
Mathematical Statistician and Engineering Applications 

ISSN: 2094-0343 

2326-9865 

 

 
3647 

 
 

Vol. 71 No. 4 (2022) 

http://philstat.org.ph 

 

 

A Study on Parabolic Partial Differential Equation in Finite 

Difference Method and Finite Element Method Using Mixed Initial 

Boundary Value Problem 

P. Sowmiya
1
 , M. S. Franklin Thamil Selvi

2, 
G. K. Revathi

3
, M. Sakthipriya

4
 

1
Shri Sakthikailassh Womens college, Salem-636 003.Tamilnadu, India. 

2
Department of Mathematics, Sathyabama Institute of Science and Technology, Chennai, Tamil 

Nadu, India. 

3
Division of Mathematics, School of advanced sciences, Vellore Institute of  Technology, 

Chennai 127, Tamilnadu, India. 
4
Vaigai arts and science womens college,Valappady, Salem-

636111, Tamilnadu, India.  

1
psowmiyababu@gmail.com, 

2
thamizanand@gmail.com email,

3
gk_revathi@yahoo.co.in, 

4
sakthipriyavel59@gmail.com. 

Article Info 

Page Number: 3647 - 3660 

Publication Issue: 

Vol 71 No. 4 (2022) 

 

Article History 

Article Received: 25 March 2022 

Revised: 30 April 2022 

Accepted: 15 June 2022 

Publication: 19 August 2022 

Abstract 

In this article we inspect the parabolic boundary fee hassle in 

partial linear differential equation to discover out the Stability 

of the operator the use of mesh purposeful points. Also this 

paper examines the pure preliminary cost hassle with one 

dimension and additionally combined preliminary fee trouble 

with boundary conditions. 
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1 INTRODUCTION: 

Partial differential equation is a mathematical equation which make an analogy that arithmetic is 

to algebra and calculus is to differential equation. Calculus and its different equipment are used 

in order to clear up equation the place the unknown volume is a differentiable function. A 

differential equations is an equation which entails derivatives and the order of the equation is the 
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best possible spinoff which happens in the equation. By altering impartial variables, equations in 

parabolic shape at each factor can be modified into a structure of analogues to the warmth 

equation and the answer varies due to the make bigger in time variable if there are n unbiased 

values 𝑥1, 𝑥2, ⋯ , 𝑥𝑛a familiar linear partial differential equation of 2𝑛𝑑 order has the form 

𝐿𝑢 =   𝑎𝑖 ,𝑗

𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑗
+  𝑙𝑜𝑤𝑒𝑟 𝑜𝑟𝑑𝑒𝑟 𝑡𝑒𝑟𝑚 

𝑛

𝑗=1

𝑛

𝑖=1

= 0 

The classification relies upon upon the signature of the eigen values of the coefficient matrix 𝑎𝑖 ,𝑗 . 

The place as in parabolic partial differential equations Eigen values are all high-quality or all bad 

values. Finite distinction approach and finite component strategies in parabolic partial 

differential equation used to be already mentioned in the [1] to [7] the place as the numerical 

techniques for partial differential equations in [8] to [10]. 

Sometimes differential equations are very challenging to resolve analytically and usually wanted 

for compute simulations. In these instances finite distinction strategies are used to remedy the 

equations paper is to gain the classical numerical approach for parabolic partial differential 

equations which is a distinction approach the place the discrete trouble are received via changing 

derivatives with distinction quotients involving the mesh values of the unknown at finitely many 

factors the use of blended preliminary boundary price trouble to locate the steadiness of 

operators. 

2 BASIC DEFINITION: 

DEFINITION 2.1:Consider the pure initial value problem, there exists a solution 𝑦 = 𝑦 𝑥, 𝑡  

such that 

𝜕𝑡𝑦 = 𝜕𝑥𝑥
2 𝑦   𝑖𝑛 ℝ × ℝ+

𝑦 ∙ ,0 = 𝑣   𝑖𝑛 ℝ
 1  

where 𝑣is a easy smooth bounded function. For instance, it has a special answer from the 

illustration, 
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                     𝑦 𝑥, 𝑡 =
1

 4𝜋𝑡
 𝑒−

𝑢2

4𝑡 𝑣 𝑥 − 𝑢 𝑑𝑢

∞

−∞

=  𝐸 𝑡 𝑣  𝑥  2  

Here, 𝐸 𝑡  denotes the solution operator of  1 . 

