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Abstract

This paper proposes interval-valued pentagonal fuzzy neutrosophic set by
combining pentagonal fuzzy sets and interval-valued neutrosophic sets to
get more efficient results. Operational laws have been discussed and also
the weighted arithmetic aggregation operator of interval-valued
pentagonal neutrosophic sets have been established and also a theorem is
proved and some of its properties were dealt with. Finally, an illustrative
example is solved to validate the proposed weighted arithmetic

aggregation operator based on its alternatives and attributes.

Keywords:Neutrosophic Sets, Pentagonal fuzzy sets, Interval-valued

Neutrosophic Sets, Multi-attribute, Aggregation Operators.

1. Introduction

Zadeh in 1965 [1] established the idea of fuzziness to deal with hesitant theory, this has created a

tremendous change in various fields like engineering, space research, medical diagnosis, robotics,

statistical analysis etc.Intuitionistic fuzzy sets were presented by Atanassov [2], is stressed upon

membership and non-membership functions.Added to this, Smarandache [3] in 1998

createdneutrosophic set which includes truth, indeterminacy and falsity membership function.This

paved a new idea to sort out the mathematical models which dealt with vague and uncertain data in

Vol. 71 No. 4 (2022)
http://philstat.org.ph

3598



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

a very efficient way for real life models.Multi-criteria decision making (MCDM) problems were
solved more effectively by Zadeh's [4] interval valued fuzzy set theory.Atanassov [5] introduced
extrusive form by the combined effect of intuitionistic and interval valued fuzzy sets. Mendel et al
(2002) [6] gave prominent insight into type 2 fuzzy sets. Chakraborty [7] gave an insight view
regarding the score function and also the de-neutrosophic technique of fuzzy pentagonal

neutrosophic numbers whereas Umamageswari et al [8] presented interval valued pentagonal fuzzy

numbers.

The most crucial method for resolving multi-criteria decision-making, when qualities and
alternatives are stated in terms of neutrosophic values, is the aggregation of neutrosophic sets. Ye
[9] introduced weighted geometric and arithmetic average operators for neutrosophic sets.

In this paper, the objective includes:

o To propose interval-valued pentagonal fuzzy neutrosophic sets (IVPENS), its arithmetic
operators, score function, accuracy function.

o Propose an aggregation operator for interval-valued pentagonal fuzzy neutrosophic weighted
arithmetic averaging(IlVPFNWAA) operator.

o Prove some properties of the proposed operator of IVPEFNWAA.

o Establishes a multi-criteria decision making based on IVPFNWAA.

o Giving a concrete illustration of the MCDM approach.
2. Preliminaries

Definition 2.1 [10]“A fuzzy number A on R is said to be a pentagonal fuzzy number which is

represented as (31, 3,,d5,d,,d5; W) if its membership  function satisfies,

( X—él 1o -
—— | Tyd1 S X< q,
d2 — a1

1—(X_a2)@f<mﬁ23xség

A () = 4

Tl4, < x <3

\0 otherwise"
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Definition 2.2 [11]“An interval-valued fuzzy neutrosophic set (IVFNS) A over X takes the form
A= {(X, [T}j‘ (x), T} (X)], [Ig(x), IX(X)], [Fk(x), Fi (X)]):x € X}

Ty (%), TL(x): X - [0,1], I} (%),1}(x):X - [0,1]and F} (x), F} (x): X - [0,1] with

0<Ti(x+I;(x)+Fi(x) <3, forallx € X.

An interval-valued fuzzy neutrosophic number (IVFNN) is defined as

A={(x [infT (x), supT; (x)], [infl; (x), supl,; (x)], [infF; (x), supF; (x)]):x € X}”

3. INTERVAL - VALUED PENTAGONAL FUZZY NEUTROSOPHIC SET (IVPENS)

An interval-valued pentagonal fuzzy neutrosophic number (IVPFNN) N is defined as an (IVPFNS)
on X is represented by N(x) = [N'(x), N¥(x)], where N' and N" are lower and upper pentagonal

fuzzy neutrosophic sets on N such that N' € NY,

N' = {[x T (%), 7}, ), F}, (0): x € X]|} where T (x) < [0,1], 7, (%) = [0,1] and F}(x) < [0,1] are

lower pentagonal fuzzy neutrosophic numbers.

T = [ (0, 7 X), £ ), £ (%), £ (0]: X - [0,1],
ﬂllq x) = [/L%{]l (X),/i,%q2 (X),’i%{? (X),/IZ%QAL(X),’I:]]\-IS(X)]:X - [0,1], and
Fr () = [#5 (0, # (0, £5 (), £ (%), £ ()]: X = [0,1], which satisfies the
condition 0 < £ (x) + 45 (%) + £ (%) < 3.
For convenience of representation, we consider TNI x) = (E, i, 6, %, ﬁ): X - [0,1],

X ¥ ~ Y >

7500 = (8,8,%9,6,Q): X - [01]and Fy(x) = (£5,88,1):X > [0,1].

