), 117
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la(spI? r
e 1P+ C I (o), IP= =52 1 e 17— C' 1 (&) 1P
I 0 ”2 ' !
— T e 12— C'R Il (pr)e 12— C'R I Vap(ep) 12

SO,
a '
E[” Var-e, 17+l e, 112+l Varep 12+l ep 1] < C"1h[I (vp)e 12 +1 (v, 112

I (r)e 1% +10ed 12 41 (e 117 +1 ey 17],

la (sl

where C''y = max{—C/h,Ch,—C',1/h,— TR

C/h,—2/h}/{1/4,Ch,C',C'h}, and integrate with

respect to z from 0 to ¢, we have

I Vo, - en(t) 12+ e, (t) 12 +1l Vare, () 17+l e, (t) 12< C" 1R [, [l
Wn): (@ 17+l W) (@) 17 +1 (pr)2 (2 17 +1l €9 (2) I +1I (e).(2) II?

+1l e3(2) 12]dz+1l Vg, - e,(0) IZ +1l e,(0) II?

+11 Ve, (0) 12 +1 e, (0) 112,

Lemma 5.9 (Error Analysis H! for Saturation).
Let s, € S, (j; 1) be the weak Galerkin approximation of s arising from (3.12). Denote by e, = s;, —
Q; s the difference between the weak Galerkin approximation and the L? projection of the exaction

solution s = (s4,s,). Then there exists a constant C"5 such that

I Vo, - e(t) 12+ es() 12< C" sh [ [ s2(@) 12 +1 (s9(2)), 1 +1 5,(2) 1> +I
(sn(@)z I +1I (e0),(2) I* +1I e (2) I> +1l e5(2) II”

+i (Vh(2)), 17]dz=1l Vg, - e5(0) II* =1l e5(0) 1I%. (5.29)

provided that the meshsize h is sufficiently small.

Proof. Put e, = (ey), inequation (5.20), we get
a * * * *
(62 (Qis® = 52, (€9)e ) + (@), - (Mis = Qis), Var - (€)e)
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+(q-(Qss° = sp), (e)) + ((a(1;s%) — a(Q4s*))Va, - 045, Va, - (65)e) +
((a(@Qrs®) — a(s))Vayr = S Var - (€5)0)

+(Va, - W (F(1;5) = £(Qr5)), (€)e) + (Var - (n (F(Q1S) — f(sn)), (€)e) +
(q-(M;s® — Q45°), (e)r) + (a(Q4s*)Va,r - (Qis — 51), Va,r - (€5)) =0,
S0,

(¢:—t(Q;{5 — 1), (eso)t) +Jo1 +Joz2 +Jo3 + Joa + Jos +Joe +Jo7 +Jeg = 0,
then the above equation becomes

C I I (eDe P+ Jo1 + Joo + Jo3 + Joa + Jos + Jos + Jo7 +Jes = 0. (5.30)
To estimate Ig; — Igg ,by Cauchy-Schwarz inequality and Young’s inequality, we get

st = 1(@(Tis®)V,, - (Tis — Qi) Ve, - (€)1
) i} . )
= |Ea(nh50)vd,r “(Hps — Qps), Vgres)|
a " . .
_l(Ea(HhSO)Vd'r : (HhS - th)' Vd,res)l

a * * *
< |5 (@(s)Va, - (s — Q;:s), Va,res)]

la (1} s0)112
4

< C I a(Tl;s%) 174 C Il eg 124511 Vg, - (M5 = s) 112

+ I Va, - (s — sy = (Qrs — sw))e 124+ C Il e I?

+% I Vg, - (Qrs —sp) IS C Il sp 112+ Ch |l sp, 1I?

+C I Vgy - (es)e 17+ C Il e 112,

Uszl = 1(0-(Qis® = s, (D))l < |5-a-(Qhs® — 59), )]
~1G (4-(Q3is® — s), )]

P . llg—I
<122 q-(Qs® = s, e+ =1l (e): 1< C Il (e 1%,

Ussl = 1((@(lT;s%) = a(Q4s*)Vay - Qis, Var - (5)0)]
< | (@(M;s®) = a(Qis®)Va, - Qiis, Vay - €5)

(& calmis® - a(@is NV - Qi Var - )
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<l Va, - e 17+ I ((a(T;5%) = a(Q;s))e I

2 ) " '
+ |5 ((@(;s®) — a(Qrs®))Va, - Qis, Vo, - €5)

+920 Vg, - Qhse IP< C Wl eg 174 C 1l (s)e 1%+ CR I (s, 1%,

Usal = 1(@(Q3is®) — a(s)IVar - S Var - (€D

<15 ((a(Qis®) = a(s))Var - Si V- €5)]

|G (a(Q7i5®) — als)Va, - Sno Va,r - €5)]

< 13- ((@(Q3is®) — a(sD)Vay - S Vayr - €5)]