DEFINITION 2.2: A finite distinction with a grid of mesh factors  𝑥, 𝑡 =  𝑥𝑖 , 𝑡𝑛 for the 

numerical answer of  1 . Here, 𝑥𝑖 = 𝑖ℎ, 𝑡𝑛 = 𝑛𝑘 the place 𝑖 and 𝑛 are integers 𝑛 ≥ 0, ℎ is the 

mesh width in 𝑥 and 𝑘 is the time steps with each ℎ and 𝑘 are small. 

 An equation which acquired by way of changing the derivatives in  1   through 

distinction quotients with an approximation answer 𝑌𝑖
𝑛  at these mesh points. 

 For features on the grid, it described by means of the ahead and backward distinction 

quotients with admire to 𝑥.  

𝜕𝑥𝑌𝑖
𝑛 = ℎ−1 𝑌𝑖+1

𝑛 − 𝑌𝑖
𝑛  

and 

𝜕 
𝑥𝑌𝑖

𝑛 = ℎ−1 𝑌𝑖
𝑛 − 𝑌𝑖−1

𝑛   

Similarly, these quotients with respect to 𝑡 

𝜕𝑡𝑌𝑖
𝑛 = 𝑘−1 𝑌𝑖

𝑛+1 − 𝑌𝑖
𝑛  

 

DEFINITION 2.3: The ahead Euler technique is the easiest finite distinction scheme which is 

corresponding to  1 . 

𝜕𝑡𝑌𝑖
𝑛 = 𝜕𝑥𝜕 

𝑥𝑌𝑖
𝑛     𝑓𝑜𝑟 𝑖, 𝑛 ∈ ℤ, 𝑛 ≥ 0 

𝑌𝑖
0 = 𝑣𝑖 = 𝑣 𝑥𝑖     𝑖 ∈ ℤ 

 

where ℤ is the integers.The distinction equation can written as 

𝑌𝑖
𝑛+1 − 𝑌𝑖

𝑛

𝑘
=

𝑌𝑖+1
𝑛 − 2𝑌𝑖

𝑛 + 𝑌𝑖−1
𝑛

ℎ2
 

The mesh ratio outline as 𝜆 =
𝑘

ℎ2 

𝑌𝑖
𝑛+1 =  𝐸𝑘𝑌

𝑛 𝑖 = 𝜆𝑌𝑖−1
𝑛 +  1 − 2𝜆 𝑌𝑖

𝑛 + 𝜆𝑌𝑖+1
𝑛  3  

which the neighborhood discrete answer operator 𝐸𝑘 . 
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Let ℎ and 𝑘is associated with the aid of 𝜆 =
𝑘

ℎ2 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡and it miss the dependence on ℎ in 

the notation. The scheme  3 is known as explicit. Since in phrases of the values at 𝑡 = 𝑡𝑛 ,it can 

categorical the answer at at 𝑡 = 𝑡𝑛+1explicitly.  

DEFINITION 2.4: A discrete maximum norm is for mesh features 𝑣 = 𝑣𝑖 , it defines by means 

of  

 𝑣 ∞,ℎ =
𝑠𝑢𝑝
𝑖 ∈ ℤ

 𝑣𝑖  4  

Thus, 

 𝑌𝑛+1 ∞ ,ℎ =  𝐸𝑘𝑌
𝑛 ∞ ,ℎ ≤  𝑌𝑛 ∞ ,ℎ  

By repeated application, we get 

 𝑌𝑛 ∞ ,ℎ =  𝐸𝑘
𝑛𝑣 ∞,ℎ ≤  𝑣 ∞ ,ℎ 5  

it is a discrete analogue of the estimate 

 𝑦 ∙, 𝑡  𝐶 =  𝐸 𝑡 𝑣 𝐶 

 𝑦 ∙, 𝑡  𝐶 ≤  𝑣 𝐶 

 𝑦 ∙, 𝑡  𝐶 =
𝑠𝑢𝑝

𝑥 ∈ ℝ
 𝑣 𝑥        ∀ 𝑡 ≥ 0 

for the non-stop problem. The steadiness of this operator is additionally recognized as the 

boundedness of the discrete answer operator. 