Y Y o~ >~ ~—

Therefore N' = {[(#,0,%,1i), (8,8,%,8,9Q), (€ 5,4 6,1)]: X - [0,1]}

Definition 3.1 Let N' be the lower pentagonal fuzzy neutrosophic number. Then :Tl(} (x),jllq (x) and

Fy, (x)is defined as follows:
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z—fg)flgisXsﬁ ( () nB<x<3d
— o ~ l\P—X 1 > ~
1- () (1 -R)i<x<d 1-(33)(1-7)8<x<¥
. X:é jII\J(X)=< 0 . . X=\‘/P
1- () a-r)isx<i 1-(55) 0 -5)7<x<7§
(F)ri<x<i R <x<5
otherwise \1 otherwise
( (;3—)() . .
—— | FESXSP
p—¢/ N
E—X 1\ N
1—(V V) 1-Fy)p<x<¢
==
Tllq(x)=< 0 5 X=6
1—(X—g (1-Fr<x<s
. NJo S XS
X_é | v
(v V)TNGSXST
-5
\1 otherwise

N = {[x, 7' (%), 7 (), Ff ():x € X|} where T3'(x) € [0,1], I5(x) < [0,1] and F}(x) < [0,1]

are upper pentagonal fuzzy neutrosphic numbers.

T = [£81®), 120, £ (), £ (), £§*®)]: X - [0,1],

TR = [i31 (), 452 (%), 483 (%), 48 (%), 45> ()]: X - [0,1], and

FR) = [#31 (0, 8820, £33 (), 44 (), #5° () ]: X - [0,1] which satisfies the condition

0<£°(0) +48° () + £5° (%) < 3.

For convenience of representation, we consider 73 (x) = (§,,0,2, {i): X - [0,1],

A o~~~

~

o o~ o~

Definition 3.2 Let N* be the upper pentagonal fuzzy neutrosophic number. Then 7' (x), 75 (x) and

Fy (x)can be defined as follows:
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. x—2 A ( 0 —x\ _.n
(ﬁ z)TN“C_xSn (8—@ B<x<8
X — 1 R ~ P —x < ~
1—<é_ﬁ)(1—TN“)nSXS6 1—<@_8>(1—7§)6SXS‘P
TNU(X)=< 1 R X = 9 jNu(X)= 0 _ X = (P
T (1-7d<x<i (22— P<x<
-0 NIBSES g-w) T WESES
i—x ~ R Xx—0 ~
ﬁ_X>TN“kSXSu <Q_$>7§¢>3x<g
\0 otherwise \1 otherwise
( p— x) 0 ~
——= | FyE<X<p
(p -&) N
C—X R .
1-— é_ﬁ>(1—3f,‘~;)p3x3g
Fix) =4 0 ) X=4
_ X = g _ ula A
1 (a—“ (1-F)e<x<s
X—0
(A A)?;;& <x<t
T—O
\1 otherwise
(G651 7)), (GA, 0,4 f: 7)),
An IVPFNN 1 is represented by i = < (8,8, 7, $,Q: 7.), (8,8, P, , Q: 74)),
(EpistF) (EpestF))
For convenience, it can also be written as
((En.6.%1), €181 )] 7)
n=<,((%38%d0),(®R38%Pd0): %],
<[(E) b; él 6) ’\f); (EI ﬁ' @I 6; %)]:Fn)
Definition 3.3 Let n; and n, be two IVPFNNSs,
([(zlﬂﬁyélﬂxll ﬁl)' (Zpﬁl'él;xlﬂ ﬁl)]jr'q)
ny =4 ([(R1,81, %1, 0,,Q1), (B4, 81, P1, 0, 01)]: 95,)
<[(21'51'61'617%1)' (El'ﬁl'gl'ell%l)]:}'ﬁl)
3602
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(82712, 02, A, 112), (&2, B2, B2, A2, )] T3, )
n, = ([(E2'52:¢2,¢2;92)’(32»62’1272:(1)2’92)]17712)
([(&2, 52,2, 82, %2), (62,02, C2, 62,72 |: F,)
Then the following operations on IVPFNNs are proposed as:
n +n,
( (Z1 + & — 8Goti + 72 — itz 01+ 0y — 0105, Ay + Ay — Ay, fly + iy — li1112)» \I
_ (51 + {2 — 162,11 + g — Mifip, 01+ 0, — 0105, A4 + Ay — 44 Ay, g + 1y — ﬁ1ﬁ2)
[(B1B2,8:8,, 7195, &, 0,,©219Q;), (R185,8,8,, P17, §, 8, 8, D,)],
[(81&2, 5172, €182, 5152, F110), (E165, PrPa, 6162, 6162, 11%2) |
ny X1y
( [(€185, 711712, 0162, A1 45, fia 1), (8180, 11z, 0102, A Ay, fin 2)], )
[(81 + 8, — BBy, 8, + 8, — 818, Py + T — T W,y + 0, — 0,0, Q1 + Qp — O01D,) ]
(Bl + BZ - 8182,61 + 62 - 6162@1 + ¢2 - ¢1¢2'(b1 + (1)2 - (bl(i)z,ﬁl + Qz - §1§2)
G+ & -8, 01+ P — PP G+ S — 8, 01 + Gy — 5100, 1 + 1, — 1112),
\ (f1+52 —&160, P01+ P2 — P1P2, 61 + 62 — 6162, 01 + 03 — 6162, 11 + T —flfz) J

~—

([G-G-8) 1-a—ari-(-8)"1-(-4)1-a- m)'] |
e 4 1-(1-¢)1-a-9)51-(1-6,)1-(1-1),1-1-p)) > o0
| l\ (B8, %76, 007), (B8, 8476, 1)), J |

(&7, 5% 6% 6% 87), (&, 17, 617, 647, 8,7

( (G5 007 A ™), (60 3%, 0:0 4 ™)), )

(1-(1-8)1-(1-8)1-(1-%)1-(1-9)1-(1-4y)"),

i =3 (1-(1-8)1-(1-8)1-(1-%),1-(1-0,)1-(1-8,)")
(1—@—$0fr—ﬂ—ﬁ0%1—fooﬁl—u—anﬁl—u—%aﬂi

L [(1-(1-&) 1-1-p)"1-1-¢)"1-(1-6)%1-A—-%))] )

)

~—

¥>0
3.4 SCORE AND ACCURACY FUNCTIONS

The score and accuracy function of IVPFNN based on the pentagonal neutrosophic numbersn are

defined as follows
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[4 N {+HT+O+A+] n (7 +04+A+0  B+8+P+G+Q  BHE+P+P+Q  E4pH5+5+F  i4p +6+6+f]
5 5 5 5 5

N

S(n) =
(1)

where S(n) € [0,1].