I Ve 1P+ 21 (V- sp)e 1P+ 2 1 (@(Q45%) — a(s))e 117

<Clles 1P+ Cll (sp)e 1P+ C Nl (ed), 117,

Ues| = 1(Var - (a(f (TT;5) = £(Qr5)), (e)o)

< |;_t(vd,r - (a(f(IT;s) — £(Qrs)), €d)]

~1G=Va,r - @h(F(;5) = £(Qi5)), €D

< |5 (Vay - @ (F@Tis) = £(Q35)), €9

+1 12 (Va, - a(F(IT5) = £(Qis)) 12+ €0 I

< L (W (F@;S) = FQR9)) 12+ el 17 2211 (wy), 12
+ 221 (s = sp) = Qs = sp))e 12+l e 1< C Il (wa), 117

+Ch% Nl (sp)e 1P+ C 1l (eg), IZ +1l e 1%,

Ussl = 1V - @a(f(Q3S) = F(s1)), (€9l
< |5 (Vay - Wn(F(Q3S) = (s, €D
~1G=Vay - Wa(F(QhS) — f (1)) €D)]

< = (Var - Wh(F(Q35) = F(sn)), €D
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NS (Vo Wa(F(Qis) — F(s)) 17 +11 €2 12
<l (th —sp) P+ 221 —(vh) 12

+Il e? ||2S C Il (e)e I+ C Il (wp)e 12 +1 €] 112,

ool = 1(q-(;5° = Qis), (€D < |2 (q-(I;5° — Q;is°), )|
~1C q_(;s° - Qis5%), e9)] < | = (q_(W;s° — Q45%), €]

+ =t (50 = Qs9), 112 +1 €0 I12< Ch2 1| (s9), II2 +11 €2 I2,

Ues| = 1(a(Qis*)Vay - (Qhs = 5, Vayr - (€5)0)]
< |5 (a(Qis*)Va,r - (Qhs = 51), Va,r - €5)]
|5 a(Qis)Vay - (Qis = $1) Va,r - &)
< |i(a(Q;;s°)vd,r < (Qis = 5, Var - €5)]
II (a(Q;s, II? + |I (Var - (Qrs —sp))e 1?2 +1 Vg, - e II?
S CU(D NP+ C N Vg, (eg)e 17+ C e 117,

substituting Jg1 — Jeg in equation (5.30), we get
C gl (e P+ Clisp P+ Chll sy 12+ C Nl Vg, - (es): 17+ C Nl eg 12+ C I

(eg)t 112
+C Il eg 12+ C Il (sp)e 12+ CR I (sD)e 124 C 1l eg 17+ C 1l (sp)e N2
+C N (€ 124 C Nl (wp)e 124+ CR2 1 (sp)e 124+ C Nl (es)e 12 +11 e 117
+C 1l (es)e 1124 C Il (wp)e 12 +1 €2 1124 CR? Il (s)¢ 112 +11 €2 112
+C Il (sP)e P4 C Il Vg - (e5): I+ C 1l eg 17< 0,

SO,

6 "
— [ Va, e 17+l e I7] < C shlll sg 12 41 (sR)e 17 41 sy 12 41 (sp)e 17 I

(eD)e 12+l ed 1%+l es 12 +11 (wp)e 17]
where C'';3 = max{C/h,C,Ch,2C/h,3/h,4C/h,C || ¢ II/h}/(—2C), and integrate with respect to z
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from 0 to t, we have
I Vay - es() 17 +1l eg(0) 1P C"3h f [ s{(2) 17 41 (58(2)), 12 +11 54(2) 12+

(sn(@)2 I” +1I (e9),(2) I? +1l e9(2) I” +1l e5(2) II”
+I (v (2)), 1°]dz—1l Vo - €5(0) I =1l €5(0) I1%.

6 Numerical Result

For numerical validation of the weak Galerkin method presented in the previous section, we consider
a two-dimensional test case of incompressible immiscible displacement.
The weak Galerkin method in the synthetic problem for a coupled system of pressure-saturation
equation that admits an exact solution, and investigates the effects of the accuracy of total velocity
reconstruction on the convergence order for a coupled system. The numerical simulations have been
performed using developed by authors’ MATLAB software package that implements the weak
Galerkin method in two-dimensional geometry in a fast sparse matrix programming environment.
We are considered in Q = (0,1) x (0,1) for the benchmark problem given below [1] [26]:

V- (k(s)Vp) = 0, (6.1)
v =k(s)Vp, (6.2)
Ss+V- (—€Vs+vf(s)) =F, (6.3)

with k(s) = (0.5 —0.2s)"1, € =0.01, f(s) =s, where F = 2n2esin(n(x + y — 2t)), boundary
and initial conditions correspond to the exact solution
p= On;zcos(rr(x +y—2t)) +05(x +y),

s = sin(m(x +y — 2t)).