DEFINITION 2.5:The finite distinction operators of the form 

𝑌𝑖
𝑛+1 =  𝐸𝑘𝑌

𝑛 𝑖 =  𝑎𝑝𝑌𝑖−𝑝
𝑛

𝑝

       ∀ 𝑖, 𝑛 ∈ ℤ, 𝑛 ≥ 0           6  

where 𝑎𝑝 = 𝑎𝑝 𝜆 , 𝜆 =
𝑘

ℎ2 and the sum is finite. The trigonometric polynomial is associate with 

this operator as 

𝐸  𝜉 =  𝑎𝑝𝑒
−𝑗𝑝𝜉

𝑝

 7  

The image or attribute polynomial of𝐸𝑘which is applicable to the balance evaluation of this 

polynomial.  
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DEFINITION 2.6: The finite distinction strategies in the fourier evaluation is the image of a 

discrete answer operator. Let 𝑙2- norm for measuring the mesh functions. In the house variable, 

𝑉 =  𝑉𝑖 −∞
∞  is a mesh feature and set 

 𝑉 2,ℎ =  ℎ  𝑉𝑖
2

∞

𝑖=−∞

 

1

2

 

 The set of mesh features normed with finite norm is described by means of 𝑙2,ℎ . A mesh 

feature its discrete fourier radically change as 

𝑉  𝜉 = ℎ  𝑉𝑖𝑒
−𝑗𝑖𝜉

∞

𝑖=−∞

 

where the sum is certainly convergent. The characteristic 𝑉  𝜉  is 2𝜋- periodic and 𝑉 can be 

retrieved from 𝑉  𝜉  by 

𝑉𝑖 =
1

2𝜋ℎ
 𝑉  𝜉 𝑒𝑗𝑖𝜉 𝑑𝜉

𝜋

−𝜋

 

Using parseval′s relation 

 𝑉 2,ℎ
2 =

1

2𝜋ℎ
  𝑉  𝜉  

2
𝑑𝜉

𝜋

−𝜋

=
1

2𝜋
  𝑉  ℎ𝜉  

2
𝑑𝜉

𝜋

ℎ

−
𝜋

ℎ

 8  

Let consistent component 𝐶on the right, this steadiness with recognize to the norm  ∙ 2,ℎor 

balance in 𝑙2,ℎ , 

 𝐸𝑘
𝑛𝑉 2,ℎ ≤ 𝐶 𝑉 2,ℎ     𝑓𝑜𝑟 𝑛 ≥ 0, ℎ ∈  0,1  9  

DEFINITION 2.7:The preliminary price trouble in 𝑑 house dimension, for  𝛼 =  𝛼1, ⋯ , 𝛼𝑑  a 

multi-index and  𝛼 = 𝛼1 + ⋯ + 𝛼𝑑  the combined by-product of order 𝛼 . 

𝐷𝛼 =  
𝜕

𝜕𝑥1
 
𝛼1

⋯ 
𝜕

𝜕𝑥𝑑
 
𝛼𝑑

 

Thus, 

𝜕𝑡𝑦 = 𝑃 𝐷 𝑦 =  𝑃𝛼𝐷𝛼𝑦
 𝛼 ≤𝑀

     𝑓𝑜𝑟 𝑥 ∈ ℝ𝑑 , 𝑡 ≥ 0

𝑦 𝑥, 0 = 𝑉 𝑥     𝑖𝑛 ℝ𝑑

 10  
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where 𝑣 is sufficiently clean and small for massive 𝑥 .In general, 𝑃 𝐷  is a 2𝑛𝑑 order elliptic 

operator  

                          𝑃 𝐷 𝑦 =  𝑝𝑖𝑘𝜕𝑥𝑖 ,𝑥𝑘
2 𝑦

𝑑

𝑖,𝑘=1

+  𝑝𝑖𝜕𝑥𝑖
𝑦

𝑑

𝑖=1

+ 𝑝0𝑦                    11  

where 𝑝𝑖𝑘  is a symmetric fantastic precise consistent𝑑 × 𝑑 matrix with actual elements. The 

attribute polynomial of  𝑃 𝐷  as 

𝑃 𝜉 =  𝑃𝛼𝜉𝛼

 𝛼 ≤𝑀

 

and  10  is parabolic (of order 𝑀) if 

𝑅𝑒 𝑃 𝑗𝜉 ≤ −𝐶 𝜉 𝑚 + 𝐶     ∀ 𝐶 > 0, 𝜉 ∈ ℝ𝑑 12  

where  𝜉 =   𝜉𝑖
2𝑑

𝑖=1  
1

2 . 