Larger value of S(n) implies higher IVPFNN n.

If S(n) =1, then
T.l = {[(1’1!1)1’1)1 (1111111)1)]1 [(0’010’010)’ (OIOIOJOIO)]I [(OIOIOIOIO)’ (010’01010)]}l WhiCh is the
largest IVPFNN.

If S(n) =0, then
fl = {[(0’0!01010)1 (OIOIOIOIO)]I [(1’111’1I1)’ (1)1I1’111)]' [(lllllllll)’ (111’1'111)]}l WhiCh is the
smallest IVPFNN.

Accuracy function for IVPFNN n is given by

+d+t E+p+C¢+o+1t

+A+p E+p+

(i +O+A+0 CHA+
AG) = [T Aot

N| =
Ul ¢
ull
Ul | v
Ul

Where A(n) € [-1,1].
Definition 3.5

Let n; and 7, be two IVPFNNSs, S(n,),S(1,) be the score functions and A(rn,), A(71,) be the

accuracy functions respectively.

° If S(nl) > S(nz), then 'fll > T.lz
e IfS(1y) =S(n;) and

a) IfA(n) = A(ny), then ny = ny;
b) If A(ny) > A(ny), thenny > ny.

4. INTERVAL-VALUED PENTAGONAL FUZZY NEUTROSOPHIC WEIGHTED
ARITHMETIC AVERAGING (IVPFNWAA)OPERATOR.
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,n be the collection

H

where j = 1,2,3, ..

of IVPFNNs is the set of real numbers given by IVPFNWAA: (Re)™ — Re.

Let IVPFNW AA operator is represented by IVPFNWAA(n4, 1y, ...,

IVPFNWAA(iy, 1y, ...

1,2, ..,
€ [0,1

n) denotes the weightage of IVPFNNs #;(j = 1,2, ...,

1.

n,) is defined as

nl) = W1n1 + Wznz + -+ Wn Z] 1\/\/]777 ) whereas W (] =

n)and also }7_;w; =1, whereas

We now propose the following theorem by making use of the basic operations of IVPFNNs

Theorem 1. Let
([({]l njl

L

—N(ww®

5oity), (675,607, 8] %)) )
) (B 8]-,?’]-@].,?2]-)] :7n1)$ (j = 1,2, ...,n)) be a collection of interval-

valued pentagonal fuzzy neutrosophic value (IVPFNV)s in the set of real numbers. The aggregated
value of IVPFNWAA is also an IVPFNV, and

<
.~

IVPFNWAAn(nl,nZ, ...,fln) = Wl'fll + thz + .-+ Wnnn = Z W]n]

_H(l_
1—1_[(1—

(

<

S

j=1

Wfl—ﬂ(l—m Wfl—ﬂ@—e)wfl ﬂ(1 A)Wfl—ﬂ(l—n, ),
W’l—l_[(l—ﬁ] )1 - n(1—9)W’1 1_[(1—/1)””’1

~

2

S

3
S

3605
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whereas the weight of IVPENNV 7, (j = 1,2, ...,n) isw; € [0,1], with the conditionzj’-‘=1 w, = 1.
Proof: By mathematical induction we prove this theorem,
Forn =1, itistrivial.
Forn =2, Y7, win; = wiity + wyiy.
([ /[(1 (-1 -a-a)v1-(1-6)"1-(1-1)" 1 - - am ] \ )
[La-(-¢)" 1—(1—771)W1 1-(1-6,)"", 1—(1—21) A=A —-a)") ] |
k [(81 ,v v W1 @1 ’v 1) (G1W1,A ¢1W1 N W1,A Wl)'l )
[(El llﬁlw lél % o ) (€1W1,ﬁ1W G 9 Wl 6 Wl T 1)]
=<1 + 13
/[ (1-(1-&)" 1= -1 - (1-6)" 1= (1-14)" 1- (1 - i)*2), ]\
| L(1-(1-8)" 1—(1—772)‘”2 1-(1-6,)"1-(1-1,)"1-—-a)"2) ]| |
k (5 3 B, 07, (87 827 047, 007 )
\i [("ZWZ ﬁzwz:é wo 5 ) (€2W2 A wz, 8, W2 & W A wz)] )
f'/1—(1—51)“+1—(1—52)W2—(1—(1—51)“)(1—(1—52)”) \ )
| 1-A =)™ +1-A-7)" = (A - A =7)")A = (1 —17)"2), |
l1-(1-6)"+1-(1-6)"-(1-(1-6)")1-(1-6,)"), |
\1 (-2 1= (1= 1) - (1- (- 1)") (1= (1 - 1" ))
1-A-g)"+1-10-a)"? -1 -1 -a)")HA -1 - [1)"?)
2 \W w w ’
/1—(1—61) +1-(1-8) " -(1-(1-4)")a-1-8&)) \
| 1- A=A)"+1-(1A-71)"2 = (1 - (1A —7)")(A = (1 —H)"2), |
= i 1-(1-6)"+1-(1-6)"-(1-(1-6)")1-(1-86,)"), i ,
\1 —A-)"+1-0-L)" - -0 -2)")0-(1-1)"),
N1 - —a)" +1-1Q— )" — (1 — (1= a")A -1 -a)")
(E1W1[\§2W2'31 2 " v Wl (1)1 (i)ZWZJ WlQZWZ)J
(R, "'B,"*,8"8," (1)1 @ZWZ: 0,"'0,")
([\glm/lRZW2 61 162 "’ Wl (bl (bzwzlﬁl QZWZ):
\ (@1W1@2W2181W132 'lpl '(1)1 (bZWZ'QlWlQZWZ) J
3606
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(T 2 2 2 2 2 ]
~ \Wj; v w; ~ \W; v \Wi . w;
-] Ja-gma-[ Ja-aa-] Ja-ga-] Ja-2)"a-] [a-a)")
j=1 j=1 j=1 j=1 j=1
2 2 2 2 ‘2
2 \Wj A \Wj AW A \W;j A \Wj
i-| [a-¢) - Ja-a)" -] [a-8)"1-] |a-4)"1-] [a-a)"
]t j=1 j=1 j=1 j=1 j=
o 2 2 2 2 2 2 2 2 2 2
~ Wi x W - Wi ~ W; -~ W P4 s W ~ Wi ~ W; ~ W;
[[= ] [s [ =] [s" [ a" ) (1 [s" ] [a™ [ o] "] |9~
j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1
2 2 2 2 2 2 2 2 2 2
1 CRR R R CR N TR G R N AR O
\ j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1
Hence it satisfies forn = 2.
For n = k, we assume that the theorem holds good.
TMmhmJW%WW%A«anWUm)=mmn+mwb+~~Hwnk=Zﬁ4mm
( k i
-] [(-4) 1—1‘[(1—%)“1—1‘[(1—9)“’11 1‘[(1—@)“,1— |G-a)