In Tables 1, 2 and 3 for the errors and convergence orders of first order weak Galerkin method,
calculated on nested sequences of structured triangular meshes, are presented for pressure, total
velocity and saturation at final time t = 1. In the simulation, a small uniform time step was used to
eliminate time error pollution. We can observe that the convergence order is optimal for all three

variables.
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h |[llv—wvp liy1 | Order | v—wvy ll2 | Order | v—wvy llj= | Order

1/2 [1.7387e-01 0 2.1316e-01 |0 2.0750e-01 |0

1/4 |1.0541e-01 7.2207e-01 4.3763e-02 [2.2842e+00 | 5.4918e-02 [1.9177e+00

1/8 4.5946e-02 [1.1980e+00 [1.0297e-02 [2.0874e+00 |1.4161e-02 [1.9553e+00

1/16 [2.1004e-02  |1.1292e+00 [2.5313e-03 [2.0243e+00 | 3.5977e-03 [1.9768e+00

1/32 9.9384e-03  [1.0796e+00 [6.3010e-04 [2.0063e+00 | 9.0684e-04 [1.9882e+00

1/64 4.8180e-03  |1.0446e+00 [1.5735e-04 [2.0016e+00 |2.2765e-04 | 1.9940e+00

Table 1: Errors for Velocity of weak Galerkin method with fixed t = 1,At = 0.001 and € = 0.01 .

h |l p—pp 1| Order Il p—pp ll;2 | Order Il p—py N~ | Order

1/2 |4.6756e-03 0 3.9482e-03 0 1.9560e-01 0

1/4 2.6169e-03 8.3730e-01 [1.0132e-03 [1.9622e+00 [5.7881e-02 [1.7567e+00
1/8 [1.3364e-03 9.6948e-01 2.5313e-04 [2.0010e+00 [1.4568e-02 [1.9903e+00
1/16 6.7069e-04  [9.9466e-01  [6.3244e-05 [2.0009e+00 [3.6525e-03  [1.9959e+00
1/32 3.3559e-04  9.9895e-01  [1.5808e-05 [2.0002e+00 [9.1401e-04  |1.9986e+00
1/64 [1.6782e-04 9.9976e-01 3.9519e-06 [2.0001e+00 [2.2857e-04  [1.9996e+00

Table 2: Errors for Pressure of weak Galerkin method with fixed t = 1, At = 0.001 and € = 0.01 .

h | I's—sp iy | Order I s —sp ll;2 | Order Il s —sp ll;» | Order

1/2 | 5.0581e-02 |0 6.2516e-02 |0 3.7532e-03 0

1/4 | 2.5187e-02 | 1.0059e+00 | 1.9268e-02 | 1.6980e+00 | 9.3995e-04 | 1.9975e+00
1/8 | 1.2563e-02 | 1.0035e+00 | 5.2248e-03 | 1.8828e+00 | 2.3492e-04 | 2.0004e+00
1/16 | 6.2715e-03 | 1.0023e+00 | 1.3479e-03 | 1.9547e+00 | 5.8956e-05 | 1.9944e+00
1/32 | 3.1325e-03 | 1.0015e+00 | 3.4152e-04 | 1.9807e+00 | 1.4901e-05 | 1.9842e+00
1/64 | 1.5652e-03 | 1.0010e+00 | 8.5947e-05 | 1.9905e+00 | 3.8285e-06 | 1.9605e+00

Table 3: Errors for Saturation of weak Galerkin method with fixed t = 1, At = 0.001 and ¢ = 0.01

7 Conclusions and Future Work

We have developed a weak Galerkin method sequential solution technique for miscible fluid flows in
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porous media, in which we use the weak Galerkin mixed finite element method to solve the pressure
and Darcy velocity equations and weak Galerkin method to solve the transport equation for saturation.
Error convergence in H! and L? is proved for semi-discrete schemes by the error equations, and the
stabilization and energy conservation for the weak Galerkin methods.

The numerical results demonstrate that the weak Galerkin simulator generates accurate and physically
reasonable solutions. The use of the weak Galerkin mixed finite element method for the pressure
equation yields accurate Darcy velocity fields that conserve mass, whereas the saturation equation by
using the standard weak Galerkin method ,clearly in figures (4, 8 and 12), respectively.

Future work consists of the following steps:

* Studying the weak Galerkin hybrid finite element methods for two-dimensional incompressible
immiscible displacement fluid in a porous medium.

* Studying the Crank-Nicolson-weak Galerkin finite element scheme for two-dimensional
incompressible immiscible displacement fluid in a porous medium.

* Studying a simplified weak Galerkin finite element model for two-dimensional incompressible

immiscible displacement fluid in a porous medium.

() Order error for H? (b) Order error for L2

(c) Order error for L

Figure 1: Order Error for Velocity with H'—, L? —and L® — norms.
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(a) Order error for H! (b) Order error for L?
B
. biskn
]
(c) Order error for L
Figure 2: Order Error for Pressure with H'—,L? —and L® — norms.
(a) Order error for H! (b) Order error for L?
(c) Order error for L”
Figure 3: Order Error for Saturation with H'—, L? —and L* — norms.
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