 

DEFINITION 2.8:For the numerical answer of  10 , mesh sizes ℎ and 𝑘 in area and time. The 

mesh ratio 𝜆 = 𝑘ℎ−𝑀 is stored constant.Consider an express single step schemes 

𝑌𝑛+1 𝑥 =  𝑎𝛽𝑌𝑛 𝑥 − 𝛽ℎ 

𝛽

= 𝐴𝑘𝑌
𝑛 𝑥  

Here,𝛽 = 𝛽1, ⋯ , 𝛽𝑑  has integer aspects and the sum be finite, 𝑎𝛽 = 𝑎𝛽  𝑘, ℎ = 𝑎𝛽  𝜆ℎ𝑀 , ℎ  are 

ℕ × ℕ matrices. 

DEFINITION 2.9:A shape of the technique as 

𝑌𝑖
𝑛+1 =  𝑎𝑝𝑌𝑖−𝑝

𝑛

𝑝

                    𝑓𝑜𝑟 𝑖 = 1, ⋯ , 𝑀 − 1 

Here,𝑎𝑝 ≠ 0 for some  𝑝 > 1, it is impossible. Uses mesh factors outdoor this interval for some 

indoors mesh factor of Ωof the equation.For the ahead euler method, the steadiness requirement 

𝑘 ≤
ℎ2

2
is pretty restrictive, so its has the equal order of magnitude as ℎ and 𝑘. 

Implicit backward euler scheme is described in the form 

 

𝜕 
𝑡𝑌𝑖

𝑛+1 = 𝜕𝑥𝜕 
𝑥𝑌𝑖

𝑛+1   𝑓𝑜𝑟 𝑖 = 1, ⋯ , 𝑀 − 1, 𝑛 ≥ 0 

𝑌0
𝑛+1 = 𝑌𝑀

𝑛+1 = 0                                      𝑓𝑜𝑟 𝑛 > 0

𝑌𝑖
0 =  𝑉𝑖 = 𝑣 𝑥𝑖   𝑓𝑜𝑟 𝑖 = 1, ⋯ , 𝑀

 13  
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For 𝑌𝑛  in the form 

 1 + 2𝜆 𝑌𝑖
𝑛+1 − 𝜆 𝑌𝑖−1

𝑛+1 + 𝑌𝑖+1
𝑛+1 = 𝑈𝑖

𝑛    ;  𝑗 = 1, ⋯ , 𝑀 − 1 

𝑌0
𝑛+1 = 𝑌𝑀

𝑛+1 = 0 

The dedication of 𝑈𝑛+1is a linear machine of equations. 

DEFINITION 2.10: The operator 𝐵𝑘ℎ  on  𝑙ℎ
0 with the finite dimensional area 𝑙ℎ

0 of  𝑀 + 1  

vectors  𝑉𝑖 𝑖=0
𝑀  with 𝑉0 = 𝑉𝑀 = 0 has the form 

 𝐵𝑘ℎ𝑉 𝑖 =  1 + 2𝜆 𝑉𝑖 − 𝜆 𝑉𝑖−1 + 𝑉𝑖+1  

 𝐵𝑘ℎ𝑉 𝑖 = 𝑉𝑖 − 𝑘𝜕𝑥𝜕 
𝑥𝑉𝑖    ,   𝑖 = 1, ⋯ , 𝑀 − 1              14  

Thus,  

𝐵𝑘ℎ𝑌𝑛+1 = 𝑌𝑛   ⟹ 𝑌𝑛+1 = 𝐵𝑘ℎ
−1𝑌𝑛  

Here,𝐸𝑘 is the neighborhoodanswer operator 𝑌𝑛+1 = 𝐸𝑘𝑌
𝑛 . 

 

DEFINITION 2.11:  The steadiness estimate as the form 

 𝑌𝑛 ∞ ,ℎ =  𝐸𝑘
𝑛𝑉 ∞ ,ℎ ≤  𝑉 ∞,ℎ 15  

In most norm, the answer operator 𝐸𝑘
𝑛  is secure and it convergence of 𝑌𝑛  to 𝑦 𝑡𝑛 .For the 

truncation error, 

𝜏𝑖
𝑛 = 𝜕 

𝑡𝑦𝑖
𝑛+1 − 𝜕𝑥𝜕 

𝑥𝑦𝑖
𝑛+1 = 𝑂 𝑘 + ℎ2    𝑎𝑠 𝑘, ℎ → 0                16  

𝑓𝑜𝑟 𝑖 = 1, ⋯ , 𝑀 − 1. The latter expression does now not minimize to 𝑂 ℎ2 . 