Jervra (oo ')
)

08 oy ] Jomaya-] Jo-ayta -] ] (1 )

Forn=k+1,

IVPFNWA((nl,nZ, ...,flk+1) = Z VV]TI7 + Wk+1flk+1
j=1

Vol. 71 No. 4 (2022) 3607

http://philstat.org.ph




Mathematical Statistician and Engineering Applications

ISSN: 2094-0343
2326-9865

( Lk L T
~ \W;j; N w ~ \Wj x w
- [a-9)" +1-(-g)™ —a-| [a-4)"a- =)™,
=1 =t
L K
v W v v W v
T— [ J(1=)"7 +1 =@ =)™t = (L= | [(1=77) 7D = (A = Tpy)¥o1),
4jn=ik 4js=1L
L X
- [1-8)"+1-(1-6)"" —a-| [1-8)") - (1-61)""™,
=1 -1
K K
- |-4)" +1-Q =A™ - -] [Q-2)")a -1 - Ten)™,
‘]r:i- }_.=4.
K k
v W v v W v
-] =) + 1= A= —a -] 0= 1)")0 = (= )
i j=1 j=1 |
¢k K ?
2 \W; 2 w 2 \Wj N w
-1 |{(0=-8)" +1-( =) " == |[(1=) DA - (1=des) ™D,
}.:i‘ .j.:iL
K L
A W A A W A
1— |(1=9)"7 +1-A =) =@ = | [(1=%;))(A = A = A1),
=t =i
LA K
1-| [(1-8)" +1-(1-0,,)" " - -] |(1-8)"H A - (1=81)""),
=i =t
K K
1—| |1=-3)" +1-(1-A)™ —a-| [0-2)"Ha-(1-4)™,
j]lhzis 4]:=ih
L k
-] Ja-a)" +1- A= —a -] J(1-2)"a - @ = e
L =1 j=1 |
[ k k k k k
nl;jo Ek+1Wk+1»1_[Zjo Zk+1Wk+1'1_[ijj-mk 1Wk+1'1_[7vljwj-ﬁk+1 k+1'1_[5jwj-5k+1w"“ ,
j=1 j=1 j=1 j=1 j=1
k k k k k
[ Rt Ut ) A ) [ RS ) PR
L \Jj=1 j=1 j=1 j=1 j=1
[ k k k k k
1_[ "jo ﬁk+1 k+1’ 1_[ EI/]_W]" q/k+1 k+1 l_lrW] Tk+1Wk+17 ng,jwj' §k+1 k+1’ 1_[ %jo' ‘t’.k Wik+1
j=1 j=1 j=1 j=1 j=1
k k k k k
1_[ “jo Dr+1 k+1’1_[quj'_qk+1 k+1 er_,ak 1 k+1’1_[§jwj §k+1Wk+1ln£jo-£k+ Wi+1
\ L\/j=1 j=1 j=1 j=1 j=1
3608
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( k+1 k+1 k+1 k+1 k+1 1
~ W] ] W] W] W]
—1_[(1—(] 1—1_[(1—17, 1—1_[(1—9) 1—1_[(1—,1) 11— 1_[(1 )7,
k+1 k+1 k+1 k+1 k+1
PN Wj A W] W] a Wj A W]
-] Ja-gma-]Ja-a -] Ja-g)" -] Ja-"a-] Ja-a)
| j=1 j=1 j=1 j=1 j=1
=) k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1
o Wi XV g Wi ¥ VW Vi oW XV o Wi T~ Wy Vi
oo e e ] [ (T [R ] [a[ [2 ] [& ,m
j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1
k+1 k+1 k+1 k+1 k+1 k+1 ke+1 k+1 k+1 k+1
y Wi v Wi v Wi “ Wi v Wi 2 Wi
\ j=1 j=1 j=1 j=1 j=1 j=1 j=1

Hence, we observe that the theorem holds good for n = k + 1.