DEFINITION 2.12:Spectrum of a household of operators  𝐸𝑘 the place𝐸𝑘  is described on a 

ordinary house𝒩𝑘  with norm  ∙ 𝑘 , the place𝑘 is a small tremendous parameter.The 

spectrum𝜎  𝐸𝑘   consists of the complicated quantityℤ, for any 𝜀 > 0 and sufficiently small 𝑘, 

there exists 𝑌𝑘 ∈ 𝒩𝑘 , 𝑌𝑘 ≠ 0 such that 

 𝐸𝑘𝑌𝑘 − 𝑍𝑌𝑘 𝑘 ≤ 𝜀 𝑌𝑘 𝑘 17  

3.MAIN RESULT 

In the essential result, we mentioned the parabolic boundary fee trouble the use of starting and 

mixture solutions. 

THEOREM 3.1:Let 𝑌𝑛  and 𝑦 be the answer 3  and  1  and take 
𝑘

ℎ2 = 𝜆 ≤
1

2
. Then there exist a 

steady𝐶 such that 
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 𝑌𝑛 − 𝑦𝑛 ∞ ,ℎ ≤ 𝐶𝑡𝑛ℎ2 𝑣 𝒞4           𝑓𝑜𝑟 𝑡𝑛 ≥ 0 

PROOF:Take  

𝑍𝑛 = 𝑌𝑛 − 𝑦𝑛 . 

Then, 

𝜕𝑡𝑍𝑖
𝑛 − 𝜕𝑥𝜕 

𝑥𝑍𝑖
𝑛 = −𝜏𝑖

𝑛  

Hence, 

𝑍𝑖
𝑛+1 =  𝐸𝑘𝑍

𝑛 𝑖 = 𝑘𝜏𝑖
𝑛 18  

By repeated utility this yields 

𝑍𝑖
𝑛 =  𝐸𝑘𝑍

0 𝑖 = 𝑘   𝐸𝑘
𝑛−1−𝑙𝜏𝑙

𝑛−1

𝑙=0

 

𝑖

 

Since, 

𝑍𝑖
0 = 𝑌𝑖

0 − 𝑦𝑖
0 = 𝑣𝑖 − 𝑣𝑖 = 0 

Using stability estimate  5  and truncation error estimate 

 𝜏𝑛 ∞,ℎ ≤ 𝐶ℎ2 𝑣 𝒞4       ∀𝜆 ≤
1

2
 19  

Then, 

 𝑍𝑛 ∞ ,ℎ ≤ 𝑘   𝐸𝑘
𝑛−1−𝑙𝜏𝑙 

∞ ,ℎ

𝑛−1

𝑙=0

 

 𝑍𝑛 ∞ ,ℎ ≤ 𝑘   𝜏𝑙 ∞ ,ℎ

𝑛−1

𝑙=0

 𝑏𝑦  5   

 𝑌𝑛 − 𝑦𝑛 ∞,ℎ ≤ 𝑛𝑘𝐶ℎ2 𝑣 𝒞4 𝑏𝑦 19  

Take 𝑛𝑘 = 𝑡𝑛 , 𝑡𝑛 ≥ 0, we have 

∴   𝑌𝑛 − 𝑦𝑛 ∞,ℎ ≤ 𝐶𝑡𝑛ℎ2 𝑣 𝒞4    ∀𝑡𝑛 ≥ 0 

Hence proved. 