By mathematical induction, the theorem is verified for all values of n.

ISSN: 2094-0343

The three membership functions of 7; lies between [0,1] which satisfies the condition

0<(1-T(1-4)") <1, 0< (M 8") <1, 0< (M- ™) < 1,

0<(1-T-(1-4)")<1, 0< (M Q") <1, 0< (T
relation

0<(1-T—y(1— )" + 112 & + 1172, ") < 3and
0<(1-T—y(1—4)" + T O + T2, £%7) < 3.

Hence the theorem is proved.

") < 1, further it holds the

We now discuss some of the necessary properties of IVPFNWAA operator.

Property 1.[Idempotency]

IVPEFNWAA(1y, Ty, .. Ty) = 1

Vol. 71 No. 4 (2022)
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Proof: For proving the idempotency we can use the egn 2 of previous theorem

IVPENWAA(#y, iy, ..., n,) = IVPENWAA(R, 1, ..., 1) = Z w; Tt

S
—

< (1—<)Wf 1—]_[(1— ", 1—]_[(1_9)”” 1—]_[(1_1)””1 1_1_[(1 0 ,_
(1— ‘n (1—6)Wf.1—ﬁ(1—ﬁ>Wf,1—ﬁ@—é)%—ﬁu-z)wal_ﬁ(l_mwj

j=1

~
Il
-
~
Il
-
~
Il
-
~.
Il
-

( (1 _ (1 _ Z)Z;?:le' 1—-(1- ﬁ)Z]’-lzle’ 1— (1 _ é)z;lzle’ 1— (1 _ /:{)Z}'-l:le’ 1—(1- ﬁ)z;l:le), 3\

(1= (=% 1 - =¥,1— (1= 1 - (1= )P, 1 - (1 - )

[(EZ?zle 5Z?=1Wj q’,z;l:le asz;l:le ﬁz;l=1wj') (EZ}I:le' 8Z?=1Wj q\]Z?:le ElSZ}lzle' ﬁZ}Lle)]'
I:({:Z] =1Wj pzj 1Wj CZJ Wi F YN T Zj- 1W1) (521 =i, p X, CZJ 1Wj 0-21 =1Wj 1-21 1W1)]

(1(¢.%,6,4,11),({,5,0,40)]: T

(((B,8,%,0,0), (Bé‘l’cbﬂ)ﬂ]) =n
((¢7.¢51), (60,662 Fa)

Thus, the theorem is proved.

Property 2. (Boundedness)

( (57,6 %.8), (8776, 4, )] Ti)
Let; =3 ([(8. 6.9, 8;,%), (R, 5,7, ,ﬁj)]::lﬁ])f(j: 1,2, ...,n) be a collection of
[(51':01'91' }’T]) (fj,pj,cj,},f-)]:ﬂfﬁj)

IVPFNVs in the set of real numbers.
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Consider

.+=

[(masx; (8)) ma (7)) ma, (8) mas (1), mas; (1)), (max; (), max; (), max; () may (3)  ma; (4,))]
[y (&), iy 3, iy () iy (B, iy (5,)), (i, (&), iy (3, iy (8, iy (8, iy (8,)]
oy (). i 3 ), iy (5. miny 25 i, (5)), iy &) i, (3, iy (), min (3. miny ()] )

i
(| (min5), min(i)) min(8), min(4) min(s))), (min(3), min(3;), min(3), min(%) min(a))| )
= 1 [(max(®), max(5), max(?) max(§,) max(@,) ). (max(8), max(3, ), max(®,), max(e), max(3))] |
| [(mae(6) ma5) mxe). () ma(5). (mox(6) me(3,) (). () mg(2)]
Where j = 1,2,...,n. Then i~ < IVPFNWAA(y, iy, ..., ) < 12F.
Proof :
We infer that min; (;) < it; < max; (i;), miny (O) < & < max; (), mimy (§) <% <
<

max; (T)mm (,u])<,u] < max; (,u]) min, (Q)S i ax]-(ﬂj),ml (T)<T =m (f',),

forj=1.2,..,n
3)

Then 1~ T/, (1 —min, (7)) <1~ o1~ )" <1~ Ty (1 - max; (1)

Ty w; - . i1 w;
1= (1-min(r)) " s 1-[[a-5)" <1 (1-max(z))"
J Jj

j=1
n
min(y) < 1- | [(1-5%)" <max(x)
j=1
Byeq.(3),forj=12,..,n

[T(mn))” <] @) < ] (masts))”

—.

i)™ <[ 7" )
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j=1
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min; (4) <IT=1 ()" < max; (%))
In the same way,

n

j=1

Yioiwj
1-— (1 —m,in(;%)) =
J

rrg_in(ﬁ]-) <1-

Byeq.(3),forj =12,..,n

n
Zj:l wj

(min(@)

n

[J(mnte0)" <[

j=1

ST ow
(min(&))"™ " =
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j=1

1—[(1) J (max(r )) e

n

- 1_[ <1 _ @in(ﬁj))wj =1 ﬁ(l A =1- 1_[ (1 - mﬂx(ﬁj)>wj

j=1

. Yi-1wj
_(1—ﬁj)wj 31—(1—"1].‘”5(!21)) o

(1- )" < m]_ax(ﬁj)

j=1
l n
@) =< (m.ax(ﬁj)) ]
j=1 j=1 7
n n
. =1
(QJ)W] s (mjax(ﬁj)> T
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min; (4) <IT=a(§)" < max; (3).

Similarly,

ming () < 1= T[oa(1 = §)" < max (&), mimy (1) < 1= s (1= ;)" < ma (),
miny () <1~ TP (1~ 5" < masy () )miny () <1~ Tl (1~ 4" < mas ()
miny () <1~ Ty (1~ )" < ma (B), miny (3) <1~ I (1~ 5)"” < may (5)
min (%)) <1-T (1= %) < max (%) min (§;) <1 - (1 - §;)" < max($):
min; (§) <1 -T2y (1 = &) < max; (§), miny (5;) <1 -T2y (1 = 5;)" < max; (),
miny () <1~ Toa(1 = )" < maw (8 )iy () <1 - ool — )" < maxy(3).
And also,

miny(6) <1~ a1 = §)" < masy (6, miny () 1~ Ta(1=)") < max ()
iy (6) <1~ Ta (1 )" < maxy(8)miny (3) <1~ oa(1 ~ 3)" < may (3);
min; (8) <1 -TT"-1(1 - B)" < max; (§), min; (§;) <1 —TT'21(1 - §,)" < max; (),
ming (%) <1 - (1-8)" < max (B).miny (§;) <1 - (1 = ¢;)" < max; (§;);
min; (§) <1 -T2 (1 = §)" < max; (&), min (5,) <1 - '=y(1 - §;)"" < max; (p)),
miny (§) <1-TT=y(1 — )" < max (¢)miny (6) <1-Tj=1(1-6)" < max; ().

forj=1,2,..,n.

~ ¥ >~ Y = ~ A A o~

The score function of 71 is
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1[ C+n+0+A+p C+n+0+1+a B+I+P+d+0Q
S(i) = & 4Jr{+n+5+ T +5 +i+a B+1+ 5+<1>+
R+ +P+0+Q $HPHEHTHE P HHGHE
5 5 5
max((;) + max(7;) +max(§)) +max(%;) + max(f)]
4 + c
m]_ax(f]-) + mjax(ﬁj) + mjax(éj) + mjax(/@-) + m]_ax(ﬁ]-)
+
5
rrg_in(fvﬁj) + rrzin(fv)j) + nsln(';’j]) + rrs.in(cT)j) + mjm(ﬁ,)
o T T e
6 m_m(féj) + mjm(aj) + 7rsln(‘z”]) + rrzm(c])j) + m]_Ln(Q]-)
_
5
m_in(ggj) + m_in(ﬁj) + m,in(g‘]-) + m_in((‘fj) + m.in(‘f']-)
__J J J J J
5
min(§;) + min(p;) +min(§;) +min(6;) + min(%)
- 5
In the same way,
1 Z+ﬁ+§+i+;1 {+h +0+1+4 R+3+P+d+0
S =gt 5 " 5 B 5
RB+3+P+0+0 {+pHCHTHT E+P +CHGHE
5 5 5
min(;) +min(i;) + min(8;) + min(4) +min(i) |
4+ c
min((;) +min(f;) +min(§;) +min(4) + min(i;)
+
5
mjax(ﬁj) + mjax(fvij) + m]ax(‘;f’j) + mjax((f)j) + mjax(ﬁj)
11—
= " : " - 5 |= 50
6 m_ax(féj) + max(aj) + max(‘l’j) + m_ax(cl)j) + max(Q]-)
__J J J J J
5
max(§)) + max(5) + max(i;) + max(5) + max()
__J J J J J
5
max(§) + max(p;) +max(§) + max(s) + max(t)
- 5
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Here we discuss the different cases:
Case (i)If S(n) < S(n™) and S(n) > S(n7) then, n~ < IVPFNWAA(#4, 1y, ..., 1) < n't.

Case (ii)If S(n) = S(n1), we consider

1 ‘i +O0+ A+ 4+ +O0+A+a R+8+
S(h):€4+é n d #+Z 1 - f

o | &
+
o
+
(

+
LB

R+0d +

vl Q)

+d+Q {+p+¢+d+t E+p+e+a
5 5

max((;) + max(i;) + max(6;) + max(4;) + max (i)
J J J J J
5
max(fj) + max(ﬁj) + max(éj) + max();-) + qu(ﬁj)
J J J J J
5
min(R;) + min(§;) + min(¥;) + min($;) + min(;)
j J j J J
i - 5
61  min(B) +min(§;) +min(?) + min($;) + min(Q;)
o J j J J
5
min(§;) +min(p;) +min(§;) +min(g) + min(%)
5
min(§;) +min(p;) +min((;) +min(§;) +min(%)
5

4 +

+

Then,it also follows

{HT+O+A+E max ;({;)+max ; (i;)+max ; (8 )+max ;(1; )+max ; (i;)
5 5 '

5 N 5 ’

5 N 5 ’

- - , and

E4p +¢+0+7 _ minj(gj)+minj(ﬁj) +minj(fj)+minj(&j)+minj(fj)
5 5 '

The accuracy function

o L[ +n+0+A+0 (+n+0+A4+0 E+p+C¢+F+T E+p+C+a+1T
A =5 5 * 5 B 5 B 5
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[ max ; ({;)+max;; (i) +max ; (6;) +max ; (2 )+max ; (7;) ]
|+ max ;({;)+max ;(7;) +ma§cj(§j)+maxj(Zj)+maxj(ﬁj)
=2 miny () 4min j(i)’j)+minf({‘j)+min ) min () | = A (4)
_ min;(§;)+min;(p)) +min5j (€;)+min;(5;)+min;(%;)
5
which implies IV PFNWAA(7y, 1y, ..., 1) < nt.
In the same way,
A(h):l €+ﬁ+é+i+ﬁ+é+ﬁ+é+i+ﬁ_€+ﬁ+é+&+%_$+ﬁ +¢+6+¢
2 5 5 5 5
min ; ({;)+min ; (3; )+min ; (8 )+min ;(2; )+min ; (i;)
) +minj(2j)+minj(ﬁj)+mi:j(éj)+minj(ij)+minj(ﬁj)
=32| max, () +max j(p,.)+max5j (¢, Jmax (7, ) +max; () | = A7) (5)
_max;(§;)+max;(p)) +max5]-(6]-)+maxj(&j)+maxj(fj)
= ]

which implies IV PFNNWAA(n, 1y, ..., n,) < n~.From eq. (4) and (5),

we infer that n~ < IVPFNWAA(14, 1y, ..., n,,) < n't.Hence the proof is verified.