THEOREM 3.2: In  4 ,the steadiness of the operator 𝐸𝑘  in 6  with recognize to the discrete 

maximum-norm then 

 𝐸  𝜉  ≤ 1     𝑓𝑜𝑟 𝜉 ∈ ℝ                                              20  

PROOF: Let𝐸𝑘  is stable, we get  
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 𝐸  𝜉0  > 1     𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜉0 ∈ ℝ    

Then, 

𝑣𝑖 = 𝑒𝑗𝑖 𝜉0𝜖,      𝑣 ∞,ℎ = 𝜖                                  21  

Now, 

𝑌𝑖
′ = 𝜖  𝑎𝑝𝑒𝑗  𝑖−𝑝 𝜉0

𝑝

 

𝑌𝑖
′ = 𝜖  𝑎𝑝𝑒

𝑗𝑖 𝜉0𝑒−𝑗𝑝 𝜉0

𝑝

 

𝑌𝑖
′ =  𝑎𝑝𝑒−𝑗𝑝 𝜉0 𝑒𝑗𝑖 𝜉0𝜖 

𝑝

 

𝑌𝑖
′ = 𝐸  𝜉0 𝑣𝑖 𝑏𝑦  7  𝑎𝑛𝑑  8   

By repeated utility this yields 

 𝑌𝑛 ∞ ,ℎ =  𝐸  𝜉0  
𝑛
𝜖 

 𝑌𝑛 ∞ ,ℎ → ∞     𝑎𝑠 𝑛 → ∞ 

This contradicts to the stability. 

∴    𝐸  𝜉  ≤ 1     𝑓𝑜𝑟 𝜉 ∈ ℝ   

Hence claimed. 

THEOREM 3.3:A critical and ample circumstance for balance of the operator 𝐸𝑘
𝑛  in 𝑙2,ℎ  is a 

Von Neumann′s condition  20 . 

PROOF:We have, 

 𝐸𝑘𝑉 𝑛 𝜉 = ℎ   𝑎𝑝𝑉𝑖−𝑝𝑒
−𝑗𝑖𝜉

𝑝𝑖

 

 𝐸𝑘𝑉 𝑛 𝜉 =  𝑎𝑝𝑒
−𝑗𝑝𝜉

𝑝

ℎ  𝑉𝑖−𝑝

𝑖

𝑒−𝑗𝑖𝜉 𝑒𝑗𝑝𝜉  

 𝐸𝑘𝑉 𝑛 𝜉 =  𝑎𝑝𝑒
−𝑗𝑝𝜉

𝑝

ℎ  𝑉𝑖−𝑝

𝑖

𝑒−𝑗 𝑖−𝑝 𝜉  

 𝐸𝑘𝑉 𝑛 𝜉 = 𝐸  𝜉 𝑉  𝜉  𝑏𝑦  3.8  𝑎𝑛𝑑  3.9   

Hence, 
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 𝐸𝑘
𝑛𝑉 ∧ 𝜉 = 𝐸  𝜉 𝑛𝑉  𝜉  

Using Parseval′s relation  8 , the steadiness of 𝐸𝑘  in 𝑙2,ℎ  is equal to 

  𝐸  𝜉  
2𝑛

 𝑉  𝜉  
2
𝑑𝜉

𝜋

−𝜋

≤ 𝐶2   𝑉  𝜉  
2
𝑑𝜉

𝜋

−𝜋

    𝑓𝑜𝑟 𝑛 ≥ 0 

For all admissible 𝑉  

 𝐸  𝜉  
𝑛

≤ 𝐶     𝑓𝑜𝑟 𝑛 ≥ 0, 𝜉 ∈ ℝ 

 

 

Take 𝐶 = 1 as constant 

∴  𝐸  𝜉  
𝑛

≤ 1 

The proof is completed. 

THEOREM 3.4:Let 𝑌𝑛  and 𝑦𝑛  be the solution of  

𝜕𝑡𝑦 = 𝜕𝑥𝑥
2 𝑦                  𝑖𝑛 Ω =  0,1 , 𝑡 > 0

𝑦 0, 𝑡 = 𝑦 1, 𝑡 = 0                𝑓𝑜𝑟 𝑡 > 0

𝑦 ∙ ,0 = 𝑣                                             𝑖𝑛 Ω

 22  

and  13 . Then  

 𝑌𝑛 −  𝑦𝑛 ∞ ,ℎ ≤ 𝐶𝑡𝑛 ℎ2 + 𝑘 max
𝑡∈𝐼𝑛

 𝑦 ∙, 𝑡  𝒞4        ∀𝑡𝑛 ≥ 0 

PROOF: Take,   

𝑍𝑛 = 𝑌𝑛 −  𝑦𝑛  

𝑍𝑛+1 = 𝑌𝑛+1 −  𝑦𝑛+1 

𝐵𝑘ℎ𝑍
𝑛+1 = 𝐵𝑘ℎ𝑌

𝑛+1 −  𝐵𝑘ℎ𝑦
𝑛+1 

𝐵𝑘ℎ𝑍𝑛+1 = 𝑌𝑛 −  𝑦𝑛+1 − 𝑘𝜕𝑥𝜕 
𝑥𝑦

𝑛+1  

𝐵𝑘ℎ𝑍
𝑛+1 = 𝑌𝑛 − 𝑦𝑛 − 𝑘 𝜕 

𝑡𝑦
𝑛+1 − 𝜕𝑥𝜕 

𝑥𝑦
𝑛+1  

𝐵𝑘ℎ𝑍𝑛+1 = 𝑍𝑛 − 𝑘𝜏𝑛  

𝑍𝑛+1 = 𝐵𝑘ℎ
−1𝑍𝑛 − 𝐵𝑘ℎ

−1𝑘𝜏𝑛  

Let 𝜏𝑛  to be an element of 𝑙ℎ
0. Thus, 

𝑍𝑛+1 = 𝐸𝑘𝑍
𝑛 − 𝑘𝐸𝑘𝜏

𝑛  

Hence  
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𝑍𝑛 = −  𝐸𝑘
𝑛−𝑙𝜏𝑙

𝑛−1

𝑙=0

 

 

Using the estimate truncation error, 

 𝜏𝑛 ∞ ,ℎ ≤ 𝐶 ℎ2 + 𝑘 max
𝑡∈𝐼𝑛−1

 𝑦 ∙, 𝑡  𝒞4  

By  15 , we get 

 𝑍𝑛 ∞,ℎ ≤ 𝑘   𝐸𝑘
𝑛−𝑙𝜏𝑙 

∞ ,ℎ

𝑛−1

𝑙=0

 

 𝑍𝑛 ∞,ℎ ≤ 𝑘   𝜏𝑙 ∞ ,ℎ

𝑛−1

𝑙=0

 

 𝑍𝑛 ∞ ,ℎ ≤ 𝑛𝑘 𝜏𝑙 ∞ ,ℎ 

 𝑌𝑛 − 𝑦𝑛 ∞,ℎ ≤ 𝑛𝑘𝐶 ℎ2 + 𝑘 max
𝑡∈𝐼𝑛−1

 𝑦 ∙, 𝑡  𝒞4  

Take, 𝑛𝑘 = 𝑡𝑛  

     ∴       𝑌𝑛 − 𝑦𝑛 ∞ ,ℎ ≤ 𝑡𝑛𝐶 ℎ2 + 𝑘 max
𝑡∈𝐼𝑛−1

 𝑦 ∙, 𝑡  𝒞4  

Hence proved. 

 

THEOREM 3.5:Let 𝑌𝑛  and 𝑦𝑛  be the solution of  13  and  22 . Then  

 𝑌𝑛 −  𝑦𝑛 2,ℎ ≤ 𝐶𝑡𝑛 ℎ2 + 𝑘2 max
𝑡≤𝑡𝑛

 𝑦 ∙, 𝑡  𝒞6        ∀𝑡𝑛 ≥ 0 

PROOF:Take,   

𝑍𝑛 = 𝑌𝑛 −  𝑦𝑛  

𝑍𝑛+1 = 𝑌𝑛+1 −  𝑦𝑛+1 

𝑍𝑛+1 = 𝐸𝑘𝑌
𝑛 − 𝐵𝑘ℎ

−1𝐵𝑘ℎ𝑦𝑛+1 𝑏𝑦 𝑌𝑛+1 = 𝐸𝑘𝑌
𝑛   

We know that, 

𝐵𝑘ℎ𝑦
𝑛+1 = 𝑘𝜏𝑛  

Now, 

𝑍𝑛+1 = 𝐸𝑘𝑌
𝑛 − 𝐵𝑘ℎ

−1𝑘𝜏𝑛  
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𝑍𝑛 = −  𝐸𝑘
𝑛−1−𝑙𝐵𝑘ℎ

−1𝜏𝑙

𝑛−1

𝑙=0

 

 

The Crank-Nicolson operator 𝐸𝑘
𝑛  and boundedness of 𝐵𝑘ℎ

−1 using steadiness condition 

 𝑍𝑛 2,ℎ ≤ 𝑘   𝐸𝑘
𝑛−1−𝑙𝐵𝑘ℎ

−1𝜏𝑙 
2,ℎ

𝑛−1

𝑙=0

 