5. Multi Attribute decision making using IVPFNWAA Operator.

To resolve MADM technique with pentagonal numbers under interval -valued neutrosophic
environment which is represented in the form of IVPFNNs with m alternatives L = {L;, Lo, ..., L,;}
and attributes are given by C = {Cy, C,, ..., C, } and their weights be W = {w;, w5, ...w,,}/ with

w; = 0and X7 w; = 1for j = 1,2, ...,n. The decision matrix is given by

é ij » i )]
¢’ <T> Q)]
é l] , l] )] mxn

[(zij' 7\7,ij »Yijo l] ’ :uL]
D= (dij )an = [(Blj;au; ij cbz]' l]
[(fl} ’ pl] ’ gl] ’ l] ’ l]

vvv
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where ({;, %, 05, Ay, 8 ), (8, 7145, 05, Ay, ;) < [0,1] represents lower and upper level of
truthness.(8;;, 8;;, P, dyj, Q). (B, 855, @iy, &y, Qi) < [0,1] represents lower and upper level of
uncertainty.(&;, 5, $ij, 65, % ), (&, iy, Cij, 65, 5;) < [0,1] represents lower and upper level of
falseness. With the conditions 0 < fi;; + Q;; +%; <3and 0 < f; + Q; + ¢ < 3 for

i=12,...,mandj=1.2,..,n.

Step 1:To find aggregate of the attributes

Step 2: By using INPFNWAA operator, find the aggregate value corresponding to each alternative.
Step 3: For the aggregated values, obtain the score value for each alternative.

Step 4: Valuate the ranking order of each alternate

Step 5: Pertain the best choice in accordance to the ranking order.

5.1 Hlustrative example

We consider four women L; (i = 1,2,3,4) of age group 25-30 years goes for a shopping to select a
saree. Their choice of selecting a saree includes colour (S;), fabric (S,), cost (S3), design (S,),
texture (Ss). This has been represented by the decision matrix in terms of IVPFNNs with the
weight of the attributes W = (0.11,0.26,0.26,0.14,0.23)7.

Table 1: Rating values in terms of IVPFNNs

C1

0,0.45,0.5,0.55,0.6), (0.65,0.7,0.75,0.8,0.85)],
3,0.3,0.34,0.37,0.38),(0.43,0.5,0.55,0.59,0.6)],
1,0.23,0.32,0.43,0.56), (0.6,0.63,0.7,0.72,0.25)]

0,0.22,0.24,0.26,0.28), (0.42,0.44,0.46,0.48,0.50)],
5,0.49,0.51,0.53,0.56),(0.72,0.74,0.76,0.78,0.80)],
6,0.39,0.42,0.45,0.48), (0.51,0.53,0.55,0.59,0.62)]

7,0.29,0.32,0.37,0.41), (0.61,0.64,0.67,0.70,0.72)], [(0.5,0.53,0.55,0.57,0.59),
0.74,0.77,0.79,0.81)],
1,0.33,0.35,0.37,0.39), (0.52,0.55,0.57,0.62,0.64)]

1,0.63,0.65,0.67,0.69), (0.82,0.84,0.86,0.88,0.9)], [(0.41,0.43,0.45,0.47,0.49),
0.64,0.66,0.68,0.7)],
6,0.08,0.11,0.15,0.17), (0.30,0.32,0.34,0.36,0.38)]
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C2

8,0.10,0.12,0.14,0.16), (0.42,0.44,0.46,0.48,0.50)], [(0.20,0.22,0.24,0.26,0.28),
0.64,0.66,0.68,0.70)],
2,0.44,0.46,0.48,0.50), (0.72,0.74,0.76,0.78,0.80)]

0,0.72,0.74,0.76,0.78), (0.80,0.82,0.84,0.86,0.88)],
1,0.34,0.40,0.42,0.46),(0.62,0.64,0.69,0.71,0.74)],
2,0.55,0.57,0.59,0.61), (0.72,0.74,0.76,0.78,0.80)]

2.0.54,0.56,0.58,0.60), (0.71,0.74,0.77,0.79,0.81)],
4,0.17,0.20,0.23,0.25),(0.42,0.46,0.48,0.50,0.52)],
1,0.63,0.65,0.67,0.69), (0.74,0.76,0.78,0.80,0.82)]

2,0.44,0.49,0.52,0.55), (0.61,0.63,0.65,0.67,0.69)], [(0.71,0.73,0.75,0.77,0.79),
0.83,0.85,0.87,0.89)],
3,0.25,0.27,0.29,0.31), (0.40,0.42,0.44,0.46,0.48)]

C3

3,0.65,0.68,0.72,0.75), (0.80,0.83,0.86,0.89,0.92)], [(0.31,0.34,0.37,0.39,0.42),
0.49,0.51,0.53,0.56)],
2,0.44,0.46,0.48,0.50), (0.55,0.57,0.59,0.61,0.63)]