 𝑍𝑛 2,ℎ ≤ 𝑘   𝜏𝑙 2,ℎ

𝑛−1

𝑙=0

 

 𝑍𝑛 2,ℎ ≤ 𝑛𝑘 𝜏𝑙 2,ℎ  

By truncation error, we get  

 𝑍𝑛 2,ℎ ≤ 𝐶𝑛𝑘 ℎ2 + 𝑘2 max
𝑡≤𝑡𝑛

 𝑦 ∙, 𝑡  𝒞6  

Take, 𝑛𝑘 = 𝑡𝑛  

∴     𝑌𝑛 −  𝑦𝑛 2,ℎ ≤ 𝐶𝑡𝑛 ℎ2 + 𝑘2 max
𝑡≤𝑡𝑛

 𝑦 ∙, 𝑡  𝒞6      ∀𝑡𝑛 ≥ 0 

Hence claimed. 

THEOREM 3.6: A vital circumstance for the household 𝐸𝑘  to be secure in the feel that 

𝐸𝑘
𝑛 𝑉 𝑘 ≤ 𝐶 𝑉 𝑘        ∀𝑛𝑘 ≥ 𝑇 

is that 𝜎  𝐸𝑘   is contained in the closed unit disk. 

PROOF:Assume 𝑧 ∈ 𝜎  𝐸𝑘  ,  𝑧 > 1, 𝐾 such that  𝜏 𝑘 𝑘 ≤ 𝐾 for small 𝑘 and 𝑤 be arbitrary, 

𝑛 is so large.  

 𝑧 𝑛 ≥ 2𝑤 

Take 𝜀 so small, 

𝜀  𝐾𝑖

𝑛−1

𝑖=0

<
1

2
 

Let 𝑌𝑘  be a unit vector in  𝒩𝑘  satisfying  17  

𝜙𝑘 = 𝐸𝑘𝑌𝑘 − 𝑧𝑌𝑘  

 𝜙𝑘 𝑘 < 𝜀 

Then, 
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𝐸𝑘𝑌𝑘 = 𝑧𝑌𝑘 + 𝜙𝑘  

𝐸𝑘
𝑛𝑌𝑘 = 𝑧𝑛𝑌𝑘 +  𝑧𝑛−1−𝑖𝐸𝑘

𝑖 𝜙𝑘

𝑛−1

𝑖=0

 

and  

 𝐸𝑘
𝑛 𝑘 ≥  𝐸𝑘

𝑛𝑌𝑘 𝑘  

 𝐸𝑘
𝑛 𝑘 ≥  𝑧 𝑛 − 𝜀   𝑧 𝑛−1−𝑖𝐾𝑖

𝑛−1

𝑖=0

 

 𝐸𝑘
𝑛 𝑘 ≥  𝑧 𝑛  1 − 𝜀  𝐾𝑖

𝑛−1

𝑖=0

  

 𝐸𝑘
𝑛 𝑘 ≥  𝑧 𝑛  1 −

1

2
  

 𝐸𝑘
𝑛 𝑘 ≥  𝑧 𝑛

1

2
> 𝑤 

Since 𝑤 is arbitrary  ⟹   𝐸𝑘  cannot be stable.This is contradiction.The proof is completed. 

4. FINDING 

The finite thing technique has performed brilliant success in many fields of science and 

technology. But evaluation of finite distinction method. For parabolic partial differential 

equation has a two simple issues such as pure and combined preliminary boundary fee problem. 

Thus by way of the usage of mesh values we discover out the balance of operators and 

additionally solved the answer for pure preliminary fee hassle with the aid of the use of one 

dimensional values and for blended preliminary price hassle by means of the usage of boundary 

situation at the stop points. Hence the prerequisites are additionally solved via the use of mesh 

values to discover the balance of operators. 

5. CONCLUSION 

In numerical analysis, finite distinction techniques are classification of numerical 

strategies for fixing differential equations with the aid of approximating derivatives with finite 

differences. Finite thing strategies are these which are popularly used in differential equation for 

fixing numerical values. Thus we made an strive to resolve the preliminary price issues the usage 
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of mesh values. Hence similarly research can be prolonged to discover the balance of operators 

the usage of hyperbolic. 
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