5,0.49,0.51,0.53,0.56), (0.6,0.63,0.7,0.72,0.75)], [(0.30,0.35,0.40,0.45,0.5),
0.64,0.66,0.65,0.70)],
1,0.54,0.56,0.58,0.6), (0.71,0.73,0.75,0.77,0.79)]

1,0.24,0.26,0.29,0.31), (0.52,0.54,0.56,0.58,0.60)], [(0.72,0.74,0.76,0.78,0.80),
1,0.86,0.88,0.90,0.92)],
1,0.54,0.57,0.59,0.61), (0.81,0.83,0.85,0.87,0.91)]

2,0.74,0.76,0.78,0.8), (0.85,0.87,0.89,0.91,0.93)], [(0.11,0.15,0.20,0.25,0.30),
0.45,0.5,0.55,0.6)],
1,0.53,0.55,0.57,0.59), (0.65,0.67,0.69,0.71,0.73)]

C4

2,0.15,0.18,0.21,0.24), (0.36,0.39,0.42,0.45,0.48)], [(0.31,0.35,0.39,0.43,0.47),
0.66,0.72,0.75,0.78)],
0.53,0.55,0.57,0.59), (0.72,0.74,0.76,0.78,0.80)]

0.53,0.55,0.57,0.59), (0.72,0.74,0.76,0.78,0.8)], [(0.11,0.13,0.15,0.17,0.19),
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0.39,0.41,0.43,0.45)],
1,0.73,0.75,0.77,0.79), (0.82,0.84,0.86,0.88,0.9)]

7,0.49,0.51,0.53,0.55), (0.71,0.73,0.75,0.77,0.79)], [(0.19,0.21,0.23,0.25,0.27),
0.45,0.45,0.47,0.49)],
2,0.74,0.76,0.78,0.80), (0.91,0.93,0.95,0.97,0.99)]

3,0.07,0.09,0.14,0.17), (0.23,0.25,0.27,0.29,0.31)], [(0.5,0.53,0.56,0.59,0.62),
0.73,0.75,0.77,0.79)],
1,0.83,0.85,0.87,0.89), (0.91,0.93,0.95,0.97,0.99)]

C5

3,0.25,0.27,0.29,0.31), (0.43,0.45,0.52,0.56,0.6)], [(0.77,0.79,0.82,0.84,0.86),
0.92,0.94,0.96,0.98)],
2,0.54,0.56,0.58,0.6), (0.72,0.74,0.76,0.78,0.8)]

3,0.05,0.07,0.09,0.11), (0.31,0.33,0.35,0.37,0.39)], [(0.50,0.53,0.55,0.57,0.6),
0.67,0.69,0.7,0.72)],
1,0.83,0.85,0.87,0.89), (0.91,0.93,0.95,0.97,0.99)]

1,0.83,0.85,0.87,0.89), (0.92,0.93,0.94,0.95,0.96)], [(0.03,0.07,0.11,0.15,0.19),
0.25,0.31,0.33,0.35)],
2,0.54,0.56,0.58,0.6), (0.73,0.75,0.77,0.79,0.81)]

4,0.56,0.58,0.6,0.62), (0.71,0.73,0.75,0.79,0.81)], [(0.8,0.82,0.84,0.86,0.88),
D.92,0.94,0.96,0.98)],
4,0.16,0.18,0.20,0.22), (0.33,0.35,0.37,0.39,0.41)]

Table 2: Aggregated values of IVPFNNs by using IVPFNWAA operator.

Aggregated values of IVPFNNs

4,0.37,0.40,0.43,0.47), (0.60,0.61,0.66,0.70,0.74)], [(0.32,0.37,0.40,0.42,0.45),
0.64,0.66,0.69,0.71)],
0,0.44,0.47,0.51,0.54), (0.66,0.68,0.71,0.73,0.75)]

5,0.48,0.50,0.52,0.55), (0.62,0.65,0.69,0.71,0.73)], [(0.31,0.35,0.39,0.41,0.45),
0.61,0.64,0.66,0.68)],
7,0.60,0.63,0.65,0.67), (0.74,0.76,0.78,0.81,0.83)]

3,0.56,0.58,0.61,0.64), (0.75,0.77,0.79,0.81,0.83)], [(0.18,0.24,0.28,0.32,0.35),
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0.49,0.53,0.55,0.57)],
3,0.56,0.58,0.60,0.62), (0.75,0.77,0.79,0.81,0.83)]

3,0.55,0.58,0.61,0.63), (0.71,0.74,0.76,0.79,0.81)], [(0.40,0.45,0.50,0.54,0.58),
0.69,0.72,0.76,0.79)],
6,0.29,0.31,0.34,0.37), (0.47,0.49,0.51,0.54,0.56)]

Table 3: Rating values of score and accuracy function.

ore Value  curacy Value
A 0.4723 -0.057
B 0.459 -0.114
C 0.5353 0.003
0.5493 0.257

Based upon the score and accuracy functions, it has been inferred that D> C > A > B, i.e the

woman D chooses the best among the four.
6. Conclusion

In order to deal with imprecise and uncertain data, fuzzy sets have been introduced. As an
extension to this, Type 2 fuzzy sets: IVPFNS its operational laws, score and accuracy functions
were proposed and also IVPFNWAA operator have been introduced and proved and also some of
its properties were proved. MCDM technique has been proved by IVPFNWAA by giving a suitable
example for ranking order. Further study will be to use IVPFNWAA in other problem-solving
methods, which includes pattern recognition, probabilistic approach, similarity measures etc in

order to get more efficient results.
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